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PREFACE 


Objection is sometimes raised to the methods of practical mathematics, 
on the ground that mathematics is not an expeiimental science. This 
is true ; but mathematics is built up from a system of conventions 
which are not arbitrary, but cliosen with reference to experience. 
Tints it is both logically and educationally necessary that the beginner 
in any branch of mathematics should have tlie corresponding part of 
his experience clearly realized and defined. 

This has been recognized in the now generally accepted view that 
the study of geometry should begin with a course of experimental 
measurement. It is the object of the treatment followed in this book 
to extend the same method to some other branches of iiiatheuiatics 
with special reference to the needs of the technical student. 

In the cliaiJtcrs on trigonometry, for instance, while results are 
nowhere given without proof, the deductive treatment is, as far as 
possible, accompanied at every step by graphic or aritlimelical verifica- 
tion, to enable the student to realise clearly his own experience of 
space, and to see that he is not dealing with an arbitrary system of 
symbols alone. Everyone has in his own iiiiiid the fundaiiiental notion 
of a rate of increase from which the differential calculus look its rise, 
and this should be clearly defined before proceeding to the analytical 
process of differentiation. Accordingly the subject has been arranged 
so that, after a course in plotting to fix the notion of the function 
of a variable clearly in the student’s mind, he is introduced to 
the methods of differentiation by a cbaiiLer on rates of increase 
treated by arithmetical and graphic methods. It is only after such 
a course that most students are ripe for the analytical methods of 
differentiation. It too often happens that a student who begins with 
these acquires merely a fatal facility in differentiation, regarding it 
as a mechanical juggling with symbols, but having no conception 
of its relation to experience. This intuitional direct vision method 
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is intended, not to take the place of, but to prepare the way for a 
more rigorous analytical study of the subject 

In the same way, the study of definite integration is preceded by 
a chapter in which various practical problems on integration are treated 
entirely by graphic and intuitional methods, so as to stimulate the 
interest of the student, and to lead him to feel the necessity for 
analytical methods of integration. 

The logical order of a mathematical subject may not be the 
same as the best educational order, or as the order of its historical 
development. 

The most natural method of advance is by a series of successive 
approximations to logical rigour, and, in fact, this is the way in which 
the subject has actually grown up. It is scarcely twenty years since 
some of the most fundamental positions of the calculus, such as the 
criterion for the existence of a definite integral, were completely 
established, yet no one would maintain that the great body of analysis 
which existed before that time was valueless, because its foundations 
were not yet truly laid. The process by which the science itself was 
formed is also the most natural for the mind of the student. 

The fundamental laws of vector algebra are each given in connection 
with some application to mechanics or geometry. 

The chapters on solid co-ordinate geometry deal with some parts 
of the subject which bear on the student’s study of practical solid 
geometry. 

A large number of the more technical examples presuppose some 
knowledge of mechanics or electricity. It i.s not intended that any 
one student should Avork through them all, but that each student should 
select those examples which interest him most. 

F. M. SAXELBY. 


May , 1905, 
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SUGGESTED COURSE OF READING 


"J'liTS course is adapted to the syllabus of the Board of Education, 
Stages IT. and ITT. b'or Stage IT., students should read through the 
following course : — 

I^ogarithms and introduction to trigonometry, including solution of 
right-angled triangles : Chapters I., II., III., §§ 22 , 23, 28, 29, 30. 

Use of formulae and equations : Chapters V., VI. 

Use of squared paper : Chapters VII., VIII., IX. 

Rates of increase and differentiation: Chapters X., XI., §§ 99-106, 
XIV., XV. 

Graphic methods of integration : Chapter XVII. 

Addition of vectors : Chapter XX. 

Solid geometry of points and straight lines: Chapters XXTI., XXIII., 
§§ 191-192. 

Determination of volumes and centres of gravity by graphic mctliod.s : 
Chapters XXIV. §§ 197-199, 201, XXV^., omitting e.vamplcs CVII., 
CX. 

For Stage TIT. students will require the whole of the hook. 

The mallicinatical course for engineering degree.? in the University 
of l.ondon also includes many of the subjects treated in this book. 




PRACTICAL MATHEMATICS 


CHAPTER I 


T. OC A R 7 TIf MS 


J. As numerical computation |)hiys an important part in the methods used 
in this book, the student should have a thorough working knowledge of the 
use of four-figure logarithms, and, if he has not such a knowledge, should 
work carefully through this chapter. 

It is assumed that the student is familiar with the proofs of the following 
laws of indices, where 7 n and // are positive whole niunbcrs : — 

4 '” X -l ” ~ ^ 

-1- ■' j 1''^ -r- — 4" 

=r ; e.i^. (a-’’) 2 - .1“" 


2 . Fractional and Negative Indices.— The student already knows that 
= X y. X X X \ x'^ — X y X y X y X y X y X y x ; and, in general, when 
91 is a positive whole number a” — .r x a' x 4- x 4- . . .to n factors. 

The fpicstion now arises : What meaning is to be given to expressions 

4 li . 

such as X ^ X j A "-, etc., and, in general, to a'" when « is negativ^e or a 
fraction ? 

A-" cannot have the .same meaning when 71 is a fraction as it hns when n 
is a positive whole number, but we choose a meaning such that a", when 71 is 
a fraction, shall satisfy the same laws of indices as arc already known to hold 
grood for the case when /i is a positive whole number. 

The product of two integral powers of x is obtained by adding the indices, 

and if a'' obeys the same rule we must have x^ x a'^ = a^ " = x. 

Therefore a“ is a quantity which gives a as the product when multiplied by 
itself, i.e . — 

J 


Similarly 

and 

In general 
so also 


X 


y X = X 

J ^ 

1 _ 

A^ = UX 

(a- )S = at 


.K, i 


y x“ y X — X 


i.e. x^ is the cube of the square root of a', and, in general, a' Is the /** 
power of the root of x. 

B 
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If negative powers obey the same index law of multiplication as positive 
powers, wc must have 


JIT” ^ X -i^ = jr 2 + 3 - ji- 


and 


I 

A- 


and in general 


x‘‘ 


i.e. a negative power is equal to the reciprocal of the corresponding 
positive power. 

Note in particular that 

X — r" 

n ^ 

. . .1 ® r X - — i 
.V 

whatever the value of x ; i.r. the zero power of any quantity is equal to 
unity. 


KxAMi*rj!:s. — I. 

1 -I J J L I 1 

1 . Write down the values of 4“, 9“, 16'*', 27'^ I-14 ', Qhi ", 729‘\ 

a 1 

2 . Write down the values of 4^ '^, 81^, 27'^ 100'’ ®. 

3 . Write down the values of 2“**, 5-2, 27” 125“^^, 4913”’^. 

4 . Find the values of io~^ 10 iqo, 10^, lo^ 10 ", lo^ 

3 . Logarithms.— Definition : If j then x is called the logarithm of 

y to the base a. 'I'his is denoted by the abbreviation loga/. In words, the 
logarithm of a number to any base is the inde.x of the power of the base 
which is equal to that number. 

The statements _y = and x = log„ y are two different ways of expressing 
the same fact ; e.g, wc know that too = lo^ ; this fact may also be expressed 
by saying that 2 is the logarithm of 100 to the base 10. 

In the same way, we know that 

8 - 2^ ; i.e. 3 = log2 8 

2 - 4‘^ ; i = log, 2 

01 = — 100“ a ; r.'. -} = log,oo o’l 
lOO'i 

and so on. 


Examples. — II. 

Write down the values of the following quantities : — 

1 . log, 2. 2 . log„ 3. 3 . log„„ 3. 4 . logic 5 * 2 . 

5 . logioo 10,000,000. 0 . log, 7 . login o-l. 0 - logio *■ 

8. log 3162. 10. logic 31-62. 11- logic 0-3162. 

9 

4 . The three laws of indices given in § i may be expressed in logarithmic 
form. 

I. The logarithm of the product of two numbora ia the aum of 
their logarithma. 
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If a and b be the two numbers, and 

log^,; a = jriy b — n 
then a — .i*", and b ~ 
and ah — 

/>. by the definition of a logarithm 

logx ab — m n ~ log* a + log, b 

Thus, if we have a table of logarithms to any base, we can substitute 
addition for multiplication. 

Exami'I.e. — We know from tables that 2’53 = o'403i, and logj^ 3 64 — 

0-5611 

iog.o 2-53 X 3-64 = 0-4031 + 0-5611 rz 0-9642 
and from the tables wc find tliat this is the logarithm of 9-208 to base 10 
the product 2-53 X 3-64 9-208 

II. Tho logarithm of the quotient of two numbers is the difference 
of their logarithms. 

With the same notation as before, we have 


i.e, logx ^ = 7n — n = log, a — log, b 
Thus we can substitute subtraction for division. 


Example, — To find ^ we have 
2-53 

•offlO = 'offlo 3 64 - log,o Z'53 
= 0-5611 — 0-4031 
— 0-I5S0 

We find from the tables that o' 1580 is the logarithm of I ’439 to base to 

-••g=--439 


III. The logarithm of the power of a number is equal to 
n times the logarithm of the number. 

Let m = log, then a — 
and a" = = ji”*" 

t.e. log, (a”) = ?/tn = « x log, a 

This law enables us to perform many arithmetical operations which could 
not easily be performed by direct arithmetical methods. 

Example.— 7h /iud the value e/'(2-53P ^ 

We know that logio 2-53 = 0-4031 

then logio (2-53P ^ = ,.3 ^ logio (2-53) 

= 1-3 X o'403i = 0-5240 

From the tables we find that 0-5240 is the logarithm of 3 '342 to base 10, We 
conclude that (2-53)^^ = 3 342. 
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S. Use of Tables. — Tables of lofiariLlims to base lo are jjiven at the 
end of the book. Some cx])lanation is necessary as to the arrangement and 
use of these tables. 

The integral part of the logarithm of a number to base lo may be found 
by considering the two integral powers of lo between which the number lies ; 
thus, 343'2 lies between lo'-^ and lo'’, and therefore its logarithm lies between 
2 and 3 ; o'oo342 lies between o‘oi and o ooi, between lo-* and io~^ ; 
and therefore its logarithm lies between — 2 and — 3. 

The decimal part of the logarithm of a number is given in the tables. 

Thus, to find log 343'2, we find the first two figures, 34, on the left-hand 
side of the tables ; the next figure, 3, is found at the top. In the horizontal 
line opjiosite to 34, and in the column under 3, we find 5353. This is the 
decimal part of log 343. To account for the next figure, 2, we notice that in 
the table of dilTercriccs, at the right-hand side of the tables, the difference 
for 2 in the horizon I al line opposite lo 34 is given as 3. 

"J'his must be added to the value 5353 already found to correspond to 343. 
'I hus we find that the decimal part of logm 343’2 is 0*5356. Wc have seen 
above that log,o 343'2 lies between 2 and 3, and therefore log 343'2 — 2'5356. 

It will be noticed that the arrangement is somewhat different in tlic part 
of (he tables corresponding to numbers whose lirst significant figure is i. 

The logarithms here increase so rapidly with the numbers that two sets 
of differences arc required for the interval between two numbers whose 
second sig^nificant figures dilTcr by T. 

Thus lo find log 126*3, wc know as before that the integral part is 2. To 
find the decimal part, wc get as before the value 1004 corresponding to 126. 

The difference for 3 must now be sought in the horizontal line opposite 
to the value 1004 already found ; this difference is to, and therefore the 
decimal part of the logarithm is 0*1014, and log 126*3 — 2’ 1014. 

To find the decimal pnrt of log 125*3 on the other hand, we should look 
for the difference tor 3 in the upper line opposite to 0969, which corresponds 
to the first 3 significant figures, 125, of the number whose logarithm is to be 
found. This difference is 11, and thus wc get log 125*3 = 2*0980. 

Since 10° = i, log^Q i — o, and therefore the logarithm of any number 
less than i is negative. I his is true for logarithms to any base whatever. 

It is found convenient to keep the decimal part of all the logarithms 
positive, and to restrict the negative sign to the integral part. Thus, if the 
logarithm of a number is — 0*3, wc write it 17, r'.e. — i + 0*7 ; if a logarithm 
is — 3*7, we write it 4*3, 7 .<?. — 4 + 0*3. 

This device enables us to use the same tables for all numbers, whether 
greater or less than i. For any number less than i maybe obtained from 
a number greater than i having the same digits by dividing by to an exact 
number of times. 

This is equivalent to subtracting a whole number from the logarithm 
without altering the positive decimal part of the logarithm. 

Thus 0*03432 is obtained from 343’3 by dividing by loV 

log 0 03432 = log 343 2 - log io‘ 

= ^5356 - 4 
= 2-5356 

Note that the decimal part of the logarithm is unaltered. Thus the 
logarithm of 0*03432 could be found directly from the tables by first finding 
as before the decimal part of the logarithm of 3432, and prefixing the integer 
2, because 003432 lies between io“‘ and 10“ 

Example. — 71 ^ log 0*01594 from the tables. 

In the horizontal line opposite to 15, and in the column under 9, we find 2014. 

The difference for the next figure 4 in the horizontal line opposite lo 2014 is 11. 
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Adding this to 201^, we get 2025 as the decimal pari of log 0 01 594. Since the 
number lies between 01 and o oi, its logarilhm lies between i and 2. 

/, log 0 01594 = 2‘2025 

0 . Antilogaritlims. — When the logarithm of a number is given and 
we wish to find the number, wc may of course use the table of logarithms, 
but it is more expeditious to make u~,e of a separate table of antilogarithms. 
This table gives the number corresponding to any given logarithm to base 
10. The arrangement is similar to that of the table of logarithms. 

Examplf. — The logarithm of a certain nianlor is found to be 2’036i ; to find the 
numbtr. 

We find, by using the table of anlilogarithms in the same way as we used the 
table of logarithms, that the antilogarithrn of 0 0361 is 1086. 'I'licse are the signifi- 
cant figures of the result, but wc do not yet know the position of the decimal point. 
This is found by considering the integral part of the logarilhm. Since the logarithm 
is made up of 2 and a posiiive decimal, it lies between i and 2, and therefore the 
number lies between o'l and o 01, i.e. the number is 0 01086, 

7 . Wapierian Logarithms. — Logarithms to base 10 are used for 
numerical calculations, but the student will also meet with logarithms to 
base where ^ is a (piantity defined by means of the series 

1 + I + — X — ~ + + . . . 

1x2 1x2x31x2x3x4 

It can be shown that, however many terms of this series arc taken, the 
sum is never greater than a definite limiting value ^ = 2718 . , and that 
the sum may be made as nearly equal to e as w^e please by talcing a sufli- 
cient number of terms of the series. The quantity e is accordingly defined 
as the limit of the sum of the series. 

I + I + + — + — -I + . . . 

1x2 1x2x31x2x3x4 

as the number of terms is indefinitely increased. The quantity e will be 
more fully treated in Chapter XXIX., when the student is in a better 
position to understand the theory of the subject. 

Such logarithms are variously called natural, Napierian, or hyperbolic 
logarithms. The reason for the occurrence of this base will appear to the 
stLidcMit at a later stage in his work. 

The logarithm of a number to base e is obtained from its logarithm to 
base 10 by multiplying by 2'3026. 

To verify this from the tables, let^ be the logarithm of a number « to base 
10. Then, by the definition of a logarithm, n ~ 10^’. 

We find from the tables that 

loif,„ c l0K,„ 2718 = 0-4343 
e = 

1 

and 10 - 
substituting ;/ — 

i.c, loge n =. 2-3026/ = 2'3026 logn, n 


Examl'lks. - III. 

Eiiul from the tables the values of the following logarithms to base 10 .* — 

1 . T.og 200, log 20, log 2, log o'oooz. 

2 . Log 7S37/ log 783 7, log 78-37, log 7-837, log 07837, log 0-07837, 
log 0 007837. 
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3 . Log 2 156 X 10®, log 2 - 156 X IO-®, log 2 156 X lO-L 

4 . Log3i42, log 0-2965, log 46-72, log 7-864, log 11-32, logii72, logo-01568, 
log 0 002374. 

6. Find the numbers which have the following logarithms to base 10 : — 

31562, 2-3010, 1-4771, 0-5631, 1 2759, ■^•3648, 27649. 

0 . Find the values of the following logarithms : — 

Log, 2-31, log, 3-57, log. 4-62, log. 8-86. 

8 . The methods of working with logarithms and of arranging the work 
will be understood from the following examples : — 

Example (i). — Evaluate 1-362 x 23-54 x 13-05. 

log 1-362 = 0-1342 
log 23-54 = I ‘3718 
log 1305 = 1-1155 

adding, log 1-362 x 23-54 x 13-05 = 2-6215 = log 418-3 
the required product 418-3 


Example (2).— Evaluate 


31-3 5 X 0 003621 
2-534 X 76-52 


^og 3' ’35 = ^'4962 
log 0-003621 = 3-5588 


log 2-534 = 0-403S 
log 76-52 = 1-8838 


adding, log 31 35 X 0 003621 ::i: l' 055 o log 2 534 X 76-52 = 2-2876 

2-2876 


subtracting, log x = 4*7674 = log 0-0005853 
. 31-35 X 0 003621 

2 -S 3 Tir 76 S 2 -°°~5853 


Example (3). — Evaluate (0-0326)^-2. 

log 0-0326 = 2-5132 

1-2 


1-2X0-5132= 06158 

12X2= —2-4 


log (0 0326)*"^ = 2-2158 = log 0*01644 

(o*o326)^'* = 0-01644 


In the above w-e have to multiply a number which is partly positive and partly 
negative by a positive number. We multiply the two parts separatelyi and add the 
results with their proper signs. 


Example Evaluate (0 03 14)-^-*. 

Consider a negative power as the reciprocal of the corresponding positive power, 
log (0 0314) = 2-4969 


'•043s 


-4-2 


log (0-03i4)= > = 4 ' 843 S 
log I = 0*0 


log (0 0314)-” = 3-1565 = log 1434 
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The value of log (0 03.4)-^* in .he la,. line is ..hh.inrM 


by isubUii', 


KXAMI’LK 


(5).-- EvdUiaU 
log (132-5)^ 


Vi 32 'S- 

•Vr 32 ^ = (i3Z'5)^ 
log 132-5 = 2'‘2Z2 

• 5 iog >32-5 = 0-7074 = log 5-oyS 

.-. il/i 32 T= 5-098 
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Exam 1’ I E {b). — Evaluate 5^/0 0 1 325. 

0 0 1 325 " 2-1222 
log Vo-OI325 = j(2‘I222) 

= |1(3 + I 1222 ) 

I‘374* = 10-0-2367 

/. yo-oi325 = 0-2367 

Here we have to divide 2 by -[- 3. As we wish to keep the decimal part of th.: 
qiiolient positive, we write 3 + i for so that the negative part can be diviilcd 
exactly by 3. 

In working with four-figure logarithms it is found that the results are 
more likely to be accurate, especially in long calculations, if all log.irithms 
are set down in vertical columns, as in the above examples. 


Examples. — IV. 

Evaluate the following expressions to as close a degree of accuracy as the use 0/ 
four-figure tables wdll permit : — 


1 . 0 035621 X 25780. 

4 . 1362 X 0 0251. 

7 5346 -257 

1386497 

10 . 0 0352 X 125 X 0 000561. 

12 o '>^39 X S zioo X o 0253 
0 00035 X I 0264 


2 . 0-013640 X i 53 ’ 27 . 
5 2 00 6 

■ ooo 3 .t 5 ’ 

8 ^^‘7 . 

■ 1-12534 

11 . 

13. V251. 


3 . 225-85 X 17CJ. 
g 152-05 641 
0-0005649 
9 12-36 X 21 S 

0 0065 X 136 
0 01324 X 0 005621 

14 . J/0-0742. 


15 . V3615. 

19 . v^2i-7. 

23 . .J/25-T^ 

27 . (i- 34 r®- 
30 . (o-i 854 )-«o‘' 3 . 

33 . (0-0651)-*^. 
30 . ( 1 - 333 )-®“. 
30 . (o-o 36 )-oo 23 . 

42 . (log, 2-963)-“ 

46 . (o-i 043 )-i 2 a. 

48 35620^ 

J/67 X 21 


10. V 36 i 5 - 

20 . aJ 2 . it. 
24. 


17 . V0-03615. 

21. V2^ 

26. 2I3 0. 


28. (o-o35i)-26. 

31 . (0-01625 ) -25 3 , 

34. 73«i*. 

37. (25-6i)-i« 

40. (o-32655)-23«8. 

43. (o-246i)>»^jo^^®^- 


18. 

22. Milvi. 

20. (o-o59)^‘*. 

29. (OT754)-!**. 
32. (0-0532)1*. 

35. i2-«a. 

38. (i'305)-2ot. 
41. (o-2543)-oo2.\ 

44. (0-3489)0010. 


61 . 59-32 X (logio 261)*. 62 . 


40 . f X (1-052) J- 

40 . 25-6 3 X 0 00036 

■ (0 0125)’ X logio 29-3’ 


47 


(I 03 6) -a 0 

S/2 1 -2 

60 . ^357 X (0-21)^ 

iogj„ 3 r 3 


(I 03)- X logio 15 71 


63 . 55 Xv/o'o 62 IX 53 ^ 
' O 0035 X (2O'o6)-0 * 



CHArXER II 


TRIGONOMETRY—MEASUREMENT OF AXGLES^ 
TRIGONOMETRICAL RATIOS OF ONE ANGLE 


0 . Measurement of Angles. — Draw two straight lines OX ajid OY at right 
angles. If XO and YO are produced to X' and Y' they divide the plane in 
which they lie into four (luadrants, XOY, YOX', X'OY', Y'OX. 

Suj)[)osc the straight line OP starts from the position OX, and moves so 

that P describes a circle about O 
as centre in a direction opposite to 
that of the motion of the hands of 
a clock, then the line OP is said 
to generate the angle XOP as it 
passes round. 

The angle XOY is divided into 
90 equal parts, called degrees, and 
for any position of P the angle XOP 
is measured by the number of de- 
grees through which OP has turned. 

One degree is divided into 60 
minutes, and one minute into 60 
seconds. 

The quadrants are numbered, 
the ist, 2nd, 3rd, and 4th, after the 
order in which OP passes through 
them. 

When OP is in the 2nd quadrant 
YOX' it makes an obtuse angle with 
OX ; when OP is in the 3rd quadrant X'OY' the angle XOP is still 
measured in the same direction, passing through OY. 

Similarly, when OP is in the 4th quadrant, XOP means the angle between 
OX and OP traced out in a counter-clockwise direction through OY and 
OX', and not the acute angle between OX and OP. 

When OP comes again to its original position OX, it may go on revolving 
round O in the same direction, so that it may generate an angle as large as 
we please: e.g. an angle of 750° is one which is formed when the line OP 
starts at OX, and makes two complete revolutions, and then turns through 
30° in addition. 

10 . Positive and Negative Angles. — If the line OP revolves in a 
counter-clockwise direction as in the last §, the angle which it generates is 
said to be positive. If OP starts from the position OX, and revolves through 
the positions OY', OX', OY, in the same direction as the hands of a clock, it 
is said to generate a negative angle. 

A negative angle may contain any number of degrees ; e.g. an angle of 
— 135° is formed when OP revolves through the 4th quadrant XOY' and 
halfway through the 3rd, Y'OX', in a clockwise direction. 
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Simihiily — iocxd° = — ii x 90° — 10'', and therefore an angle of - 1000'' 
is formed when OP turns through ii right angles in a clockwise direction, 
and then continues to revolve through 10° in addition. Thus the generating 
line of an angle of — looo'^ is in the ist quadrant. 

11 . — Circular Measure of Angles. — Angles may also be measured in 
circular measure. When P moves a distance 
XP equal to the radius OX along the circum- 
ference of the circle XYX', the angle XOP 
which OP generates is called a radian. 

It can be proved that when P moves 
completely round the circle XYX' to its first 
position X, the whole circumference traced 
out by P is equal to 

27r.OX = 2;r.XP 

where TT is ecjual to 3'i4i6 . . . 

And since the angle XOP is proportional 
to the arc XP, 

OP generates an angle which = 2v. XOP 

= 27r radians 
360° = 2ir radians Fig. a. 

and I radian = — 57 ’ 2958 ° 

We shall usually find it sufficiently accurate to take i radian equal 
to 57 - 3 °- 

It is useful to remember the following values : — 

2 right angles = 180° = ir radians ; 

I right angle = 90° = - radians ; 

60° = ^ radians ; 30° = g radians ; 45° = ^ radians. 

The values in radians of angles from 0° to 90° arc given in the tables. 



Example (i ). — To exprrss 125° in radians. 

Wc have 57'3° = i radian 
I2«; 

125° = - == 2'lS radians 

^ 573 

Using the tables, we have 

125° = 90° -h 35° = i'57oS + 0-6109 = 2-1817 radians 
Siinilaily, to convert radians to degrees multiply liy 57'3, or use the tables. 


Example (2). — A Jlywheel of 2.'^ft. radius is revolving at 120 revolutions per 
minute^ what is the speed of a point on its rim ? 

Any radius of the wheel turns through I20 revolutions per minute = 2 revolutions 
per second = 4ir radians per second. 

By the definition of a radian wc know that when the radius turns through one 
radian its extremity moves through a distance equal to the radius, i.e. through 2 ’5 
feet. 

Therefore, in one second a point on the rim of the wheel travels through 
47r X 2'5 = 31-42 feet per second, and the speed of a point on the rim is 31 42 feet 
per second. 
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Examples. — V. 

1 . Draw figures to show the following angles, and express them in radians : — 

152°, 205°, -270° 300°, -840°, 1350°. 

2 . Draw a figure to show angles of l, 2, 3, 4, and 5 radians. 

3 . Make a protractor to measure angles less than two right angles correct to 
O' I radian. 

4 . Draw figures to show angles of i’3 and 2 9 radians, and express them in 
degrees, 

6. Find the length of the arc which subtends an angle of 41° at the centre of a 
circle of ii-ft. radius. 

0 . A flywheel of 3-ft. radius is revolving at 260 revolutions per minute : what is 
the speed of a point on the rirn ? 

7 . The earth moves round the sun once a year in a circle (appro.ximately) of 
92'8 X 10" miles radius : find its velocity in miles per second. 

0 . The earth revolves round its axis once in 24 hours : through what decimal of 
a radian does it revolve in one second ? Find the speed, in feet per second, of a point 
on the couator. Radius of earth = 3963 miles. 

0 . The armature of a dynamo is 1 foot in diameter, and is revolving at lioo 
revolutions per minute. What is the speed of a point on the outside of the armature? 

10 . Through what angles do the large and small hands of a clock respectively 
turn between 1 1. 15 a.ni. and 2.30 ii.in. ; and between 3.44 a.m. and 7.3 1 p.in, ? 

11 . What arc the angles, measured in a positive direction from the minute to the 
hour-hand of a clock, at the following times: 3.7, 6.10, 7.15, 9.25? 

12 . Co-ordinatea of a Point. — If a point is supposed free to move about 
on a surface, we require to know two quantities bclorc we can determine its 
position ; e.i;. to fix the position of a point on the earth’s surface we specify 

its latitude and longitude, i.e. its 
distances measured in degrees 
from the equator and the meridian 
of Greenwich. 

In the same way the position 
of a point on a plane is fixed when 
its distances from two straight 
lines in the plane are known. 

From any position of the point 
P in § 9 draw PN perpendicular to 
the axis X'OX. 

Let a' = ON measured from O to N 
and^ = NP measured from N to P 

Then x and taken with their 
proper signs, are called the rec- 
tangular co-ordinates of the point 
P, y is called the ordinate and x 
the abscissa of the point P. 

The signs are chosen as fol- 
lows ; — 

Fig. 3. 2: is positive when measured 

from left to right in the direction 
X’OX, and negative when measured from right to left in the direction XOX'. 

y is positive when measured upwards in the direction Y'OY, and negative 
when measured downwards in the direction YOY'. 

Thus, when P is in the first quadrant, 

X — ON and is positive, = NP and is positive 
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When P is in the second quadrant, 

X is negative, is positive 

When P is in the third quadrant, 

X is negative,^ is negative 

When P is in the fourth quadrant, 

X is positive, y is negative 

P is described as the point ; e.^. the point (2, 3) is the point whose 

abscissa is 2 and ordinate 3. 

Polar Co-ordinatoa. — 'Fhe position of the point P is also determined if 
we know the length r of the line OP and the angle XOP = which it 
generates in passing from OX to its position OP. These are called the 
polar co-ordinates of the point P. 

e is measured positively in a counter clockwise direction from OX to OP, 
and r is measured from O to P and taken positive in all four quadrants. 

P is described as the point (r, 0) ; the point (2, 25°) is the point for 
which r = 2 and 0 — 25'^. 


Examines. - 


1 . Draw a figure to show the positions of the points whose rectangular co-ordinates 
are given as follows : (2, 3) ; (5, 2) ; (3, i) ; (-3, 2) ; (-5, -3) ; (-4, 3) ; (2, -3) ; 
( 1 - 3 . - 3 ‘ 2 );.(- 4 ' 3 » - 3 ' 4 )- 

2 . Show in a figure the positions of the points whose polar co-ordinates arc given 
as follows : (l, 15°) ; (2, 30°) ; (2, 64°) ; (2, lio®) ; (2, 220°) ; (2, 300°) ; (2, -60®) ; 
(2, —100®). 

3 . Find , by measurement from your figure the polar co-ordinates of the first 
6 points in Example i . 

4 . Find by measurement the rectangular co-ordinates of the first 6 points in 
Example 2. 


13 . Trigonometrical Hatios of an Aoute Angle. — Let 0 be any acute 
angle NOP, let ON = x and NP = ybe the rectangular co-ordinates of P, 
and let OP = r. Then the trigonometrical ratios of the angle 0 arc defined 
as follows : — 


NP y 

sine Oj wTittcn sm 0 — — — 

. ON_xr 
cosine 0, written cos 0 — — 

’ OP r 


tangent 0 , written tan 0 = 
cosecant 0 , written cosec 0 = 
secant 0 , written sec 0 = 


cotangent 0, written cot 0 = 


NP ^y 
ON ~ x 
OP ^ r 
NP y 
OP ^ r 
ON r 
ON^ £ 
NP y 



Example (i). — ly a graphic method the sine^ cosine^ and tangent of 35®. 

This is most conveniently done on squared paper. The student should draw the 
figure on a large scale, and verify the measurements for himself. 

Take two axes, OX and OY, at right angles, and set off the angle XOP = 35° 
by means of a protractor. 
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With centre O and radius equal to unit length on some convenient scale, cut ofl 
OP, and draw PN periicndicular to OX. 
riicn wc have 


NP 

sin 35'’ = OP = 

ON 

cos 35'’ - OP ^ “ ° 

„ NP_oS74 
Un 35“ = oN-o-8I^ = °’7“ 


Note that when, as in this exanqilc, wc take OP as the unit of length, the sine 
and cosine of 6 arc equal to the reelangiilar co-ordinates y and x of the point P. 

Notk. — The iit)lalion sin-^ x is used (o denote an angle whose sine is x, e.g. 35°, 
or o Gl radian is a value of sin- ' o‘574* Siiiiilaily, cos“^ a and lan“^ x denote angles 
whose cosine and tangent ate ctpial to x. 


Kxamim.I': {2).— lutui the iitute augk whose hxjigtiit is ojual to o S. 
Here wc require to find the angle 0, so that we may have 


NP 

ON 


=^ 0-8 


The student should draw the figure for hiinscdf. 

Using squared paper, set otf on the axis of x the length ON equal to unity tin 
some convenient scale. On the ordinate passing through N set off NP equal to o'S 
on the same scale. Join OP. Then NOP is the required angle. \Vc find by 
incasurenicnt that the angle NOP = 387^ 


Examples. — VII. 


1. Set off on the axis of x, ONg = i, ON^ ~ 2, ON^ = 3. Draw any straight 
line OP in the first quadrant. Erect ordinates NjPi, N^Pj. N^P,, meeting OP in 

|Sj p |sj p fq p 

P,, Pj, and P,. Find by mcasjiement the values of Qp*> Q*p** 


N P N P. N P 

cuiiiparc them. Also measure q'|vj '» ^ DN^* compare. 

What do you infer from this experiment with respect to the sine and tangent of 
an angle ? 

2 . Find by construction the values of sin 25°, cos 40°, tan 65°, sin 44°, tan 45°, 
cos 75°. 

3 . Find liy construe lion tlie values of the following acute angles in degrees : 

sin"‘ 0 39, 0 89, cos~^ o'6, cos-i q' 85, lan“^ 0 4, tan 0 7, tan“* 173, tau~^ 5. 


14. Trigonometrical Ratios of an Angle greater than a Right 
Anglo. — Wlicn the angle NOP is greater than a right angle, its trigono- 
metrical ratios .are defined in the same way as in § 13 , but it is also 
necessary to take account of their signs. 

We shall consider the signs of the trigonometrical ratios when the 
generating line, OP, of the angle e lies in each of the four quadrants (Fig. 3 ). 

When OP is in the first quadrant, Xjf, and r are all positive, and there- 
fore the ratios of the angle XOP are all positive. 

When OP is in the second quadrant, wc have 

x negative, >' positive, and /■ positive 

In what follows, ON, NP, and OP represent the numerical values of the 
lengths of the lines indicated without taking account of direction. 
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y + NP 

s,n 0 = ;. = H sin POX 

X - ON 

cos fl = - = = - cos POX 

r + OP 

y + NP 

= — ON "" “ 


When OP is in llie third quadrant, we have 

X negative,^ negative, and ;* jiositive 

V - NP 

sin 0 , = - sin X'OP 

r + OP 

cos » -- - = - COS X'OP 

?■ + OP 

y — NP w/^r» 

tan 0 — - — — + tan X OP 

x — ON 

When OP is in the fuiirth quadrant, we have 

X positive,^ negative, anti ;■ jiositivc 

V - NP 

sin 0 = -^=. ■ _ - = - sin POX 

r + OP 

„ X H- ON 

cos 0 .- - - - - POX 

r 4- OP 

V - NP 

tan 0 - - - = - tan POX 

X + ON 


We have here expressed tlic ratios of the angle 0 when the generating 
line OP is in any quadrant in terms of the ratios of an acute angle. 

ICXAMl’l.E. — 7\} cojisiruct an an^^le in the third (Quadrant whose si?ie is -h. and to 
find by measurement its cosine and tany^ent. 

y 

'J’his is most easily done on squared paper. ' 

Take two axis, OX and OY, at right 
angles. \Vc require to find a point for which 
y = - 5, and r = 13. 

Take a point M on the axis of such that 
OM = — S, and draw MP parallel to XOX'. 

Then all iJoints for which y = — c lie on the « • Y 

straight line MP. — — ^ 

To make r = 13, with centre O and radius -5 
13, describe a circle cutting MP at P in the 
third quadrant. Join OP. p 

Then XOP is the required angle in the Pic. 3. 

third quadrant whose sine is — ^“3. 

To find the cosine and tangent of the angle XOP, draw PN perpendicular 
to OX'. 

Then, by measurement, the value of jt for the point P = ON = — la 


and cos XOP — — = — | 

U-n XOP = ^ = --1L — .% 
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Examples. — VIII. 

1. Construct an angle of 40®. Find by measurement its sine, cosine, and tangent. 

2. Construct an angle of 140°. Find by measurement its sine, cosine, and tangent. 

3. Construct an angle of 220°, and find its sine, cosine, and tangent. 

4. Construct an angle of 310°, and find its sine, cosine, and tangent. 

6 . ConsfruLt an acute angle whose sine is and find its cosine and tangent. 

0. Construct an angle in the second quadrant whose sine is and find by 
measurement its cosine and tangent. 

7. Construct an angle in the third quadrant whose sine is —3, and find its cosine 
and tangent. 

8 . C'onslriict an angle in the fourth quadrant whose sine is —3, and find its cosine 
and tangent. 


15 . To find the Sine, Cosine, and Tangent of any Angle fpom the 
Tables. — The results of the last paragraph give us the method of finding 
the trigonometrical ratios of an angle of any size from tables which give 
tlic values of these ratios for angles between 0° and 90'’. 

Draw a figure showing how the angle 
y is generated, and thus find in what quad- 

rant the g^encrating line OP lies ; then 
look up in the tables the numerical values 
of the sine, cosine, and tangent for the 
' acute angle which OP makes with X'OX, 

\ and before these place the proper signs 

N; ^0 \ X_ as found in the last paragraph. 

/ Example (i). — To find from the tables the 

' \ / values of sin 242® and tan 242°. 

“ /-j. In the figure, OP is in the third quadrant. 

/ — NP 

/ sin 242® — • ^p- = — sin NOP = — sin 62® 

P = — o’ 8829 from the tables 

Fiu. 8. — NP 

tan 242° — ^ = -h tan 62® = rSSoy 


Example (2). - Tin d the value of cos ( — 200®), 
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The generating line OP is in the second quadrant 

-ON 

cos (— 200'') — Qp = - cos PON 
= — cos 20° = — o'9397 

When \vc require to find a trigonometrical ratio of an angle which lies 
between two consecutive angles in the tables, we assume that a small change 
in the ratio is proportional to the change in the angle, and proceed as 
follows ; — 


Examti.e (i). — To find sin from the tables. 

Wc find from the tables 

sin 16° — Q'2756 
sin 15“ o'25SS 

difference for 1° = O'olhS 
differr'nce for o S° = O'S X 0 016S = o'oi 34 

Adding this to sin 15°, wc get 

sin 158° = 0-2722 


Example (2).— 7 h find cos 221*4". 

We have ros 221-4° — —cos 41-4°. 

Erom the tables 

cos 41° - 07547 
cos 42° ^0 7431 


Difference for l° - o'oii6 
difference for o'4° 0*00464 

Since the cosine of an angle decreases as the angle increases, this difference must be 
subtracted from cos 41°. 

Wc get cos 41*4° = 0*75006 
cos 221-4° ~ — 07501 

A graphic method of finding the ratios of an angle which lies betweeu two given 
values, by means of squared paper, will be given in Chapter VI 1 . 


Exampi.E (3). — To find the angle between 0° and 90" whose sine is 0*6070, 
We find from the tables 

sin 38° = 0*6157 
sin 37° = 0-6018 

Difference for 1° = 0 01 39 


Thus the required angle lies between 37° and 38°. 

Let the required angle = 37° + jr° 

Then sin (37° + jr°) = 0 6070 
sin 37° = o'6oi8 

Difference for ;r° = 0*0052 
. X 00052 

. . - — = 0*374 

I 0*0139 ^ 

the required angle is 37*37®. 
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10 . Trlgonomotrical Hatios of Anglos of Equal Numerical Magni- 
tude but Opposite Sign. 

Let OP and OP' make angles 0 and — 0 with OX. 

Take OP = OP' = r. 


Y 



Fig. B. 


Then for the points P and P' the 
values of .r and r are always the same, 
whatever the value of 0, while the values 
of are of equal numerical magnitude 
but opposite sign. 


sin ( — fl) = 


cos ( — 0) = 


tan ( — e) — 


Np; 

OP' 

ON 

OP' 

NP' 

ON 


-NP 
OP 
ON 
OP 
_ NP 
ON 


— — sin ( 


= + cos ( 


— tan 0 


An even power of any quantity does 
not change sign when that quantity 
changes sign, while an odd power of 
any quantity does change sign with that 
quantity. By analogy, we say tliat sin 0 
and tan 0 arc odd functions of 0, be- 
cause they change sign when 0 changes 
sign, while cos O is said to be an even 
function of because it does not change 
sign with 0. 


17 . Angles whose Generating liines lie between Two Quadrants. 

I. Ratios of o°. 

Let XOP = be a very small angle. 
Then for the point P ;ir is very 
nearly equal to r, and ^ is very small. 
Now let OP move down towards OX. 
Then, as 0 gets nearer and nearer to 
the value o", jr gets more and more 
nearly equal to r, and v gets more and 
more nearly equal to o. 




P 

ly 


Fig. 9. 


N 


cos 0 = '— approaches the value i 
r 


Y 



and may be made as nearly equal to I as we 

y 

please by taking 0 small enough, while sin 0 = 

y 

and tan ^ ~ ~ approach the value o as 0 diminishes. 

Accordingly, although we cannot construct an 
angle of 0°, we may still say that 

sin 0° = o, cos 0° = I, tan o® = o 

II. Ratios of 90°. 

Suppose OP to be approaching OY, so that 
0 = XOP is approaching the value 90®, 

Thcn^' is getting more and more nearly equal 


Fio. 10^ 
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V 

to r, so that sin 0 = is approaching the value i, so also x is getting more 

jr 

and more nearly equal to o, and cos 0 = — is approaching the value o. 

y 

Next consider the value of tan fl = -■ 


Suppose y = i and x = — , then tan 0 — 1,000,000 

^ 1,000,000* ’ ' 

Suppose y = i and x = , then tan B = 10,000,000 

10.000. 000 ’ ’ 

Suppose y = i and x = , then tan B = 100,000,000 

100.000. 000 ’ 

and so on. 

Thus by taking x small enough, and consequently B sufTicicntly near to 
90°, we can make tan 6 greater than any number that can be thought of. A 
quantity which is greater than any number that can be thought of is said to 
be infinite, and is denoted by the sign 00, 

We thus get the results 

sin 90° = I, cos 90° = o, tan 90° = 00 

III. Ratios of 180°. 


Y 



Fig. 11. 


As OP approaches OX' — 

and 9 approaches the value 180® 

^ II II 

and y „ n o 

as before we get 

sin = o, cos 180° = — - = — tan iSo® = o 
r 

IV. Ratios of 270°. 

As OP approaches OY', and B approaches the value 270® 

X approaches the value o 
and^' „ II 

and we get sin 270° = = o 

C 
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By proceeding as in the case of 90° we get, if we suppose OP to approach 
OY' from the third quadrant, Ian 270° = +00. 

Wc may here notice that if we suppose OP to approach OY from the 


Y 



Fig. 19. 


second quadrant in finding the value of tan 90®, the value of x is negative, 
and wc get tan 90° — —00 . 

Thus the tangent of an angle gradually increases from o to 00 as the angle 
increases from o to a right angle, and then makes a sudden change to —00 
as the angle passes through the value 90"^. 

.So also the tangent changes from +00 to — as the angle passes through 
the value 270®. 

Exampt.fs. — IX. 

Draw figures to show the angles in the following examples, and find from the 
tables the sine, cosine, and tangent of each 

1. I7S^ 210°, 320“, 400”. 2. 163*^, 213°, 310°, 505°, 1200°. 

3 . 159^^, 238°, 294°, 516°. < 1 . 163”, 210^^, 100°, 200°, 300°. 

B. 23°, 123'’, 233°, 312°, 383“ 0. 113", 211°, 265'’, 293”, 310°. 

7 . -73", -160", -250°, --)03®. 8. -131'', -283"’, -791°. 

Find the values of the following : — 

0 . Sin 267”, cos 267°, tan 267°. 10 . Sin I33'3°, cos I33’3'’, tan I33‘3®. 

11. Sin 22 r4'^, cos 221-4'’, tan 22 1 '4°. 12 . Sin 311-2'’, cos 311-2°, tan 31 1 2°. 

13 . Sin 121-2°, sin 212 6°, sin ( — 82°). 

14 . Give the values in degrees, correct to one-tenth of a degree, of the following : — 

sin-i 0‘2i47, sin-' 0'8634, cos-' 0'3859, tan-' 1*2985. 

16 . Find the values of the following expressions ; the angles are given in 
radians t — 

tan sin 2-53, cos 5, cos 3*42, sin (— 1571), cot ( — 2*34) 
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10. Find the values of cos (jjr — i) for the cases where j = i radian, and 
JT = 5 radians respectively. 

17. Find the value of sin {ct g)^ w'here r - 600, f —■ o r, g= —01745, and Ihe 
angle {ci + g) is expressed in radians. 

10. P'ind the value of sin {ct + g) where c = 400 , t = O'OI, g = I'liyo. 

19. Construct angles of 2 and 3 radians, and find from the tables their sines, cosines, 
and tangents. 


10 . Complementary Angles. — If the sum of two angles is a right angle 
they are said to be complemen- 
tary angles, and each is called Y 


the complement of the other. 

To find the relation between 
the ratios of an angle and of its 
complement. 

Let XOP = be any acute 
angle. Then in the figure 


P 

NOP -1- OPN = 90° 


y 

and OPN is the complement 

of 0 . Q 


N 

Accordingly wc shall get the 
values of the ratios of the com- 

oc 

Fig. 13. 



plement of 6 by interchanging x 

and y in the values of the ratios of 9 given in the definitions on p. ii. 


sin (90° — 9) = sin OPN = “ = cos 9 
cos (90° - 0) = cos OPN = “ sin 9 
tan (90” 
sec (90° 

These results may be expressed in the statement — 

Any ratio of an angle is equal to tbe co-ratio of its complement. 

This property of complementary angles is made use of in the tables. 
Each angle between 0° and 45° on the left-hand side is opposite to its 
complement on the right-hand side, so that the column for any ratio of 
angles from 0° to 45° will also serve for the co-ratio of angles from 45° to 90° ; 
e.g. the column of sines for angles from 0° to 45° is the same as the column 
of cosines for angles from 45° to 90°, thus o‘4848 stands as sin 29° and also 
as cos 61°. 

This property of complementary angles may also be proved for angles of 
any size. As an example the student should prove it for the case of angles 
between 90° and i 3 o°. 


— ei) = tan OPN = - — cot 0 

J' 

— 9 ) = sec OPN = - ™ cosec 9 


10 . Supplementary Angles. — If the sum of two angles is 180° they are 
said to be supplementary angles, and each angle is called the supplement of 
the other. 

To find the relation between the ratios of an angle and of its supplement 
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If OP generates an angle 0, the supplement of B which is equal to i8o°-o, 
will be generated by a straight line OQ, rotating, first from OX to OX' 


Y 



through an angle of 180° in a positive direction and then backwards through 
an angle X'OQ = 0 in a negative direction, so that XOQ is the supplement 
of 0 . 

Thus, as OP starts from OX to generate the angle 0, OQ starts at the 
same instant from OX', and the two lines rotate round O in opposite 
directions at the same rate, crossing each other at OY and OY'. 

It follows that whatever the value of 0 the values of y and r are the same 
for the two points P and Q, while the values of -i' arc numerically equal, but 
of opposite sign. 


cos (180'’ - 0) 


MQ ^ NP 
OQ OP 
OM _ _qN 
OQ OP 
MQ _ _ NP 
OM ~ ON 


= — cos 0 


Note in particular that — 

The sine of an angle is the same as the sine of its supplement ; 

The cosine of an angle is equal in numerical magnitude but opposite in 
Kign to the cosine of its supplement. 


20. Formulaa oonneotlng the Hatlos of an Angle. 

From the definitions of the trigonoinctricr\l ratios we get the following 
relations : — 


jr X cos 0 

r- 


(0 
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cosec - 

y y 


I 

sin 9 


cot e =z — 

y 


I 

z 


X 


I 

tan 0 


y 

sin 0 r y 
cos 0 X X 

r 


tan 0 


( 2 ) 


....... ( 3 ) 


.... ( 4 ) 


Example (l). — To verify from the tables that cot 56° = 

Examples in the verification of lhe.se foniuila; are given in order to fix them iji the 
mind of the student. The details of the calculation should he .set down in full, as in 
this example, so that the student may obtain a knowledge of the limits of accuracy in 
working with four-figure table.s. 

From the tables we get tan 56^^ = i'4S26. 

log I 4826 = 0171 1 
log I = 0*0 

r-.|S 26 ~ 

The tables give cot 56° — 0 6745 

56° - 

within the limits of accuracy of the tables. 


Example (2), — Verify from the tables that — “r-o ~ bin 31°. 

' cos 3 1 

From the tables 

sin 31° = 0-5150 ; log 0-5150 -- 1-7118 
cos 31° = 0-5572 ; log 0-8572 — 1-9331 

’ ’77*^7 = H' t* 

From the tables tan 31° = 0-6009 


Example (3).— 7 h find the angle whose tangent is 82-7 correct to one-tenth if a 
degree. 

The angle is evidently between 89'’ and 90”, but cannot be found directly from the 
tables since tan 90*^ — 00 . 

We know, however, that, if be the required angle, 

tan (90'’ — jc°) = cot jr = = o'oizi 

' tan X 

The tangent of a small angle is very nearly proportional to the angle, and 
therefore we may find the tangent of (90° — a-°) from the tables. 
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Wc have tan 


90 


1° = 00175 
^0^ 00121 
00175 


^ = 89-3° 


0-69° 


21 . In Fig. 13, p. 19, we have by elementary geometry, since ONP is a 
right angle, 

( 5 ) 

Dividing by we gel 

:r« y 

^2 ^ 


r* + r’* - ' 
/. C 05 * 0 + sin’* 0 — I 

Dividing (5) by we get 


I + 




.r2 - .1-2 

I + tan’* 0 = see’* ff 


Dividing (5) by y wc get 


-r- r- 

-2 + I = 2 

-r j,2 


/. cot’* fl + I = coscc^ e 


( 6 ) 


( 7 ) 


( 8 ) 


Example (i). — To verify the formula {fi)for the case when 0 - 40'’. 

We find from the tables 

sin 40® = 0‘6'j28 ; cos 40® = 07660 

sin’ 0 + cos’ 0 = (o’ 6428)’ + (o 7660)’ 

= o'4I30 + 05866 

= o ’9996 

= I to ail accuracy of 0 05 % 

IJy means of these formulae, if one ratio of an angle is given, all the others can 
he found. 

Example (2). — Given shi 0 = O'2 : find cos 0 and tan 0 . We shall assume that 0 
is less than 90®. 

Wc have by (6) sin* 0 + cos’ 0 i 

/. cos’ 0 — I — sin’ = I — (o'2)’ = I — 0 04 = 0 96 
cos 0 ^ V'96 = 0 98 

, sin 0 O’ 2 

and tan 0 = „ ~ o ~ 0 204 

cos 0 O' 98 


We may .ilso proceed as follows ; — 



Draw the triangle OPN .so that OP 
= r = I, and PN = o'2, to any con- 
venient scale, and ONP is a right angle. 

Then sin NOP = 0’2 
NOP = 0 
and since jr’ + y = r’ 

jr’ = 7'’ — y = I — 004 = 0-96 
/. X = ^ o ’^6 = o '98 

and cos 0 = - = 0 98 

r 

tan 0 = :^ = = 0 204 

X 0-98 ^ 



T rigonome try 1 3 

If Ian 0 is given in the first instance, we may find sec 0 from the formula (’7) ; 
cos 0 is then given by (i), and sin 0 by (4). 

Examples. — X. 

1 . Verify from the tables that sin* 0 + cos* 0 = i for the case wlu'n 0 = 49®. 

sin 2 'l® 

2 . Verify by numerical calculation that o =: tan 23®. 

J J 23 ° ■' 

3 . Verify that i + tan* 25® = sec* 25°, 

4 . Verify that cot 55° = 

6. Verify that i + cot* 0 = cosec* 0 for the case when 0 = 25“. 

0 . The sine of an angle is o'3 ; construct the angle, and find its cosine ami 
tangent. 

7 . The cosine of an angle is 0'25 ; lind its sine and tangent. 

0 . The tangent of an angle is 2 ; find its sine and cosine. 

9 . Sin 0 = o'534l ; find cos 0 and tan 0. 

10 . Cos 0 -- 0'4746 ; find sin 0 and tan 0. 

11 . See 0 = 7 ’9604 ; find sin 0, cos 0, and tan 0. 

12 . Construct an angle whose tangent is anrl find its sine and cosine. 

13 . Sin 0 = o'35o : find cos 0 and tan 0 . 

14 . Construct an angle whose sine is and find its cosine and tangent. 

15 . Construct an angle whose tangent is and find its sine and cosine. 

16 . Construct an angle whose secant is and find its sine, cosine, and tangent. 

17 . Construct an angle whose cosine is J}, and find its sine and tangent. 

18 . Construct an angle whose tangent is and find its cosine and sine. 

10 . Construct an angle whose cotangent is and find its sine and cosine. 

20. Tf tan *P 

21 . If JT* + + a* = r*, and cos ^ find sin 0 and tan 0 in terms of jc, and z. 



CHAPTER III 


SOLUTION OF TRIANGLES 


22. A tnanj(le may be considered as made up of three sides and three 
angles. These arc called the six parts of the triangle. When any three 
of the six i)arts arc given, one given part being 
a side, the triangle can be constructed and the 
remaining parts found. The process of finding 
the remaining parts when three are given is 
soijietiiiies spoken of as solving the triangle. 

We use A, B, C to denote the angles of the 
triangle ABC, and a, c to denote the sides 
opposite to the angles denoted by the correspond- 
ing letters ; thus a denotes tlic side BC opposite 
to the angle A. 



23 . Solution of Right-anglod Triangles. — If it is known that one of 
the angles, C, is a right angle, this part of the triangle is known, and we 
require to know two other parts, one of which must be a side, in order to 

solve the triangle. 

1 . Let one of the angles, and one of the 
sides containing the right angle, be given as 
A, a. 

Then we have 

A + B -f C - 180'’, and C = qo'’ 

A + B = 90", and B = 90^ — A 

'Phus B is determined. 

Also - = cot A, and b = a cot A 
a 

Thus b is dclcniiincd. 

To find c we have - -- sin A, and /. c = • and c is determined. 
c ' sin A’ 



Example. — Tm a = 2'7 A., B — 54°. Solve the triafigle. 

Wc have A T B = 90° ; /. A - 90'’ - B - 36° 

^ = Ian B ; b — a tan B = 27 tan 54° = 27 X I 376 = 3715 ft. 


Also — = sill A 
c 


rt-rR» — 4 59 fk 


-sin A o’588 
/. A = 36° b = 3 715 ft., = 4-59 fl. 

The student should draw the triangle ABC to scale from the given data, and find 
the values of 3 , c, and A by measurement. 
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II. Let one of the angles and the hypotenuse be given as A, c. 
Then, as before, B = 90” - A. 

- = cos A /. /f = c cos A 

c 

" a a 

- — sin A . . a — c sin A 

c 

Thus B, by and a arc dctei mined. 

Kx AMPLE , — Let c ~ 3 4 ft., B = 29°. Solve the triangle. 

We kive A == 90° - B rz: 61° 

a — € LOS B = r cos 29° — 3*4 X 0 8746 = 2 975 ft. 
b — c sill B = f sin 29*^ z- 3 4 X 0 4848 = 1649 ft. 

A — 01°, ii — 2 975 ft., b — I 049 fi. 

'I'hc student should vuiify these results by construction and mcMsiiiement. 


III . Let the t\c(j sides containing the riglit angle be given as A 

Ihcn tail A — 

b 

B - 90° — A 

a - A j « 

= sin A, and c — . — ~ 
c sin A 

or + 6^ 

Thus A, B, and c are determined. 

Example.— Z if/" a — 3 4 7^- j b ~ 2‘6 ft. Solve the tria?ijrle, 

Ian A = = 1-307 = tail 52-5° 

A = 52-5'’ ; B = 90° - 52-5'’ 37-5“ 

f = Ja- + i>- = = 4-28 ft. 

A ^ 52-5'’, B = 37-5°, 2 = 4 28 ft. 

Verify by construction and rncasurement. 

IV. Let the hypotenuse and one other side be given as a. 

Then sin A ~ — 


B = 90° - A 

^ • o 

— = sin B 
c 


or T 


b = c sin B 
/. b = y/c^ - 


Thus A, B, and b arc determined. 

Examplk.-“ Z^/ f — 5’4/^., ^ = 2'6 ft. Solve the triangle. 

We have sin B = ^ = 0*4815 — .sin 28*8°, and B = 28*8® 

^ 5'4 

A = 90° = 6 i *2° 

a — ]fc' — b"^ = V2916 — 6*76 = 4*73 ft. 

/, B = 28 8°, A = 6 i '2°, a = 4*73 ft. 

Verify by construction and mcasurcmcot. 
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Examples. — XI. 


ABC is a triangle having a right angle at C. Solve the triangle, having given the 
fallowing data. In each case verify your result by construction and measurement. 


1 . A “ 32° ; = 17 ft. 

3 . B = 49° ; ^ = 27 ft. 

5 . ^ = 55 ins. ; c = 167 ins. 


2 . A = 56°; ^ = 3-8ft. 

4 . ^ = 3 4 ins. ; a = 27 ins. 
0. a = 32 ins. ; c = q 8 ins. 


24. The Bides of a Triangle are Proportional to the Sines of the 
Opposite Angles. 




In the triangle ABC draw AN perpendic ular to BC 01 BC produced. 
Then in both figures 


. „ AN . ^ AN 
sin B ; sin C = t- 
c b 


dividing we get 


sin B 
sin C 


AN 

c 

AN 

b 


b 

€ 


Similarly, by dropping a perpendicular from B 
that 


on AC, we may prove 


and similarly 


sin C 
sin A 
sin A 
sin B 


c 

a 

a 

b 


1 Iiu-S the sides ot a triangle are proportional to the sines of the opposite 
angles ; or 

sin A sin B sin q *■■■■■•■( ■) 


Example. — 7 c vfrify the formula /. fiumn ically. 


Let b — 2 j «■ = 3 - With any point A as centre, desciibc two circles of radii 
3 and 2. Draw any straight line DE to cut the circles in B and C respectively. 
Join AB and AC. 

Measure the angles at B and C, and calculate the ratio Compare this 

sill C ^ 


with the ratio - = 

3 . , 

Then draw the straight line DE in another position, so that it still cuts the two 
elides. Find as before, and compare with the ratio 
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In an actual case it was found 

B = 34°; c = 

. sin B _ sin 34° _ o'5592 
sin C sin 56’4° 0*8329 ~ ° 

while — S = 0*666 . . . 
c •* 

Similarly, by drawing DE in other positions, so that B and C are on the ic 


A 



spective circles, and therefore b and chavc always the same values, we find that 
is always equal to ^ within the limits of experimental error in drawing. 


sin B 
sin C 


This formula may be used in the following- cases of solution of triangles. 


25. I. Given two angles and a side as B, C, b. 

Since A + B d- C = 180°, A = iSo'^ — B + C, and is determined. 

We now know all three angles. 

To find c we have 

i _ ^ 

^"sinB '^siiTB 

and can be calculated, since all quantities on the right-hand side of this 
equation are known. 

To find a we have 

a _ s in A _ _ b sin A 

b sin B . . « — g 

We have now expressed A, Cy and rz, in terms of known quantities. 

Example.—//! the triangle ABC giveuy B = 49°, C = 63®, b — 36*3. Find A, 
r, and a. 

In this and subsequent examples the logadlhmlc working has been shown in full, 
as an example to the student of how his work should be set down. 

Since A + B + C = 180° 

A = t8o« - (B -h O) = i8o® - (490 + 63O) = 68® 
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To Qnd a wc have 

fl _ sin A . ^ _ 3 sin A _ 36-3 sin 68® _ 36 3 x 0-^72 
3 ~ sin B ' sin B sin 49° 07547 

log 36-3 = *’5599 
log 0 9272=: 1-9672 

1-5271 

logo-7547 = 1-8778 

log a ~ 1-6493 = log 44 60 

= 44’ 6 

_ 3 sin C _ 36 3 sin 63® _ 36 3 x 0 8910 
sin B sin 49° 0 7517 

log 36 3 =" >’5599 
log 0-8910 =- I 9499 

I ■ 5098 

log 07547 = I ‘8778 

log c = 1-6320 = log 42 85 
c = 42 S5 

Thus the retjuircd values arc 

A = 68°, f — 42 85, a = 44 6 

The student should construct the triangle from the given values, and find the 
values of a and 3 by measurement. 

'Phe percentage error of the measured as compared with the calculated value 
:)hou]d be found and staled. 

26. II. Given two sides and the angle opposite one of them, as 3, B. 

Draw AB equal to the given value of c. 
Make the angle ABC equal to B. With 
centre A and radius equal to the given 
value of b describe a circle. This will in 
general cut BC in two points, C, C'. 

If b is less than r, these points are both 
on the same side of B. Join AC, AC*. 

Thus there are two possible triangles, 
ABC, ABC*, having the given values of 
3, c, and B. 

If 3 is greater than only one of the points of intersection, C, is on the 
same side of B as the given angle ABC. 

In this case there is only one triangle satisfying the given conditions. 

If the circle of radius 3 touches BC the two triangles ABC and ABC* 
coincide, and we have a right-angled triangle ABC. 

If wc find that 3 is shorter than the perpendicular from A to BC, the 
circle will not reach the line BC, and there is no possible triangle having 
the given values of 3, r, and B. 

Whenever two sides and the angle opposite one of them are given, the 
student should first draw the figure to scale ; he will then see what solutions 
to look for. 

To solve the triangle by calculation we proceed as follows : — 

sin C _ c sin B 

/. sin C = 



To find c we have 
r _ sin C 
3 sill B 


sin B 3 


~b 
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Since f, 3 , and sin B are known, this gives sin C. Since angles in both 
the first and second quadrants have their sines positive, this value of sin C 
may correspond to cither of two values of C, one the acute angle ACB, and 
the other its supplement, AC^B. 

In Fig. 20, for example, we should find from the tables the value of ACB 
corresponding to the value of sin C, but the angle ACB, which is the 
supplement of ACB, has the same sign, and is a possible solution. The 
figure will always show what values to take. 

Taking first the acute angle ACB as the value of C, we now have 

A = 180° - (B + C) 

The side BC may now be found from the formula 

A sin A _ _ ^ sin A 

^ “ sin B . . g 

We have now found all the parts of the triangle ABC. 

Similarly, taking the obtuse angle AC^B as the value of C, we may solve 
the triangle AC^B. 

Example (i), — In the triangle ABC, given i = S' 63 i, t = 4 l 32 , B = 47 ”, 
find C. 



By consfriiction \vc find that there is only one possible solution. 


Wc have 


sin C 
sin B 


sin C 
log 4732 

logo7Ji4 


c 

b 

c sin _B _ 4 732 X 07314 

b 5-63I 

0-6751 

18641 


0-5392 
log 5 631 = 07506 


log sin C = 1-7886 = log 0-6146 
sin C = 0-6146 sin 38° = 0-6157 

sin 37° = o-6oi8 sin 37° = o'fioid 


difference = 0-0128 difference for i® = 0*0139 


/. C = (37 + iW = 37-9‘’ 


Verify by construction and mefl^surement. 
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EXAMri.K (2). — Cjvrn a — 25‘2, b = 3l'6, A = fititi B and C. 
Uy construclion we sec tliiit there are tw'o possible solutions, 


We have 


sin B _ 
sin A 

sin B = 


a 

b sin A 


31-6 X O MQo; 
252 



Fig. ax 


log 31-6 = 14997 
log 0 3907 = I 5919 

I '0916 
log 25*2 = 1-4014 

log sin B — 1*6902 = log 0 4900 
sin B — 0 4900 = sin 29 3'’ 
and B 29*3° 

This is the angle CBA = CB‘B in the figure. 

CB'A = 180” — CB^B = 180° — 29-3° - 150-7° 

and the po.ssible values of B arc 29-3° and 150-7°. 

If B = 29-3°, C = 180° - (A + B) = 127-7° = ACB 
UB ^ 150 7° C iSo° - (A + B) = 6-3° = ACB‘ 

Compare these results with the values found by construclion and measurement. • 


EXAMrLKS. — X 1 1. 


Solve the triangle ABC completely when the following data are given • 


1. A = 2,S", B = 35», f = 6 . 

3 . A = 75°, B : - 4j°, i - 5462 yils. 


2 . A = 58°, B = 7 .S°. i = 3 - 4 -* 
4 . A = 85°, B = 42'=, o = 4 O5. 


Given — 

h. b= 5-631, c - 4-732, B = 47°, find C. 

^ “ 35 * | ^ = 432 ft., B = 39°, find A and C. 

7 . a - 125-2, b = 131-6, A = 23°, find B and C. 

0 . 11 = 29-1, 6 = 30-2, A = 26°, find B and C. 

0 . a — I2"2, b = 16*1, A = 39°, find B and C. 

10 . 17 = 3-471, b = 2*689, A = 21°, find B, C, and c. 
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11 . a = 3-21, b = 2 65, B = 31°, find A, C, ami c. 

12 . a = 256 ft., A = 64°, B = 31°, find b and c. 

13 . fl = 3, b = i\j A — 32°, fimi B, C, and c. 

Solve the triangles in which 

14 . a = 2-561, c = 3'26 i , a = 41“. 

16 . A = 120", C = 29", = 252 yds. 

10. a = 35-6, 6 = 47 2, B ~ 55“. 

Given — 

17 . a = 2-71, t: = 3' 75, C — 64°, find b and A. 

18 . = 2‘i, b = 3-4, A — 32°, find B and C. 

10 . b = 4‘6 i , c = 3'74, C = 41^, find A and B. 


27. — 'lab coa C. 

In the triangle ABC let two sides a and and tlic angle C between them, 
be given. To find the remaining side c. 

Draw BN perpendicular to AC. q 

I. Let the angles A and C be acute. 

Then, since BNA is a right angle, 


AB2 BN2 + NA2 = BN2 + (AC - CN)^ 
= BN2 + CN" d AC2 - 2AC . CN 
+ AC2 - 2AC . CN 
AO = b 


= BC2 

But AB -- c \ BC — a 
CN 



and n= cos C ; 


CN = a cos C 

substituting = (^ -\- b- — 2 ab cos C (II.) 

II. Let the angle C be obtuse. 



AB2 = BN- + AN2 = BN2 + (AC + CN;® 

= BC® -I- AC® + 2AC . CN 

But CN — a cos BCN = a cos ( 180 ° - C) = —n cos C (§ 19). 
substituting - a® + b'^ — 2 ab cos C 

A simpler proof of this formula will be given in Chapter XXL, on 
Vector Algebra. Similarly, we may prove that 

— b- + c® — 2bc cos A 
and 1 ^® = f® + rt® — 2^77 cos B 

If the three sides of a triangle arc given, we may use these formulae to 
find the angles ; e.g. from I. we have 
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Example (i). — Given a = 3'4I2, d = 2*735, C = 

C* = rt* + COS C 

= (3-412)’ + (2*735)" - 2 X 3-412 X 2 735 X 0 5736 

log 3*412 = 0-5331 log 2 735 = 0 4370 

2 2 


log (3'4'2)’ = 10662 r. log 11-65 log (2*735)" = 0*8740 = log 7*482 

log 3*412 = 0*5331 
log 2*735 = 0-4370 
log 2 X 0 5736 = log 1-1472 = 0 0596 


log 2a^cos C = 1*0297 = log 10-71 

/, = 11*65 -f 7-482 — 10*71 = 8*422 

c — v 8*422 
log S-422 = 0-9254 
log ^8-422 = 0*4627 = log 2*902 
/. c — 2*902 

Compare this with the value obtained by construction and measuTcmcnt. 


Example (2). — Given a = 10, 3 = 5, r = 5 86, find the angles. 


We have = a" + — 2ri^ cos C 

= 10’ + 5’ - 5 -86* 

2 £ 7 ^ 2.10.5 


COS C = 


100 + 25 — 34*34 _ 

= J _ .P‘LiLr = 0*9066 = cos 21:® 

100 ^ ^ 


C = 25° 


To find B when C has been found, it is better to use the sine formula I., as it is 
more .suitable for calculation with logarithms. 


We have 


sin B _ ^ 
sin C c 


.*. the required angles arc 


. o ^ sin C 5 X 0*4226 

sin B = = ’ 

c 5*80 

2’ II 30 ^ , 

= = 0-3606 = SUl 21 - 1 ° 

B =21-1° 

A = 180° - (B H- C) = 180° - 46-1® = 133-9° 
A = i33'9”. B = 211“, C = 25” 


Compare with the values obtained by construction and measurement, and find the 
percentage errors. 

Note that the error of the graphic method is often considerable with small angles, 
especially with angles less than 30°. 


Examples. — XITI. 

1. fl = 3*2, b — 4*31, C = 56° ; find c. 
a. <1 = 3, ^ = 5, C = 42° ; find f, A, and B. 

8. <1 = 1-3, 3 = 4-5, C = I57'S ; find A and c, 
4. j = 3-412, t = 2-735, C = 55 ° ; find 
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5 . fl = 2793, b = 3 746, C = 71° ; find r. 

0. rt = 4’356, b — 6 231, C = 42° ; find c. 

1 . a = 5'634, f = 271S, B = 69° ; find b. 

S. b = 346" I ft., c = 200 ft., A = 60° ; find n. 

0 . b = 2-31, c = 4-32, A = 37*^ ; find a. 

10 . a = 5'62, b = 3 71, C = 65° ; find c. 

11 . b = 322 yds., c = 254 yds., A = 53° ; find a. 

12 . ^ = 331 yds., c = 567 yds., A = 76° ; find a. 

13 . = 5, ^ = 4, C = 59° ; find B and A. 

14 . a = 3'6, b = 2'5, e = 4^9 ; find the angles. 

16 . fl = 5, ^ = 7, c = g ; find A. 

10. = 51 yds., b = (32 yds., C = 72°; find c. 

17. -= 2, <5 = 3, ^ = 4 ; find the angles. 

18 . a. = 5*32, b = 374, c = 4'36 ; find the angles. 

10 . n -T-- 31 ft., b = 42 ft., C = 62° ; find r. 


20. Area of a Triangle. — To find the area of a triangle in terms of any 
two sides and the angle between them. 

Let rt, and C be given. 0 

Draw BN perpendicular to AC. 

Then =3 sin C, and BN = rr sin C 
a 

Area of triangle = J (base x height) 

= i . 3 . B N 

= sin C = ^ (lb sin C 
Similarly it can be proved that 

Area of triangle = \bc sin A = \ca sin B 

_ (product of two sides into sine of 
~\ angle between them) .... ( 111 .) 



Example. — //# triangle ABC, given 0 = 22*3 ///j., ^ = 35 6 ///j., 0=49®, 
find the area. 

Area = J^ab sin C = J X 22*3 x 35 ’6 sin 49° 

= ii*i5 X 35 6 X 0 7547 
log 1 1 15 — i'0472 
log 3 S'^^ = 1 ' 55>4 

l‘Jg 07547 = * 

log ij^ab .sin C) = 2*4764 = log 299*5 
.’. Area = 299*5 ^9n‘U'e inche.s 


20. Given three sides of a triangle, to find its area. 
We have area — J ab .sin C 


The relation cos C = ^ ^ - ^ . ^ives cos C in terms of the 

2.tib ° 

From this we find sin C - - cos'-^C, and substitute in the 

the area. 


sides. 

formula for 


Example, — To find the area of a triangle ivkose sides a, b^ and c are 4, 3, and 
2 ins. in lerigth respectively. 


D 
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^ rt* + _ i6 + 9 - 4 

cosC= — 

sin C = Vi — cos*' C = Vi — = o'484i 

area = \nh sin C 

— i . 4 . 3 . 0'4S4l = 2'9046 sq. ins. 
Verify by construction and measurement. 


It may also be proved that the area of a triangle is equal to 


V-rC-f - a)(s - b)(s - c) 


a + b + c 

where s = 

2 


We shall here show that this formula is equivalent to the preceding. 

(1 b ~\~ c b c — a 

We have s — a ~ - — rz — 




similarly s — b ~ 
d)(^s-b){s - c) - 


c a — b a b — c 

s - c ~ 

2 ’ 2 

\/sJ{a-\-b + c){(i^^b — c){a — b-\-c){ — a + b^c) 

V + 2r-'tz^ + 2a^'^ — — b^ — by 

multiplying out 

\ b^^ + 2(rb'^ — 2/; V — 2c^a^) 


- \abAj I “ cos-^ C = \ab sin C 
= area of triangle ABC, as already proved 


/d^ d- — c^\ 
V 2 ab ) 


Example. — In the example^ p. 33, we have 

rt:=4, <^=3, r = 2 


■f - « = 0-5 ; J - = 1*5 ; j - r = 2*5 

area - V>'(^ “ 

= V 4'5 X o'5 X 1-5 X 2^5 
^ K/9^ 5x3x1 = if v'15 = 2-9046 

which agrees with the value found in the above example. 


Examples. — XIV. 

Find the area of the triangle ABC, when the following data are given ■ — 

1 - = 3572 ft., b - 4621 ft., C = 59^ 

2 . fl r= 27S4 ft., b = 3685 ft., C S2°. 

3 . c = 31-6 ft., a = 21-25 f^ i B = 16°. 

4 . ^ = 33* yds., c — 567 yds., A = 76°. 

6. a - 562 ft., b = 343 ft., C = 65°. 

0. r- 51 yds., ^ = 62 yds., C = 72°. 

7 . fl = 5 ft., b = 7 ft., £■ = 9 ft. 
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0. /I = 3-5 ft., d = 27 ft., c = 4‘3 ft. 

9 , j — 2'5 ft., d ~ 3 8 ft., c = 2'3 ft. ; find B and the area. 

10 . a = 4’32 ft., d = 6"J1 ft., c = ()'}2 ft. ; find C and the area. 

11 . = I ft., ^ ft., c ■= 2'5 ft. ; find the three anjjjles and the area. 

12 . n = 5 ft., d = 6 ft., f = 7 ft. ; find A and the area, 

13 . Prove the relation 

sin A _ sin B _ sin C 
a d c 

by means of the formula III., for the area of a triangle. 


30. Miscellaneous Problems on Solution of Triangles. 

Definition. — The elevation of an object which is higher than the 
eye of the observer, is the inclination to the horizontal of the straight 
lino joining the eye of the observer to the object. 

If we suppose a telescope to be first horizontal, and then to be turned in 
a vertical plane till the top of a hill can be seen through it, the angle through 
which it is turned is the elevation of the top of the hill. 

The depression of an object which is lower than the eye of the 
observer is the inclination to the horizontal of the straight lino 
joining the eye of the observer to the object. 

If a telescope is placed in a horizontal position on the lop of a hill and 
then turned downwards in a vertical plane till some ol)jcct below can be 
seen through it, the angle through which the telescope is turned is the 
depression of that object. 


Example (i). — A B are two points in the same horizon Ud plane^ and in the 

same straight line^ with the foot of a tower ^ CD. From B the elcoation of the top C of 
the toaver is 23° ; from A it is 39®. AB = 50 ft. Find the height of the tower and its 
distance from A. 


Let the height, CD, of the tower be /a, and let 

AD=x. 

AD X 

Then = J^ = cot DAC = cot 39® = 1-2349 
DC " "" DBC = cot 23'> = 2-3SS9 

/, subtracting, — 11210 


c 



50. 

II210 


= 44-6 ft. 

hx 1-2349 = 55-1 ft. 

height of tower = 44-6 ft. Distance from A = 55-1 ft. 


In problems on the solution of triangles, the student should, whenever po.ssiblc, 
verify his results by construction to scale. 


I^XAMPLE (2). — From the deck of a ship the elevation of the top of a mountaui is 
46®, afidfrom the masthead it is 44°. The mast is 120 ft. high. Find the height of the 
mouTitain above the deck. 

In the figure, AB is the mast ; E is the lop of the mountain ; D is a point at the 
level of the deck vertically under E. 
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Ut ED == A, AD - X. 



Fig. 27. 


Wc have - = tan 46° = I '0355 

h — 120 . n ^ 

_ — = tan 44^" = o'9657 

1 20 

siibfracling^, = o‘o698 


_ 120 

^ ~ 0 0698 


/,=:r tan 46“ = = .780 ft. 

0-0698 ' 


Kxami'LK (3). — TJu area of the cross-section of a rectangular prism is 92-30 
sq. ins. IVhat is the area (f a section rnakifig an 
angle of 25° with the cross-section 1 

(Board of Education Exaniinalion, 1904.) 

T.ct ABCD be tlie cross-scclion, ABEF the 
section whose area is requiied. 

area ABEF _ AB . BE ^ BE ^ i 
area ABCD AB BC BC cos EBC 

/, area ABEF = lorS sq. ins. 

cos 25° o 9063 * 



Fig. 27^1. 

area of cro.ss-seclion 
area of any section A 


Tn a similar way it may be shown that, for a prism 
of any shape, 


cos (angle between A and cro.ss-seclion) 


Examples. — XV. 

1 . A ladder, 35 ft. long, is resting against a wall. The foot of the ladder i.s 
found by incasurcinent to be 6 ft. 3 ins, from the wall. What is the height of the 
top of the ladder above the ground ? 

2 . A vertical cliff is 452 ft. high. From the top of the cliff the depression of a 
boat at sea is 18°. What is the distance of the bo.at from the foot of the cliff? 

3 . From a boat 1250 ft. from the ba.se of a vertical cliff, the elevation of the top 
of a cliff is observed to be 15°. Find the height of the cliff. 

4 . The shallow of a tree i.s 37 ft. long when the elevation of the sun is 39°. 
What is the height of the tree? 

6. From a point A the elevation of the top of a chimney is 27°. From B it is 
1.4°. BA = 120 ft., and is horizontal, in the same straight line with the foot of the 
chimney. Find the height of the chimney. 

0 . From a point A on the bank of a river, a post further down the stream on the 
opposite side is seen in a direction making an angle of 58° with the bank. From a 
point B, 72 ft. up the stream, the post is seen in a direction making an angle of 35° 
with the liank. The banks arc straight and parallel. Find the width of the river. 

7 . From the lower windows of a building, which are 15 ft. above the ground, the 
elevation of a balloon is 56° ; from an upper window, 92 ft. above the first, the 
elevation is 48°. What is the height of the balloon above the ground ? 

0 . Observations to find the height of a mountain arc taken at two points, A and 
B, 3521 ft. ajvart, at the same level, and in the same vertical plane with the top ; the 
elevation of the lop at A is 54'^, and at B 37^. Find the height of tlic mountain. 

0 . From a milestone on a straight road going from E. to W., a distant church 
tower is seen in a direction W. of N. F'rom the next milestone it is seen in a 
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direction 15” E. of N. Fine! the shortest distance from the church to the road, and 
the distance from the church to the first milestone. 

10 . There is a district in which the surface of the ground may he regarded as a 
sloping plane ; its actual area is 3'246 sq. miles. It is shown on the ina]i as an area 
of 2'S75 At ^Yllat angle is it inclined to the horizontal? 

(Hoard of ICducation Examination, 1004.) 

31 . ExAMPLli (l). — From a teh'^raph post A, a house ap/'cars to be. 35*^ IF. of N. 
From the 7 icxt telegraph fost B, the house appears to be icP of FP. If the Hue BA 
is 88 yds. long Hi a direction lo° IV. of A'., find the distance of 
the house from A. 

N N 

I.et C be the po.sitinn of the house. We require to find AC. | 

In the triangle ABC we have the side AB equal to S8 yds. 

\Vc shall find the angles ACB and CBA, and then solve the _ 

triangle by the formula (I), p. 26. \ ' 

We have ABC - 20° — 10° — 10° \ ^ A A 

CAB = 155° \\ I 

BCA iSo° - CAB - ABC \ \vs'; 

-- iSo” - 155° - 10” 15° \ ■ 

CA sin ABC _ sin lo^ \ \ 

AB " sin BCA .sin 15’^ \ ' • 

PA - sin 10° _ 88 X O' 1 736 \ \ 

■ ■ sin 15° o'2588 \ \ : 

log 88 - j^'944S \ W.' 

log 0-1736 = 1-2395 YL' 

_n84o \1: 

logo '2588 = 1-4130 

D 

log AC == 1-7710 = log 59 02 
AC — 59-02 yds. 

Example (2), — At a point C the elevation of the top of a tozucr is 51°. At a point 
D on the side of a hill^ in the same vertical plane as C and 
the t<nuc7\ the elevation of the top is 72°. The slope of the ^ 
hill from C through D to the foot of the toiver is 20° to \\ 
the hoidzontal^ anti the distance CD is 52 ft. Find the 
height of the tower. \ \ 


Let AB be the tower of height h. 

Then the angle CAB = 90° — = 39° 

the angle DAB = 90° — 72° = 18° 


. sin CAB _ sin 39° 

sin BCA sin 31° 

. sin DAB _ sin 18° 

sin BDA sin 52° 


h sin 39° 
sin 3P 
h sin 18® 
sin 52° 


DB _ sin DAB _ sin 18° , _ h sin 

~li sin BDA “ Hn 52° ' ' ' ~ sin ■ 

Hut we have CB — DB = CD = 52 ft. 

. h sin 39° _ A sin it 
'■ sin 31° sin 52 


sin 31° sin 52° 

^2 _ 53 

0-6293 _ 0’3090 0-829^ 

o'5i5o o' 788 o 
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loR 0 6293 = ^7989 
0-5150 = I -71 18 


log O ’ 3090 = I -4900 
log 0-7880 = 1-8965 


0 - 0 S 7 I 

= log I '2220 

03922 

0-8298 

log 52 — 1-7160 
log 0-8298 = I 9190 


1-5935 

= log 0-3922 


log h — 1-7970 = log 62-66 
h 62-66 A. 


Example (3). — The top P of a hill is observed from hvo points A (ind B, 2150 //. 

apart. The elevation of P i 7 / A h 30°. The 
ajip;lcs PAB and PBA are 71° and 62” 7 -e- 
spectivcly. Find the height of the hill above the 
level of A. 

In the triangle APB we have given two 
angles and the base AB ; by the sine formula 
we can find the side AP ; from this and the 
angle PAN we find the height PN = h. 

The angle APB = iSo° — 7 1® —62°= 47°. 
Ill the triangle APB 



Fk;. 30 . 

Also ill ilic triangle APN 


h - AP sin 30' 


AP. 

AB 

AP . 


. sin PBA 
sin APB 

AB sin PBA _ 2150 X sin 62® 
sin APB sin 47“ 


- sin PAN - sin 30 " 

, _ 2150 . sin 62 ° . sin 30 ° 
sin 47 ° 

_ 2150 X o '8829 X o '5 _ 2150 X o 4415 
07314 07314 

log 2150 = 3*3324 
log 0-4415 = I 6449 


2*9773 

log 0*7314 = 1*8641 


log = 3’II32 = log 1298 
/. h = 1298 ft. 


Examples. — XVI. 

1 , From a milestone on n straight road going from S. to N., the direction of a 
church tower appears to be 48° W, of N. From the next milestone the tower is seen 
in a direction 63° W, of S, Find the distance of the church tower from the first 
milestone, and the shortest distance between the church tower and the road. 

If the elevation of the top of the tower from the first milestone is 2®, find its 
height. 

2 . A tower, PQ. stands on a bill which Is Inclined to the horizontal at an angle 
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of 1 6". At two points, A and B, on the side of the hill, and in llic same vertical 
plane as the top of the tower, the elevations of the top of the tower are 05^^ an i 79". 
AB = 121 ft. Find the height of the lower. 

3 . A tree stands on the top of a hill which has a unifnrm sloj^e of q'’ to the 
horizontal. At points A and B on the hill, in the same vertical plane as the tree, 
the elevations of the top of the tree are found to be 62° and 72'^ respectively. 
AB = 13-2 ft. Find the height of the tree. 

4 . Observations to find the height of a mountain are taken at two stations, A and 
B, 3521 ft. apart. The elevation of the top P at A is 54'^. The angles PAB and 
PBA are 65° and 41° respectively. Find the height of the mountain. 

5 . Find the height in a similar case to that of the last example, when AB 
= 7251 ft., elevation of P at A is 43°, PAB = 35”, PBA — 49°. 

0 . Find the height when AB = 4635 ft., elevation of P at A is 38*^, PAB " 65*^, 
PBA = 82°. 

7 . Find the height when AB = 5321 ft., elevation of P at A is 45°, PAB = 

PBA 73 °. 

8. hind the height when AB = I32I ft., elevation of P at A is 46^9 PAB — Gi^, 
PBA = 75°. 

9 . In a .survey it is required to continue a straight line, AB, past an obstacle ; a 
line, BD, 100 yds. long is measured at right angles to AB. From D the lines DP 
and DQ are set off so that BDP = 4G°, BDQ = 59°. Find the lengths of DP and 
DQ, SO that PQ may be in the same straight line with AB. 

10 . Slieve Donald is seen from Skiddaw in a direction l6° S. of W., and from 
Snowdon in a direction 46° W. of N. If the distance in a straight line from Skiddaw 
to Snowdon is 118 miles in a direction iS° W. of S., find the distance from Skiddaw 
to Slieve Donard, and from Snowdon to Slieve Donard. 

11 . A ba.se line AB is measured in a direction N. to S., and found tv) be 125 yds. 
long. A church tower appears in a direction Go° W. of S. from A, and 70° W. ul 
N. from B. Find the distance of the church tower from B. 

12 . A is a pier-head, L is a lighthouse, AL is known to be 2’5 miles in a direction 
due N. A ship sails from A to C in a north-easterly direction. At C the lighthouse 
appears in a direction 80° W. of N. How far has the ship sailed from A to C ? 
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32 . Sine of the Sum of Two Angles. — It is a common mistake of beginners 
to think that the sine of the sum of two angles is equal to the sum of their 
sines. It is, of course, obvious from the geometrical definition of a sine that 
this is not so. Also, taking a numerical example, we find from the tables 
that 

sin io° = O’ 1 736, sin 30° = 0 5000 
sin 10° + sin 30° = 06736, while sin 40° = 0 6428 

We require then to find an expression for sin (A + B) when the 
trigonometrical ratios of A and B are given. 

33 . To prove that sin (A + B) = sin A cos B + cos A sin B. 

Let A and B be any acute angles. 
Construct the angles ROP and ROQ 
equal to A and B respectively on opposite 
sides of the straight line OR. 

Draw PRQ perpendicular to OR. 

Let OP /, OR = r, OQ = q. 

I'hcn A OPQ ^ A OPR + A ORQ 
\ pq sin (A + B) — i pr sin A + J sin B 

sin (A + B) = — sin A + ^ sin B 

q p 

— sin A CCS B + cos A sin B (i) 



Q R, P 


Fiu. 31. 


34 . To prove that sin (A — B) = sin A cob B — cos A sin B. 

Let A and B be acute angles, A being 



R Q P 


Fig. 3a. 


greater than B. Construct the angles ROP 
and ROQ equal to A and B respectively on 
the same side of the straight line OR. 

Draw PQR perpendicular to OR. 

Let OP = OQ = OR = r. 

Then A OPQ = A OPR - A OQR 
A pq sin (A — B) = J /r sin A — J qr sin B 

sin (A - B) =^-sin A — ^sin B 

I P 


— sin A cos B — cos A sin B (2) 


( 3 ) 


( 4 ) 


35 . 


COS (A + B) = COB A COB B — sin A sin B 
COB (A — B) = COB A COB B + Bln A sin B 
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Let A and B be acute aiii^lcs. Then the complement of A will also be 

acute, and in the formula: for sin (A + B) we may write the complemcnl 

(90° — A) instead of A. We get 

sin (90° — A + B) = sin (90° — A) cos B + cos (90° — A) sin B 
sin [90° — (A — B)} = cos A cos B + sin A sin B 

that is, cos (A — B) = cos A cos B + sin A sin B 

since any trigonometrical ratio of an angle is ccjual to the co-ralio of its 
complement. Similarly 

sin (90° — A — B) — sin (90° — A) cos B — cos (90° — A) sin B 
that is, cos (A + B) = cos A cos B - sin A sin B 

Note that these fonnuhe have not yet been proved for any values of the 
angles A and B, but only for the case when the angles A and B arc acute. 
A general proof for any values of A and B will be given in Chapter XXL, 
on Vector Algebra. 


Example. — To verify the formula for sin (A — B) for the case when A = 83°, 
B = 39°, by cojnputation f 7 ‘om the tables. 

sin (A — B) = sin A cos B — cos A .sin B 

When A = 83°, B = 39°, this becomes 

sin 44"' — sin 83*^ cos 39'’ — cos sin 39*^ 

— o'9925 X 07771 — 0’i2i9 X 06293 
= o' 77>3 — 0*0767 — o’6946 

log 0-9925 =2-9967 log 0*1219 = I 0860 

log 0*7771 = 1*8905 logo-6293 - *7989 

log 0-7713 1-8872 log 0 0767 — 2*8849 

From the tables wc find sin 44° = 0*6947. 


36. Tan (A + B) = 


tan A + tan B 
1 — tan A tan B 


We have 


sin (A + B) 
tan (A + B) - — ^ (XFB) 

_ sin A cos B + cos A sin B 


Dividing the numerator and denominator of this fraction by cos A cos B, 
we get 


tan (A + B) = 


sin A sin B 

cos A cos B 

_ sin A sin B 
cos A ’ cos B 


tan A + tan B 
I — tan A tan B 


(5) 



42 


Practical Mathematics 


Similarly tan (A - B) = 


sin (A 
cos (A 


B) 

B) 


sin A cos B — cos A sin B 
cos A cos B -j- sin A sin B 
sin A _ sin B 
cos A cos B 
^ sin A sin B 
cos A ' cos B 
tan A — tan B 
I + tan A tan B 


• ( 6 ) 


37. The followin^^ examples are important in 
in meclianics : — 


the study of oscillations 


KxamI'I.k (i), — Let x — a sin pt b cos pt for any v line of i where rz, <5, and p are 
constant nn/nbiTs ; show that this is the same as x — K sin {pt + if the values of A 
and g are properly chosen. 

(hoard of Education Examination, 1901.) 


Wc have A sin (// -f = A cos g sin pt ^ sin g cos pt. 


To make this the same as a sin pt + b cos pt for any value of/*, we must choose A 
and g^ so that 


A cos g—a \ g—b 



To calculate A and g wc 


Construct a ri^ht-ani^lcd triangle whose base is a and 
height b. 

Let its hypotenuse be equal to A, and the angle at the 
base be equal to g. Then, evidently 

fl = A cos g, ^ = A sin g 

Therefore A and g have been chosen to satisfy 
the condition (l), and, with these values of A and g^ 
a sin pt -f- b cos // is the same as A sin {pt + g) for any 
value of 
have 


A = V‘** + ^*; 


tan g = 


b_ 

a 


Example (2),— 7b express x = 2 4^ + 7 4^ the form A sin (4/ +^). 


Similarly, if 


We have A = V9 + 49 = 7’6l6 

tan g = = tan 66 ’8“ 

.'.g — 66'8'’ = I’i66 radians 
/. -v = 7 "6 16 sin (4^ + ri66) 

X = 3 sin 4^—7 cos 4^ 

we have A = 7 616 ; tan — J = “ 66'8° 


if wc take the nuineiically smallest angle which has its tangent equal to 
- a. - I 1^6 

and X = 7 ' 6 i 6 sin (4^ — i’i66) 


The reason for expressing the angle {pt + g) in radians will appear at a later stage. 
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Examples. — XVII. 

The student should work through the following cx:iniplcs in verification, in order 
to fix the formulLe of this chapter in his iiieniory, anil also to gain a knowledge of the 
degree of accuracy attainable in working with four-figure tables. 

1 . Verify from the tables the formulae for sin (A + B) and sin (A - B). when 
A - 6o°, B = 30^. 

2 . Verify the formula for cos (A + B) for the case when A = 15^, B — 31°. 

3 . Verify the formula for sin (A — B) for the case when A 37^^ B 34"^’. 

4 . Verify the formula for cos (A — B) for the case A = 42”, B = 43°. 

6. Verify the formula for tan (A + B) when A = 12*^, B = 15*^. 

0 . Given tan (A + B) = 2, tan A = o'5 ; liiul tan B. 

7 . Given sin A = i], sin B = J ; find sin (A + B). 

8. Given sin A = cos B = ; find sin (A + B) and cos (A + B). Also 

construct the angles A, B, and A + B ; incasuic their sines and cosines, and verily 

from the measured values. 

9 . Given tan A — tan B = ; find tan (A + B). 

10 . Given sin A — cos B := 1 s ; find cos (A — B). 

11 . Given cos A = Jf;, sin B =: ; find sin (A -f B) and tan (A + B). 

12 . Given sin A = J tan B ; find cos (A -|- B). 

13 . Express 2 sin 2^ + 3 cos 2Ain the form A sin (2/ + _^), expressing the angle g 
in radians. 

14 . Express 3 sin 2/ — 2 cos 2/ in the form A sin (2/ + ,i^). 

16 . Express 45 sin ( 27 rw/) + 28 cos (2ir;/^) in the form A sin { 2 irTit + ^). 

16 . Express 35 sin - 12 cos in the form A sin f + g). 

P P \ P / 

17 . Given tan (A — B) = 0*0893, and tan A = 0*4 ; find the angle B to the 
nearest degree. 

10 . If tan 0 = given that w, = tan 0 


30. To prove 


Bin 2 A = 2 sin A cos A 
cos 2A — cos-^ A — sin^ A 


tan 2A = 


2 tan A 
1 - tan^ A 


If in the equation 


sin (A + B) = sin A cos B + cos A sin B 


\vc put B = A, wc get 

sin (A + A) = sin A cos A + cos A sin A 
or sin 2 A = 2 sin A cos A 


(7) 


If in the equation 

cos (A + B) = cos A cos B — sin A sin B 

wc put B = A, we get 

cos (A + A) = cos A cos A — sin A sin A 
or cos 2 A = cos^ A — sin^ A . (8) 

This gives cos 2 A In terms of cos A and sin A. 



44 


Practical Mathematics 


To find cos 2 A in terms of cos A only, we have 
sin^ A ^ I — cos- A 

/. cos 2 A = cos- A — (i — cos- A) = 2 cos'-^ A — I . ■ (9) 

To find cos 2A in terms of sin A, we have 
cos^ A = I — sin- A 

cos 2A — (i — sin- A) — sin^ A = i — 2 sin- A . . . (10) 

If in the relation 


tan (A 4 - B) 


we put B — A, we get 


tan 2 A - 


tan A 4 tan B 

1 - tan A, tan B 

2 tan A 


(II) 


I - tan'^ A 

If in the relation 

cos 2A — 2 cos- A — 1 - I — 2 sin'^ A 

A ^ ^ 

we write ^ lor A, we j^et 

A A 

cos A 2 cos- I — I — 2 sin^ - . . 

2 2 

These equations enable us to find the cosine or sine of the half of an 
angle when the cosine of that angle is given. 


(12) 


ICxAMl'LE (1). — 'Jo find the sine and cosine of 80°, having given the sine and cosine 


sin 40” -- 0 6428 ; cos 40° = 07660 
sin 80° = 2 sin 40" cos 40'’ — 2 x o’6428 x 07660 = o’9847 

From the tables sin 80° = o'9848. 

cos 80” — 2 cos= 40° — I — 2(07660)^ — I = I 1 735 — I = O ’ 1 735 
Hy the tables cos 80° = o' 1736. ’ 


Examtce (2). — Given tan 45° = I, find tan 90°. 

n / nx 2 tan 4S° 2 

tan 90° = inn (2 X 45 °) = , - = « 

wbich agrees with § 17. 


Examples. — XVIII. 

1 , Calculate the values of the sine and cosine of 60° by the forniulic of this 
paragraph, having given sin 30° = 0-500, cos 30" = O' 866. 

2 . Calculate the values of the sine and cosine of 56°, having given sin 28° 
= 0'4695, cos 28° = o'8829, and compare your results with the tables. 

3 , Given cos A = 0'4, calculate cos 2A. 

4 . Given cos A = o’3, calculate sin 2A. 

6. Given sin A = J, find sin 2A, cos 2A, tan 2A. Verify your result by con- 
structing the angles A and 2A, and finding the sine and cosine of 2A by measurement. 
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8 . Given tan A — JJi calculate tan 2A, and veiify by construction and 
mca-surcment. 

7 . Given tan A = o'25, calculate tan 2A. 

8 . Given sin 45° = calculate cos 90°. 

V2 

0 . Given sin A = o’ 85, calculate cos 2 A and sin 2 A, and verify by construction. 

10 . Given sin A = f, calculate sin 2A, cos 2A, and tan 2A. 

11 . Given cos A =07, find sin 2 A and cos 2 A. 

12 . Express a cos ( 27 r;;/) + b cos in terms of cos {2nn(). 

13 . Given cos 66° = 0-4067, calculate cos 33° and sin 33° by formula (12), and 
compare with the tables. 

14 . If A is an acute an'de, and cos A - 0’28, calculate cos 

cl 2 

A 

15 . If A is an acute angle, and cos A 0 68, calculate sin — . 


16 . If sin A ~ and A is acute, calculate sin ” and cos 
construction and nicasiiremcnt. 


A 

2 


and verify by 


39 . To express the Sum or Difference of two Sines or Cosines as 
a Product. — 'I'he following results have been proved : — 

sin (A + B) = sin A cos B + cos A sin B 

sin (A — B) — sin A cos B — cos A sin B 

cos (A + B) — cos A cos B — sin A sin B 

cos (A — B) = cos A cos B + sin A sin B 


liy addition and subtraction wc get 

sin (A + B) + sin (A — B) = 2 sin A cos B 

sin (A + B) - sin (A - B) = 2 cos A sin B 

cos (A + B) -b cos (A — B) = 2 cos A cos B 

cos (A + B) — cos (A - B) — —2 sin A sin B 

LetA + B = P,A-B = Q 

P + O 

Then 3A - P 4 Q , A = 

2 


2B - P - Q, B 

And the above forinuke become 


P -Q 


^ P + Q P-Q 

sin P 4- sin Q — 2 sin ■ cos — 

2 

r, - ^ P + Q P-Q 

sin P — sin Q = 2 cos . sin ^ 

P 4 “ O P — O 

cos P -f cos Q 2 cos - . ros ^ 
22 

. p _|_ Q P — O 
cos P - cos Q - - 2 sin ^ . sin - 


These fonnuhe are important, and should be remembered. 

They may be expressed in words as follows : — 

Sum of two sines = twice sin (half-sum) ■ cos (half-difference) . (13) 

Dift'erence of two sines - twice cos (half-sum) ■ sin (half-dilference) . (14) 

Sum of two cosines ~ twice cos (half-sum) ■ cos (half-difference) . (15) 

Difference of two cosines = - twice sin (half-sum) ■ sin (half-difference) (16) 
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Note. — I n finding the din’ercnce in the above formulie it is understood that the 
two angles are taken in the same order on both shies of the equation ; e g". we pul 
cos P before cos Q in finding ihc difference of two cosines in formula (l 6 ), we must 
also put P before Q in finding Ihe sine of half the difference. 


Example. — To express sin 15° — sin 11° as a proJmt. 


sin 15 — sin 1 1° 


15® + 11° . 15° - 11° 

= 2 cos sin - 

2 2 

= 2 cos 1 3° sin 2° 


To verify this we have, substituting the values from the tables, 

sin 15° — sin 11“ = o‘2588 — 01908 = o'o6So 
2 cos 13° sin 2° = 2 X 0 9744 X 0 0349 = o oGSo 


Example. — To express cos \ — cos 1 * 1 ^^ as a product . 

I I ^ -L I 

co.s 11” — COS 17° — — 2 sin ' sin ' 

2 2 

— — 2 sin 14^ sin ( — 3”) 

— 2 sin 14'’ sin 3° 

To verify we have, from the tables, 

CO.S 1 1° — CO.S 17° = o’9Si 6 — 0-9563 = 0 0253 
2 sin 14° sin 3° = 2 x 0-2419 X 0 0523 = 0-0253 


Examples.— XIX. 


Express the following as products, and verify by the lable.s : — 

1 . Sin 65*^ + .sin 58°. 2 . Sin 74'’ — sin 46'^. 

4 . Cos 16° — cos 54°. 6. Cos 47° — cos 

7 . Cos 155'’ + cos 20°. 0 . Cos 200° — cos 135'’. 

10 . Sin 300*^ + sin 200°. 11 . Cos 400° — cos 200'^. 

12 . Prove that cos 105° + cos 15” = cos 45°. 

13 . Prove that sin 45° + sin 15° = cos 15°. 


3 . fiin 45^ — sin 77°. 
0 . Cos 39° + cos 27”. 
0 , Sin 210° — sin 135^ 


14 . Prove that sin 3 A + sin SA = 2 sin 4A cos A. 

16 . Prove that cos 3 A = cos A — 2 sin A sin 2 A, and verify from the tables for 
the case when A = 20°. 


40. To express the Frodiict of Two Sines or Cosines as a Sum or 
DiiTorence. — Reversing the equations obtained in the last paragraph, we 
get 

2 sin A cos B = sin (A + B) + sin (A — B) 

2 cos A sin B = sin (A h B) — sin t^A — B) 

2 cos A cos B = cos (A 4 - B) + cos (A - B) 

2 sin A sin B — cos (A — B) - cos (A + B) 

These relations may be expressed in words as follows : — 

Twice the product of a sine and cosine — sin (sum) + sin (difference) (17) 
Twice the product of two cosines = cos (sum) + cos (difference) (18) 
Twice the product of two sines = cos (dirference) — cos (sum) (19) 

Note that the first of these statements includes the two equations above, 
giving 2 sin A cos B, and 2 cos A sin B, if it is understood that in finding the 
dilTcicncc A — B or B — A, we take the angles in the same order as that 
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in which they occur on the left-hand side of the equation. — sin (,A — B) in 
the second equation above is then equal to sin (B — A) ; it is equal to 
the sine of the difference between the two angles. 

Example. — Th express sin 31° cos 45*^ as a sum or difference. 

By (17) sin 31° cos 45'’ ^ j(sin -f 45*"') + sin (31° - 45°)} 

— i(sin 76” — sin 14°) 

To verify this we find, from the tables, 

sin 31° cos 45° = 0-5150 X 0-7071 = 0-36 |2 
i{sm 76° - sin 14°} =r ^(0-9703 - 0-2419) = 0-3642 


Exam ples . — X X . 

Express each of the following as a sura or difference, and verify by the tables. 

I . Sin 45° cos 31°. 2 . Sin 50® sin 30°. 3 . Sin 25° sin 45°. 

4 . Cos 25° cos 54". 6. Cos 62° cos 35‘\ 0 . Sin 15° cos 54°. 

7 . Sin 123° cos 54^. 8. Cos 142” sin So"^. 9 . Sin 115° sin 170'^. 

10 . Cos 200° cos 300” 

II . Express as a sum or difference a sin // . b sin ^ A + O' 

12 . Express sin 27 r->// sin (2ir//^ + {>) as a sum or difference, and verify numerically 
for the case n = 10, / = 0 01, ^ — o’349i radian. 



CHAPTER V 


USE OF FORMULAE 

41. It is one of the objects of an exact science to express the connection 
between din'ercnt physical quantities by means of formulae, and a great part 
of the practical work of applied science consists in the evaluation of such 
formuhc. In carrying out any particular calculation we have to notice (i) 
the degree of accuracy witli which the data arc given ; ( 2 ) the degree of 
accuracy in the result needed for the purpose in hand. It is evidently 
meaningless to carry out a calculation to more significant figures than the 
accuracy of the data will warrant, while it is a waste of time to carry it out 
to more figures than arc needed. It is a common fault of beginners, while 
possibly making large errors in the magnitude of a result, to be unduly 
solicitous about carrying out the calculation to a large number of significant 
figures. 

In engineering calculations an accuracy to three or four significant 
figures, such as can be obtained with a good lo-inch slide rule, will usually be 
found sufllcient. 

As accurate numerical working is extremely important in applied science, 
a number of examples in the evaluation of more complicated formulae is given 
in this chapter. 

The degree of accuracy aimed at is that which can be secured by using a 
table of four-figure logarithms. 

lOx ample (i). — CaliulixU thf Viiluf oj 

w_ /iV 1 . 

1 hiving given that v ., = 10, 7/, - 3, n — o'9, — 3000, anil — PiV .^ 

, 3000 X 10'’“ , 

we have W = 

01 ‘ ^ ' 

log 10 = 1 

log 10“^ - o'9 = log 7 ’043 
log 10"^ - O’ I — log I ’259 
log 3 ^ 0-4771 

■ log 30a 0 047 7 1 = log I -1 16 

W —30000 X 7’943 (i 259 — I -1 16) 

238290 X O’ 143 = 340S0 

KXAMri.K (2 ). — CaliuIiiU the Viiluf of sin {?/( + 

whdfi a = 5, k — 44, r - o'ooS, " ~ 1000, ^ = 1-2217 

'riie angle is measured in radians, 

ae ~^^ — 5 X (2-718)-"“-^ 
log 2-718 = o’4343 

— 0-22 _ 

log (2-718) — - 0 09553 — 1-90445 = log 0 S025 
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/. r/i'-*' = 5 X 0 8025 = 4 0 1 25 
fjt 4-^'’ — (5 + I '22 1 7) railiins 

= (5 57 '3 + 70) ‘Icgrccs by tiiblcs 

= 3 56 ’5° 

si/i («/ + ^) = sin (356-5°) = - sin 3-5° 

= — 006105 
log 4'oi25 -0-6033 
log 0-06105 = 2-7857 


log (4-0125 X 0 06105) - I '3^90 = log 0-2^49 
si/i [fit + = — 0-245 


Example (3). — 

If iP ~ I '0565 ^ + 9 X — 502 - 96 /^ + 0-0002 

-73 7 V 2 - / 

find the value of <p when t — 393 ‘7 to as hifh a dt^n'e of accm ary as can be obtained 
with four-figure tables. 

Ciikulations of this type occur in many problems on the steam-engine. 

t ~ 3937 

y 

1-0565 log. 


2737 


log, ^ — 2-3026 log,0 ^ 

L- 273-7 ^‘“2737 

3937 ^ 2-5952 
2737 r 2^43^ 

lofi. 27 ^.^=^o '>579 

1-0565 log,. ^ - — 1-0565 X 2-3026 X O' 1579 

273-7 

log I 0565 — 0-023S 
log 2-3026 = 0-3622 
log 0-1579 = 1*1984 


Kbo(' o 5 <J 5 lotr«- 273-7)'^ *'5^44 - log, 00-3841 


2737 

1-0565 log. = 0-384 I 


(fl) 


9 X - 502-96/J 9 X - 502-96^ 


== 9 X io~^ X 393-7(196-85 - 502-96) 
= -3543'3 X 306-11 X !□“' 


log 3543 3 "= 3 5494 
log 306-11 = 2-485S 


l^g (3543'3 X ^ 6-0352 = log 10S5000 

/. 9 X 10-’^ ^ — 502-96/^ = — 0-10S5 

combining (a) and (b) 

tp - 0-3841 — o’loS5 + 0-0902 = 0-365S 
0 — 0-366 to 3 significant figures 


(b) 
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The student who has not had much practice with logarithms will find that 
he is particularly prone to make arithmetical mistakes in working from 
complicated formulie of this kind where logarithms occur in the formula 
itself. The only way to ensure accuracy is to set out every step of the 
working clearly, so as to show every figure used in the calculation and the 
reason for its appearance. This process may seem long, but it will be found 
to save time in the long run. 


42 . Variation. — If we examine the graduations on a spring balance we 
find that they are situated at equal distances apart. If we alter the weight 
so that it is multiplied by any number then the extension of the spring, as 
measured from its length when no wei^;ht is attached, is multiplied by the 
same number «. Wc describe this connection between the two variable 
quantities by saying that the extension varies as the weight. We may 
express this fact by means of a forniula. Suppose wc find that the divisions 
representing successive pounds arc J inch apart, then, if ^ be the number 
expressing the extension of the sj)ring in inches when supporting a weight 
W lbs., it is evident that c is always numerically equal to JW ; z.e. the 
efjuaLlon ^ = J W expresses the fact that e varies as W. 

In general, if A varies as 11 , wc may write A = / ll where /c is a constant 
quantity, whicli does not change as A and 11 vaiy ; in the above example the 
constant is J. Simple variation such as this is the simplest way in which 
two variable quantities can be connected together, but there are, of course, 
many other possible modes of connection. 

If wc enclose a portion of a gas in a tube and change the pressure to 
which it is subjected, while keeping its temperature constant, we find that, if 
the pressure be changed so that its value is iniilliplicd by any number ?ty then 
the volume is changed sq that its value is diviiled by the same number 
Wc describe this connection by saying that the volume varies inversely as 
the pressure. 

It may be expressed in a formula by writing V = p, for, if wc put 7/P for 

x.- 1- ■ xn >t V 

P m this equation, V becomes = -. 


Similarly, if a variable quantity A depends on two variable quantities B 
and C, in such a way that A = /dlC, we say that A varies jointly as 11 and C, 

or, if A = “ , wc say that A varies directly as 11 and inversely as C. 


'Phe sign oc is used to denote the words "varies as,” thus “A oc B” 
means “A varies as 11 .” 


ExAMTI.K (i). — The volume of a gas varies inversely as the pressure and directly as 
the absolute temperature. If a ccrtahi quantity of a gas measures 500 c.c. at temperature 
13° C., and pressure 754 //////., udiat is its volume at pressure 7S4 znm. and temperature 
21/ C. 

The absolute temperature T is obtained by adding 2737 to the temperature 
Centigrade. 

i\ r 

Wo assume v — - - where R is some constant 

P 

When T = 2867, and / = 754, wc have v = 500 


substituting 500 = 


R 


X 28^7 

T54 


500 X 754 

2S67 
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when T — 302 '7, and / = 7S4 

_ 3027 _ 500 X 754 X 302-7 

~ 7S4 “ 2S67 X 7S4 

= 50S cc. 

Example (2). — lu any class of turbine P is the power of the waterfall^ II tht 
height of the fall, and 71 the rate of revolution. It is kmnun that for a/iy /'articular 
class of turbines of all sizes ft oc IP 1’-^'®. 

J71 the list of a pa? ticular maker I take a turbine at random for a fall of 6 y/. , 
100 H.P., 50 revolutiflfis per fuiiiute. Hy means of this I fiiid that I can calculate n for 
all the other turbines on the list. 

Find 71 for a fall of 20 ft, and 75 II. P. 

(Pioard of Eflucalion Examination, 1901.) 


VVe have w = ytIP -23 r~o-9 

Wlicn 11 = 6 and V — 100, n = 50 

50 = k . 6'“’* 100 - ^ 

10 


and k 


500 


\^ hcn 11 = 20 and P = 75 


// = k 


ip-ss 500 X 20^ 


X ^75 


500 

5V3 

100 

Js 


. ('.D' 

(.V 333 )”' 


loR 3 '333 “ 0-5228 
•os ( 3 ' 333 )'"-“ = 5 los 3'333 o'f '535 

log J log 3 = ^(0-4771) = 0-23855 


, ( 3-33 5 '" 

log - - 

VO 


o'4i49 = loR 2-599 
n ■ 260 to 3 .si{Miificant figures 


Examples. —XXI. 

1 . The weight of a cylinder of metal varies as its length and the square of its 
diameter. A cylinder 10 ins. long and 4 ins. in diameter weighs 30 lbs. ; find the 
weight of a cylinder of the .same metal 12 ins. long and 6 ins. in diameter. 

2 . The weight of a .sphere varies as the cube of its diameter. If a sjiherc of 
diameter 5 ins. weighs l6 lbs., find the diameter of a .sphere which weighs 50 IIjs. 

3 . Tlie electrical resistance of a wire varies as its length, and inversely as the area 
of its cross-section. The resistance of ICKDO yards of No. 7 co])per wire of cross- 
section 15-659 sq. mm. is 1x056 ohms ; find the resistance of l mile of No. 10 wire 
of cross-section 8-301 sq. mm. 

4 . The force between two magnetic poles varies jointly as their slrcnglh.s, and 
inversely as the square of the distance between them. If two poles of strengths 6 and 
10 units repel one another with a force of 2 4 dynes when placed 5 cm. apart, with 
what force will two poles of strengths, 5 and 12, repel one another when placed 
7 cm. apart? 

6. The heat produced in a conductor of resistance R when a current of strength C 
passes through it for a time /, varies directly as (i) the square of the current, (2) the 
resistance, (3) the lime. A current of 5 amps, was sent through a wire of lo ohms 
resistance for tw-o minutes, and the heat developed was found Vo be 12,500 units. How 
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much heat is developed wlicn a current of 7 amps, passes through a resistance of 
6 ohms for 3 minutes? How much heat is developed when l amp. passes through 
I ohm for l second ? 

0 . If a nuinher of sources of light give the same intensity of illumination at any 
point, the carifJle power of any source varies as tlie square of its distance from that 
point. A photometer screen is ])laced between a .standard lamp of two-candle 
|)(jwer and a lamp A whose canrlle-powcr is required, so that the intensity of the 
illumination is the same on both sides of the screen. If the screen is 121 cm. from 
the standard lamp, and 354 cm. from A, what is the candle-power of A ? 

7 . The resistance F lbs. of the air to the flight of a bullet of diameter r/ inches at 
velocity v ft. per sec. may be taken to vary as d — 800), when v is greater than 
1 100. Given that wlien d — 0'303 in., and v — 20CX), F = i' 532 ; fmd F wlien 
d — in., and v ~ 1 500. 

8 . The greatest hr)rse-powcr that can be transmitted by a rope on a certain pulley 
varies as T* wlierc T is tlie greatest tension, ami \V the weight of the rope 
jjcr foot of length. Wlien T = 91S lbs., and W = 0'36 lbs., the greatest II. P. trans- 
mitted is 42 ‘2 ; find a formula for the greatest II. P. transmitted fiir any values of T 
and W. 

0 . If D iuchi s is the deflectiun in the nii>ld!e of a beam, supjxn ted at the ends 

W 1 

and loaded in the midille, then 1 ) — wdieie W = load in lbs., T. — length 

(inches), !■'. — modulus of clasliiily of beam in iiounds per square inch, I -- moment 
of inertia of secliou. 

For a wroiight-iron bar of rectangular section, 2 ins. deep and i in. wide, I = 
ir “ 29 X 10". If the sujiports are 5 ft. apart, find the clencclion caused by a load 
of 2 tons. 

10 . With the same data find the modulus of elasticity of pho.sjihor bronze, when 
it is found that a bar 1 in. wide and 2 ins. deep, which is .suiiporleil at two i)Oinl.s 
3 ft. aiiart, is deflected 0‘233 in. in the middle by a load of i ton. 

‘ 11 . IfQ is the maximum quantily in cubic feet per hour of gas of specific gravity 

G, which can be siqiplied through pipes of diameter D inches, and length L yards, 
under a pressure of II inche.s of water, 


Dc/:Q"-^(GT.)“^ lI-«^ 


It i.s found that a pipe of diameter i in., and length to yds., wiW supjily 298 c. ft. 
per hour of gas of specific gravity o‘45, under a pressure of o'4 in, of water. Find 
the maximum quantity in cubic feet per hour of ga.s of sji. gr. 0 45, which can 
be supplied through a pipe lOO yds. long and I ’5 in. diameter, under a pressure of 
0 7 <; in. of water. 

12 . Find the pressure needed to supply 10C7 cu. ft. per hour through a pijie 
5000 yds. long aiul 4 ins. in diameter (sp. gr. — o q^). 

13 . Calculate the value of (o' 1 352)-® ®^ X (cos 35°)® 


14 . ("alculate the value of 


3-42 X v^ 2'65 X (j;o2)J_ 
cos 31'’ 


16 . Kvaluate Vcos 31° sin 12'' + (log,„ 151)'^. 

_ 

10 . Find the value of tur - when a = 2, r — 2'7lS, k — o'oojo, / — 15. 

Calculate the value of sin ('^^ + A”) following cases (the angle 

(;// 1' is measured in radians) : — 


17 . rt = 6, Jt — 300, H ---- 500, = O' 1 222, / = O’OI. 

18 . a - 4, /■ - 300, n -- 500, t - O'OOI, — — o' 1341 radian. 

10 . a = 6, k 400, ;/ = 1200, g - — 0'5o6l radian, and / — O'OI and O'ooi 

respectively. 

20 . T, is the applied force, and T„ the pull at the fixed end of tlie band-brake of 
a bicycle ; x is the length of the band in contact with the drum, and the radius of 
the (Irum is 2 ins. ; ^ is the coefficient of friction between the band and the drum. 

X 

fl- 

Then, if the brake is fixed so that the drum rotates towards the fixed end, T^ 
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and if it is fixed so that ihc rotation is from the fixed end, Tj = Tn Thu brak- 

ing force is the dilTercncc between T, and T,. If j- lo ins., /i = 0 54, ami 
T| — 400 lbs., calculate and compare the braking forces in the two cases, 

21 . Calculate the value of 

Llog («, -f - ijJ 


where 2y/| = 2'3I j 2w, = 2 ■82. 

22 . Calculate the value of the same expression when 2//, 2'I4 ; = 2-50. 

23 . Calculate the value of 


given C = 20, D = 6, </ = 3, Sin 0 


L = ,D + «{- + . 4 ^^J 

1 ) -h r/ 


2C 


- 0 is measured in radians. 


24 . The pressure and volume of the steam in a cylinder follow the law ” — C. 
ir/ = 6(X>o when z> = l, calculate the values of / when v has the values 2, 3, and 

4 respectively. 

25 . If = C, and / = 100 when 2/ = i, calculate the values of / when v Iia.s 
the values 2, 3, and 4 rcsjjcclivcly. 

20 . If the pressure p in lbs. per square inch, and the volume u in cubic feet of 
I lb. of saturated steam, are connected by the equation = 479, calculate the 

volume at pressures of 20, 100, and 300 lbs, per square inch respectively. 

I _i_ loci',, r 

27 . If pm — /i ' f > values of when py — 100 for the following 

values of r; 1-333, I'S. 3. S, 20. 

20 . Calculate the values of 


sr 

pm - p\ - 


-1 _ 

j- - I 


when /| = 100 , j = O’Q, and r has the values 1'333, i'5i 3i 8, and 20 . 

29 . Given pn^ •— C, and p = I when 2^=1, find the values of tj when / J, and 
k has the values o'p, l, 1-13 and 1-37 rcsjieclively. 

30 . Calculate the values of hum the formula of example 28, when /| = 100, 
s — I ’0646, and r has the same values as in example 28. 

31 . Calculate the value of 


when C — 150, n — — I'i3, v„ : 10, 7', = 2. 

32 . Calculate the value of 

C — 7 ',^-") 

l - n — 

when C = 147, « = <' 37 > *'1 = 0 8, — 9. 

33 . Calculate the value of 



when A = 15,210, r = 5, 7 = 0-9,/, = 650, pyvf = A, t', = 2. 

34 . R is the combined resistance of resistances r,, r,, r„ in parallel. 

L _ 

K ~ ryr^r^r^ 

What resistance must be pul in parallel w ith resistances of 5 '3, 6’2, and 7 -1 ohms 
to give a combined resistance of 10375 ohms, 
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36 . Calculate the value of 


given <5 = 8, a = 0 062, / = 350 
30 . Calculate the value of 


I. 

Q = 


having given .f’= 32'2, b = — *1^2* ^2 = ^’S- 

37 . The entropy <p of one pound of water at absolute temperature C. is given 
by the formula 


(p = 1-0565 log. + 9 X 10-7 _ 502 96/^ + 0-0902 


Calculate the values of </> when / has the values 2737, 303-7, 333 7, 363-7. 

38 . The entropy rp of one pound of dry saturated steam at absolute temperature 
C. is given by the formula 


<p = log,. - ^ — 0 695 

" 273 7 / 


Find the value of (p when / = 4137- 

30 . If (p = 0-737 log, + 3-875 X io-'^(/= - 1096/) + 0 648 
calculate r/j when i = 500. 

40 . The following hirmulaj are used to calculate the entropy (p of one pound of air 
at pressure /, volume v, and absolute temperature F. : — 


0 = o if )88 loii„ + 0-2375 log. j 
0 = 0-2375 log. - 0-0OS7 log. 

<P = O' 1688 log„ ^ ^ + O- 0 G 87 loge 


/>, V, and / arc connected by the cfpialion /r' = R/. 

If R = 53-2, and / 63 jS, when 1/ = 6-195, calculate the value of ip when 
V ~ 6 195. 

41. Also calculate /, and from this find the values of ip given by the second and 
third formula;. Verify that the three values thus found are the same. 


43. Compound Intcrost. — To find n foi inula for the amount of 
invc.slcd for ;/ years at r per cent, per annum, compound interest, payable 
annually. 

At the end of the first year each ;£ioo invested has become j£(ioo + r), 
and therefore each invested has become "^hus the amount 

at the end of the first year is 

This is the principal for the second year. In the same way it follows 
that after this has been invested for another year it becomes 

(■ + 1 ^) ^ + -^y 

i.e. the amount at the end of two years is 
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Similarly the amount at the end of three years is 




And the amount at the end of n years is 


=(i + )"r 

\ 100/ 


Example.— ike number of years in which ji’400 will amount to /600 at 
3 per cent, compound interest. 

We have P = 400, r = 3, A = 600 ; to find n. 


Taking logs we have 


< 5 °° = (180)" 400 
( 103 )" = 288 = *'S 

n log {103) - log I -5 

/. « = '"fLi'l 

log I '03 0 01 2S 

= 1375 


Examples.— XXII. 

1 . Find the compound interest on £22*] for years, at 4J per cent, per annum. 

2 . Find the amount ofji{^i56o in 4 years, at 2| per cent, compound interest. 

3 . What is the compound interest on /^I35 for 5 years, at 3 per cent. ? 

4 . At what rate per cent, would ^^140 gain £20 in 12 years, at comjiound interest? 

6. I low long will it take ;^ ioo to gain/,'50 cornpouml interest, at jicr cent. ? 

6 . At what rate per cent., compound interest, will j^ioo gain >^50 in 25 years ? 

7 . Ilow long will it take £12^ to gain /13 at 5 per cent, compound interest? 

8. A certain rare book cost \\d. in 1620, and in ipoo was worth /^loo. Was 
this a gain or loss on its original price, supposing that the l^d. could have been 
invested at 5 per cent, compound interest. Find the amount of the gain or loss to the 
nearest pound. 

0 , Find a formula for the amount of £1* in n years at r per cent, per annum, 
simple interest. 

10 . The sum of £7/1 is invested in r per cent, stock at £71 per £100 .share. Find 
a formula for the rate of interest obtained on the .sum invested. Neglect lirokerage, 

11 . Find a formula for the true discount D on a bill of £A due rr monllis hence 
at r per cent, per annum, simple interest. 

12 . Find a formula for the difference x between the true and llic banker’s discount 
in example li. 

13 . The present value of an annuity of £a per annum for n years at r per cent, 
compound interest, is 

/ / 100 Vlioofl 

Find the present value of an annuity of ^^52 per annum for 20 ycar.s, with compound 
interest at 3 per cent. 

14 . Find the present value of an annuity of ;^iOO per annum for 30 years, with 
compound interest at 2J per cent. 

15 . The average expectation of life of a man of 60 is 13 years. What life annuity 
can he buy for ;£'iooo with compound interest at 2^ per cent. Neglect the profits of 
the insurance company. 
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10. A man of 60 ha^ an average cxpeclalion of life of years ; wlial will it cost 
him to buy an annuity of ,^100 a year for the remainder of his life with compound 
interest at 2J per cent. ? 

17 . y is the cost price of a machine which will last n years. There is also a 
more durable machine which will last N years. If i is the interest on i for i year 
expressed as the decimal of a pound, the price x which may be paid for the more 
durable machine, so that it may be as cheap as the former in the long run, is given by 
the formula 

(i +qN-, 

(I - (I 

If a machine which lasts 5 years costs ;tlSo, how much should be paid for a machine 
which will do the same w'oik and last 20 years, taking interest on capital at 4 
per cent. ? 


44 . Forniulm in Mensuration. — The following list of formulae in 
mcnsunition is given here for reference, the proofs of the simpler formulae 
arc assumed to be known to the student, proofs of others will be given at 
a later stage. 

The references are to the proofs. 


Area of a triangle = A(basc) x (height) 
hr/) sin C 


where 


V.r(.r - r7)(j- - /})[s 
il + /> + c 




(§ 2 <).) 


Area of a trapezium -- half the sum of the parallel sides multiplied by the 


perpendicular distance between them — /i • 


AD 4 - BC 
2 



In particular for the case where the two parallel sides are perpendicular 
to the base AB 


Area = (base) x (mean height) = AB 


X 


AD + BC 
2 


Circumference of circle of radius r = 2irr 

Arc of a circle subtended by an angle of e radians at the centre = rS 
HuygcfCs Rule . — Length of arc of a circle = ^ approximately 


where p = chord of half the arc, 
c := chord of whole arc. 
Area of a circle = 

Area of sector of a circle » 
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Area of segment ABC = area of sector OACB — area of triangle OAB 

— 

P 

Area of segment less than a semicircle = ^ api^roximately, 

where /i = height of segment. 




Area of curved surface of right circular c ylinder - 27 rr/i. 

Volume of right circular cylinder - irn/i. 

Volume of frustum of cylinder — irr-- ■ 

Volume of pyramid = J (area of base) x (vertical heiglit) 

For the case of a right circular cone this becomes \-Kr‘^h 

= J (volume of cylinder of the same height on the same !)asc) . § 199 

Volume of frustum of pyramid = -(A + ^/AB -|- B) 

where h — height of frustum, and A and B arc the areas of the two 
parallel faces 

For the frustum of a cone A = ; B - 

and volume — ^ § *99 

where and rj are the radii of the parallel circular faces. 


B 


Area of curved surface of cone - ^(perimeter of base) x (slant height) 

— Trr/ 

where r = radius of base and I — slant height. 

Area of curved surface of frustum of cone = 

■’Kr\ + r^- 

Volume of sphere = ^jTr/-^ 

where r = radius § *99 

Area of surface 
of sphere 


} = 

= area of curved surface of cir- 
cumscribing cylinder 






Volume of zone of sphere = ^ {3(^1^ -I- r^'^) + 


A 

Fig. 30. 


where r, and /-j are the radii of the circular faces. 

For the case ^ we get the volume of a segment 
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Surface of zone of sphere = 2rrrh (where r = radius of sphere) 

= area of curved surface of circumscribing cylinder of the same height 



If a circle of radius /'revolves round a straight line in its plane, so that 
its centre traces out a circle of radius R, the solid which it traces out is 
called an anchor ring. 

Volume of anchor ring = 27rV“R 

Area of surface of anchor ring = . . . . § 210 


Examples.— XXIII. 

1 . What is the iliamctcr of a circular lake whose area is 3 acres ? 

2 . A running track is in the form of a circular ring. Its outside diameter is 350 
yds., and it is 6 yds. wide. What is its area? 

3 . Rind the area of a sector of a circle of radius 3 ft., and angle 5^^°* 

4 . Find the area of a sector of a circle of radius 2 ft,, and angle 154°. 

6. A iiyiamid stands on a rectangidar base 2 ins. by 3 ins., and is 10 ins. high. 
Find it.s voluiiie. 

6. 'J'he railii of the circular faces of a frustum of a cone are 3 ft. and 4 ft., and 
its height is 5 ft. Find its vulumc. 

7 . With a radius of 6 ins. describe an arc of a circle of which the chord is 5 ins. 
Jong. Measure the reijuired quantities and calculate the length of the arc by the two 
given formula;. Compare the results. 

8. A dome is in the form of a segment of a sjdiere of radius 100 ft. The height 
of the dome is So ft. How many square feet of lead w'ould be required to cover it? 

0 . A basin is in the form of a zone of a splicre. The bottom is a circle of radius 
3 ins., the top a circle of radius y ins., and the depth of the basin is 5 ins. How 
much water will it hold ? 

10 . A piece of sheet zinc in the form of a rectangle mciisuring 12 ins. by 9 ins., 
is found to weigh 0787 lbs. What is its thickness? Zinc weighs 0'252 lb. per 
cubic inch. 

11 . Copper wire of size No. 5 i S.W.G., weighs 71S lbs. per mile : find the area 
of its cross-section and its diameter. Copper weighs 555 lbs. per cubic foot. 

12 . r'ind the weight per foot of a lead pipe of i J in. bore and in. thick. One 
cubic foot of lead weighs 71 16 lbs. 

13 . A lead pipe of i in. bore weighs 2' 193 lbs. per foot length. Find the thick- 
ness of the metal. 

14 . What is the thickness of a lead pipe of 2J ins. internal diameter if it weighs 
7'S62 lbs. per foot length? 

15 . I'ind the weight of an iron pipe 12 ft. long, 14 ins. external diameter, 1 ft 
internal diameter. Weight of I cu. in. = 0*27 lb. 
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10 . A cast-iron pipe I '3 ft. long, of lo-in. bore, and J in. thick, weighs 121 ‘4 lbs. 
What is the weight of a cubic inch of cast-iron ? 

17 . A tube of 8 ins. internal diameter is made of copper 0'232 in. thick. It 
weighs 23' I lbs. per foot length. Calculate the weight of a cubic foot of copper. 

10 . The inside diameter of a wrought-iron gas-pipe is 4 ins. It is 4 ft. long, and 
weighs 31 ’48 lbs. Given that wrought-iron weighs o'2S lb. per cu. inch, find its 
outside diameter. 

10 . Water flows at the rate of 4‘96 ft. per second through a cylindrical pipe of 
11 ins. diameter. What is the supply in gallons per minute? 6:^ galls. = i cu. ft. 

20 . The outside diameter of a roller is 3 ft., and its outside width 4 ft. The 
metal is 2 ins. thick on the curved surfice. It is closed at the ends which arc jilane, 
and I in. thick. The a.xle and handle weigh 11 lbs., and the metal of which tlie 
roller is made weighs 437 lbs. per cubic foot. Find the weight of the roller. 

21 . How many bricks will be required to line the sides of a well 30 ft. deep and 
4 ft. ill diameter? Each brick measures 9 ins. by 4J ins. by 3 ins., including mortar, 
and the lining is to be 4} in. thick. 

22 . What is the weight of a hollow steel pillar 10 ft. long, wliose external 
diameter is 5 ins., and internal diameter 4 inches? What is the diameter of a solid 
pillar of the same weight and length? i cu. ft. of steel weighs 499 lbs. 

(board of Education Examination in Naval Architecture, 1902.) 

23 . A glass tube is 15 cm. long, and its outside diameter is 4 mm. It weighs 
4 grms. What is its inside diameter if i c.c. of glass weighs 2 52 grins. ? 

24 . A single core electric cable consists of a cylindrical coj)per wire, surrounded 
by a coating of insulation, and an outer coating of lead. The area of the cross-section 
of the copper is 0'25 sq. in., the thickness of the insulation is o'li in., and the thick- 
ness of the outer covering is o'll in. What i.s the diameter of the whole cable ? 

If 1 cu. in. of copper weighs o’32 lb, 

M M lead weighs o’4l ,, 

,, ,, insulation weighs 0 034 ,, 

find the w'clght per foot of the cable. 

25 . Fiiul the weight of a segment of a sphere of lead. Height of segment = 3 ins.; 
radius of base = 10 ins. 1 cu. in. of lead weighs 0'4uS 11). 

20 . A hollow sphere of brass is found to w'eigh 50 lbs. Its external diameter is 
10 ins. ; what is its internal diameter? i cu. in. of brass weighs O’j lb. 

27 . A hollow sphere of cast-iron weighs 100 lbs. Its inside diameter is o'66 of 
its outside diameter. Find its inside and outside diameters, i cu. in. of cast-iron 
weighs o’ 26 lb. 

20 . Find the area of the total service of the frustum of a cone ; radiius at l)ase =; 5 
ins., radius at top = 3 ins., length of slant side = 4 ins. 

20 . How many S(|uarc inches of tin wall be retjuired to make a cylindrical can 
4 ins. high to hold i quart = 0 0401 cu. ft.? There is no liil. 

30 . A milk can is 6 ins. high, and has a diameter of 4 ins. at the bottom. What 
is its diameter at the top if it holds i quart ? 

31 . A railw'ay embankment is 12 ft. high, the top is 28 ft. wide, and the sides 
have a slope of l in 2 to the horizontal. How many cubic feet of earth arc needed 
to make 100 ft. of the embankment? 


46. Approximation — Product of two Binomial Factors. — We know 
that — 


(i + 2r)(i +_y)=i+x + j^ + xj^ 


Consider a case where, x = and 7 = yffoa- 

Then q is very small compared with x and_y, and may there- 


fore be neglected if wc only require our result to be correct to an accuracy 
of, for example, one part in one thousand. 

Thus we may take i + x + y the approximate value of (i + r)(i + >') 
when X and y are small. 
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Example. — The two sides a and b, and the angle of a triangle are obseti cd^ and 
the area calculated hy means of the formula^ Area = \ ab sin C. 

If the observed value of a is 2} per cent, too large ^ and the observed value of b \ \ per 
cent, too small ^ what is the resulting error in the calculated value of the area f 

Here wc have taken (1 + o'02^)a instead of tlic true value of a, and (l — o'Ol5)3 
instead of the true value of b ; i.e. wc have taken (l + 0'025) (i — o'ol5)^^ instead 
of ah. This is apjjroximately equal to (i + 0'025 — 0'0l5)f;^ = (i + o'Oi)f7^, sinca 
the errors in a and b are both small. Therefore the calculated value of the area is, 
approximately, l per cent, too large. 

The error introduced by neglecting the term xy is here 0’000375f7^, or about 0 04 
per cent., and may be neglected, as it is extremely unlikely that the errors in a and b 
arc known to this degree of accuracy. 


15 y niultiplicuilion we have 

(i + .r)(i -i- >')(! + z) - 1 + x + y z + .ry + yz + zx + ,vyL 

and if x,y and z arc suriicicntly small, the last four terms may be neglected 
in comparison with the first four, and v.c have 

(i + .r)(i + y)(\ + z) = I X + y z approximately 

If this result is applied to the case of small errors, as in the last example, 
wc may state it in words as follows : — 

If there arc small errors in each of three quantities, the resulting error 
in their product is the sum of the separate errors. 

This result applies whether the errors arc positive or negative. 

This method of proof may be extended to the case of more than three 
quantities, and it can be shown in the same way that, if there arc small errors 
in each of ?i quantities, the resulting error in their product is the sum of the 
errors in the separate quantities, taken with their proper signs. 

If there is the same small error x in each of n quantities it follows that 
the resulting error in their product is nx approximately. 

This is equivalent to the statement that 

(1 + + j)(i + j.) ... to « factors — (i + a)" -- i + nx approximately 

Wc h.avc here taken n to be a whole number. It can also be shown that 
if .r is less than i, as it must be when it denotes a small error, the state- 
ment that (i + xY = \ + nx approximately is also true when n is negative 
or fractional. 

The result of this paragraph maybe applied to the calculation of fractional 
or negative powers of certain numbers. 


Example (i ). — To fnd the value of 

Wc have V 14 S = {>44(* + 

= 12(1 + ^ X approximately 
= *2(1 + = 12 + = 12-0416 

This agrees to four places of decimals, with the value of V 145 found in the ordinary 
way. 

Example (2), — (I’oa)" = i + 6 x o’02 approximately 
= 1 12 
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Example (3).— = (i'oi5)~* 

Here jr = o'oi5, and » ~ — i 
(* 015)”' = * “ o’oi5 = 0 985 approximately 

Kxamplk (4).— , ' = (I - 0 - 003 )~^ 

^'o-ggS 

= I -I- (— J) (— 0’002) approximately 

= I\X)I 

Example (5). — /w/Zi/ the approxim.ite vatue of 

I 002 X 0*996 
~~ 2 00S 

y — 4(i + ooo2)(i — o-oo4)(i + 0004)-' 

I + 0*002 — 0 004 — 0*004) 

— J(i — 0*006) 0*497 approximately 

The student should work out the value ofj' to 6 decimal places, and finil the eiri’tr 
in the above approximation. 

Exami’LF. (6). — The juuiius 0/ a circle is found by incasu) enient to be J*26 and 
the area is calculated from this value. If there is a possible error of 2 per cent, in the 
observed value of the radius, what is the possible error in the calculated value of the area 't 
If r is the radius, the area = ttr^. 

An error of 2 per cent, in r has the effect of mulliplyijii; by (i jh 0 02), and 
therefore of multiplyinf; irr* by (i + 0*02)“ — i + 0*04 approximately. 

i.e. there is a possil)lc error of 4 per cent. — . 0*04 x ir x 3‘26- 

- 1*33 s(]. in. ‘ 

in the calculated value of the area of the circle. 

Example (7 ). — In fuiding the torsional rigidity of a wire by observing its torsional 
oscillations we mahe use of the fornrala 

27 rl/ 

« = 

ff errors are made of 

O' 2 per cent, too little in the observed value of /, 

2 per cent, too much in the observed value of t, 
and 3 per cent, too much in the ohsetved value f r, 
what is the resulting error in the calculated value of n 1 
The true value of 

I is multiplied by (i — 0*002) to obtain the observed value, 
that of ^ ,, ,, (1+0*02) ,, ,, 

.. r „ (1+003) 

/. the true value of n is multiplied by , , * 

^ ^ (I + o*02)-(i + 0 03)* 

= ( I — 0 002 )(I + 0*02)-® (l + 0*03) 

— I — 0 002 — 2(0*02) — 4(0*03) approximately 
— I — 0*162 

i.e. there is an error of i6*2 per cent, too little in the calculated value of n. 


Examples.— XXIV. 

1 , Calculate the value of l oi X 1*025 by ihe approximate method used in tlie 
preceding examples, and also by multiplying in full, anil find the error of the 
approximate method. 
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2 . Calculate the value of 


1-015 


by the approximate method, and also by actual 


division to 6 decimal places, and find the error of the approximate method. 

3 . Find the value of i-oo2 X 10018 X 0 996, correct to 4 decimal places. 

Find approximate values of the followin^^ quantities : — 


0-906 
■ 1 - 002 ' 

0 . 

12 . VtJO- 

I 

98’ 


0 . 

13. 


I -00;^ 
0 - 99 / 

yv/l 02. 

/v/ 224 . 


6 . 


10 . 


17. - 

506 


o’po.'l 
1 005' 
10 . V102. 
14. V 217 . 
18. 

I 009 


7. 

11 . 

15. 


1 '0023 X 0-9984 
I-00I6 

1/728. 


10. An error of 1-5 per. cent, excc.ss is niadc in mcasurin^^ the side <2 of a triangle 
and an error of r8 per cent, defect in measuring the side b. What is the resulting 
percentage error in the area as calculated from the formula J ab sin C ? 

20. if tlierc is an error of 5 lbs. in the value of the weight of I mile of copper 
wire given in example il, p. 58 , what is the resulting crior in the calculated value 
of its diameter ? 

21. If the length of the seconds iienduliim is increased by many 

seconds will the clock lose in a day? The lime ' 1 ' of a cinnplete oscillation of a 

pcnilulum is equal to 27 r where / is the length and ^ is a con.stant quantity. 

22. The radius of a sphere is found by measurement to be 5 ins. What error 
will be caused in the cakiilatc.-d value of the volume by an error of I per cent, in the 
measured value of the radius ? 


23. The value of found, from the formula T 




T is the lime of a 


coini)lete oscillation, and / the length, of a pendulum. Wliat will be the error per 
cent, in the calculated value of if the observed value of T is l per cent, loo large? 

24. If power U ft. lbs. per second is transmitted over a distance / It., by water at 
a pressure of p lbs. to the stjuare fool, along a ])ipc of radius 7 ' ft. ; then 


loss of ciierg 


energy put in 




What is the effect on this ratio of an increase of 5 per cent. («) in the pressure, {b) in 
the radius of the pipe? 

26. If V c.c. iier second of a li([uid of specific gravity s flow through a capillary 
tube of radius ?■ and length L under a pressure of II cm. of the liquid, the viscosity tj 
of the liquid is given by 

_ 

^ ~ St'L 


What percentage errors arc cau.scd in the calculated value of 7j by errors of i per cent, 
in the observed values of 7 -, II, and v respectively? 

20 . The value M of the magnetic monicnl of a magnet is calculated from the two 
foriuuke 

/~r M {.r- - r-y- 

~\/ n ^ ■ z<7 ^ * 

I, r?, /, 0 and T arc ob.scrved quantities. If an error of 2 per cent, excess is made in 
obsciving the value of 'J', and all the other readings are correct to o-l ]ier cent., what 
is the apjnoxiniale error per cent, in the calculated value of M ? 


40. Units. — The exact expression of a physical quantity consists of two 
parts — the unit in terms of which it is measured, and the measure expressing 
the number of times the unit is contained in the quantity : we speak of a 

certain length as 5 ft. or 152-4 cm. ; in the first case 5 is the measure and 
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one foot is the unit, in the second case I52'4 is the measure and one 
centimetre is the unit. We speak of a certain velocity as 15 ft. per second, 
or 457'2 cm. per second : in the first case 15 is the measure and one foot 
per second is the unit of velocity ; in the second case 457 2 is the measure 
and one centimetre per second is the unit. 

Note that the measure of a jjiven quantity varies inversely as the unit in 
terms of which it is measured. In the first example above, when the unit of 
Icn^jth is chang^ed from i ft. to i cm., t.e. the unit is divided by 30‘48, then 
the measure of the g^iven length is multiplied by 30’4S. 


47. Dinienaiona of Unita. — The various units used in mechanics, with 
the exception of the unit of temperature as measured by expansion and 
those units which depend upon it, may be ultimately defined in terms of the 
three units of length, time, and maaa. 

These arc called the three fundamental units. Thus, for example, the 
unit of velocity is the velocity of a point which moves through the unit of 
length along a straight line in the unit of time. We denote the three 
fundamental units of mass, length, and time by the symbols [M], [L], 
and [T]. 

If the fundamental units are ch.anged, all other units which depend upon 
them will in general be changed as well. 

The unit of velocity, for example, will evidently be changed in the same 
ratio as the unit of length, and inversely as the unit of time. 

We express this by saying that the dimensions of the unit of velocity 

[t]' 

Similarly, since the unit of acceleration is the acceleration of a point 
moving so that its velocity increases by unit velocity in unit time, its 
dimensions are 


In general, when any unit varies as the wth power of a fundamental unit, 
we say that it is of 7 i dimensions in that unit. 

Thus, for example, the unit of volume is the volume of a cube whose edge 
is the unit of length and its dimensions are [L'‘]. 

The unit force causes unit mass to move with unit velocity, its dimensions 


are 


m- 


As an example, the student may verify the following statements from his 
knowledge of mechanics : — 

The dimensions of the unit of work or energy arc 

[ M 1 

J 

The dimensions of the unit of momentum arc [-1 


Those units which are directly derived from the fundamental units are 
called absolute unita. In some cases the absolute unit is too small for 
practical use, and a special practical unit has to be used. 

I ft. -lb. per second is the absolute unit of power when 32*2 lb., i ft., 
and I second arc the fundamental units ; but, as this unit is small, the 
horse-power, which is equal to 550 such units, is used instead for practical 
purposes. One erg per second is the absolute unit of power when r grm.. 
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I cm., and i second are ihc fundamenlal units ; as this unit is very small, 
the watt, which is equal to lo^ such units, is used for practical purposes. 


Ilxamtle.— 'J'/ie practical unit of finuer in applied fncchanics is I horsepower^ in 
electricity it is I watt. Find the jiumber of watts in a horse-power. 

In changing from the first system of fundamental units to the second, 


[M] is multiplied by since there arc 453 6 grins, in a pound ; 

[L] is miilliplicd by since I cm. = 0 3937 in. ; 

[T] is unchanged ; 

^’hc dimensions of the unit of power are 

the absolute unit of power is multiplied by * X f y . 

32-2 X 45J'6 \ / 


changing from the foot, 32'2 lb., sec. system to the cm., grm., sec. system. 

550 is the measure of one horse-power in the lirst .system of absolute units, and, 
since the measure of a given quantity varies inversely as the unit in wliich it is 
measured, the measure of one horse-pow'er in ergs jier .second is 


^50 X 32-2 X 453 ■6 X 
(o:VJ37)' 


= 7-46 X 10* ergs per second 


= 746 watts. 


ExA>riM.F..s.— XXV. 

1 . One erg is the absolute unit of work when i grm., l cm., and I sec. are the 
fundamental uniis ; one foot-pound is the absolute unit of work ^^llen 32’2 lbs., i ft., 
and 1 sec. are the fundamental units. Find the number of erg.s in a loot-pound. 

2 . One jiound is the absolute unit of force when 32-2 lbs., i ft., and I sec. are the 

fundamental units ; one dyne is the absolute unit of force in llic cm., grm., sec. 

.system, l ind the number of dynes in a pound. 

3 . The modulus of torsion of steel is 8253 kilog.s. per sq. niin. ; what is it in 
tons per square inch? 

4 . Tlic measure of the acceleration due to gravity is 32 '2 absolute units when 

I ft. and I see. arc the fundamental units. Find the me:i.surc of this acceleration 

when I cm. and l sec. arc the fundamcnULl units. 
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40 . In this chapter we shall deal with certain portions of elementary al^^ebra 
which arc of importance in the applications of the subject. This treatment 
is intended to supplement and not to take the place of ordinary text-books 
in algebra. 


40 . Quadratic Equations. -To find a formula for the values of .r which 
satisfy the quadratic ecjiiation. 

ax^ + b.v A- c — o 

where <i, and c are any constant quantities. 


VVe have ^ x = - 
a a 


b'^ 


Add — ^ to both sides of this equation 

Then .r'* + + f .. =--+ 

(I a 

, \2 


V = ~Aa‘ - 


^ 2(1 “ 


and X ~ 


+ jjb'^ — 


— b + “ 4^^ 


This formula gives the two roots of the quadratic equation 
ax'^ A- bx A- ^ for any values of a, bj and r 

E.^. Let 3-1- + 2a- — 4 = o 

Here rt = 3, ^ = 2, r = — 4 


and X = 


- 2 ± ^4 
6 

3 


;+ 4S 

^ = — r535 or 0 868 


(0 


60 . Conditions for Heal, Equal, and Imaginary Roots. — In the 
above example we had no difficulty in calculating the roots, because the 
quantity b^ - 4/z^r, under the square root was positive, and its square root 
could be found. It may happen that b^ — 4 ac is negative ; f.^. b^ is less 
ihan 4^^:, as in the following example : — 

F 
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3^2 + 2 r + 4 = o 


Substituting in the formula (i) we find 

2 _ ± V 4 — 4 8 _ — I ± V - II 

6 “ 3 

Since we cannot find any real number whose square is — ii, the roots 
of this equation are said to be imaginary. 

We shall find, however, at a later stage, that for certain purposes wc may 
use the imaginary roots of an equation as if they were real, and that, in the 
applications of the subject, the results have a definite physical meaning. 

We may write the above expression for the value of r 


r = 


— 1 ± xf n 
3 


X J - i 


- 0*33 ± rio5f 


where z is used to denote — i. 

If is equal to 4^7^ the quantity d- — under the square root in (i) 
vanishes, and the two roots of the quadratic equation become equal, e,^^. : — 

4-1“ — 20 r +25-0 

Substituting in (i) we get 

20 + ^400 — 400 , 

8 ■ = 2 ' 5 ±° 

i.e. the two roots of the equation are each equal to 2 5 . 

Note that in this case f bx + c is an exact square. 

We have thus shown that in the equation 

ax"^ bx -\- c = o 

If < 5 ^ is greater than \ac the roots are real and unequal ; 

If is less than 4<ir the roots are imaginary ; 

If is equal to 4^7^: the roots are real and equal. 


Examples. — XXVI. 


Find the V id lies of jr wl 
places of dcciiiiids : — 

1. 24r* — 3 .if -f I = o. 
4. 3 Ji-^ 4 5 .r - S = o. 
7. 3 a" - ar 4- 4 -- o. 

10. 2-5 X lo 'a- 4- 2-1 

11. 2-5 X lo- \v= 4- 2 > 

12. 2-5 X 10- V’ 4- i g 


ich satisfy each of the followii 

2. jx- 4" loa- 4-2 = 0. 

6. 3 - 2.r - .4r= = o. 

8 . 23ar- 4 - 13.V 4 - II = o. 

X lo’x 4 - 4 X 10" = o. 
lo=a: 4- 4 X 10" = o. 

X 4 - 4 X lo" = o. 


ig cquitions, correct to two 

3 . 5a:" — 4.1: — 6 = 0. 

0 . 3 a: — 4 - 5 .r- = o. 

9. i ’Ja^' - 2-5a- 4 - 5 9 - 0 , 


61. Bolutlons of Equations by Resolutions into Factors. — Let a and 
$ be the roots of the equation 

+ bx + c = o 


then a = 


— — 4 ^C a _ - \^b^ — 4(1 C 


2a 


2 a 
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From these values we get 


o + ^ 




— b'^ + ^ac 


£ 

a 


Thus, if any quadratic equation is written in the form .1^ -f — o, 

so that the coefficient of .1^ is unity, and all the terms are on the same side of 
the equation, then the sum of the roots is e(|iial to the coefficient of x with 
its sign changed, and the product of the roots is equal to the constant term. 
E.q". in the equation 

.1^ - 51- + 6 = 0, 


the sum of the roots is 5 and their product 6. We see that the roots must 
be 3 and 2, and this quadratic equation may be written 

- 3)(-»- - 2) = o 


In general, it follows in the same way that, if a and ft are the roots of a 
quadratic, the equation may be written 

(x - a)( r - / 9 ) o 


since we know that in the product of these two factors the coefficient of x is 
— (o + / 9 ) and the constant term afi. 

Otherwise, it is evident that if an ccpiation can be put into this form it is 
satisfied if either factor is zero, fx. if — a or x — and therefore a and fi 
arc the roots. 

Thus, when the factors of a quadratic expression can be found by 
inspection, the roots of the corresponding equation can be written down. 


Example. — Solve the equation. 

fnr- — I Ijc + 3 — o 

Wc notice that the equation may he written 

(2-'^ - 3 )( 3 -^ - 0 - o 

This is satisfied either if 

2.r — 3 = o and .r — H 
or if 3.r — I r- o and -v ~ ^ 
the roots of the equation are and 


Solve the equations — 

1. JT* -H 3jr 4- 2 = o. 

4 . jt’ + 5 x + 6 - o. 

7 . 6x- -i- 3x - 45 - o. 
10. 65jc^ — 390JC 4-520 = 0 
13 . In the equation 


Exami'IKs. XWII. 


2. JT* 4- 2j- — 3 — o. 

6. 2x- 4- h r — 20 = o. 
0 . r5jir* — 36.1- 4- 12 = o. 
11 . JT* 4 - '/* = o. 

Lr’ + Rjr + 4 = o 


3 . X- 4 - 2jr f- I “ o. 

0. 3Jr'' — Kjx 4 - 6 = 0. 

8. 77-r--H 57^-54 = 0 

12 . = «*. 


suppose R and K are known. Write dow'n the conditions which inu.st he sali'-ficd by 
the value off., that the roots may be real, equal, or imaginary. 

14 . Solve the equation in example 13 for the ca.5cs when R = 200. 
K = 0'5 X lO“", and L has the following values : — 

(fl) L = o'oo2 ; (A) L = o'oi j (c) L = 0 005. 
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15. Solve the equation mx^ + 1 = o. 

10. If W, and h are known in the equation 


s 


+ ^^ + 4=0 

h 


write down the conditions which must be satisfied by the value of k that the equation 
may have real, c([Ual, or imaginary roots. 

17. Solve the equation of the last example for the case when W = ^ = 32‘2, 

k — k = 0 02. 


62 . Squationa of the Dogroe Higher than the Second. — We shall not 
here give nny general methods for solving equations of degree higher than 
the second, as the student will probably find the graphic method described 
in Chapter VII. most suitable for any case with which he may meet. 

In certain cases, however, equations of higher degree than the second 
may be easily solved. 


KxAMPi.r.. — X* — 3jr= — 4 — 0. 

f irst solving this as a quadratic in we get jr- = 4, and .r- = — i, 

'file case x- ~ 4 gives x — •\- 2 ^ or x = — 2 

The case x- — — l gives ar— +V^ — l, or.r= — V— > 

the four roots of the equation are 2, — 2, V— i, — — i. 

We might also proceed as follo'ws : The expression on the left-hand side of the 
equation may be resolved into factors 

(j:-2)(A*4-2)(.r=+l) = o 

The equation is satisfied if any one of the three factors is equal to zero. Thus the 
equation is reduced to two equations of the first degree and a quadratic equation. 
I'hc roots of these are 2, ~ 2, ± V “ * as before. 

We may in this way extend the method of § 5 1 to equations of any degree. 
If the equation is arranged so as to have zero on the right-hand side, and the 
left-hand side can then be resolved into factors, the equation is satisfied if 
any one of its factors is equal to zero. Thus the problem is reduced to that 
of the solution of a number of equations of lower degree than the original 
equation. 

It can be proved that every algebraical expression of the ;/th degree can 
be resolved into real factors of the first or second degree; thus the expression 
.r'* — 3.1-^ — 4 in the above example has two factors of the first degree and 
one of the second. 

Each factor of the first degree evidently gives a single real root of the 
corresponding equation. 'I'hus, in the above example, we found two real 
roots 2 and — 2 corresponding to the two factors of the first degree. Each 
quadratic factor which cannot be further resolved into real factors of the first 
degree gives two imaginary roots of the original equation ; thus, in the above 
example, the quadratic factor - 4 - I gives the two imaginary roots + *■ 

It follows that the imaginary roots of any equation always occur in pairs. 
It can be shown, conversely, that if there is a real root there must be a 
corresponding factor of the first degree, and also that an equation of the «th 
degree has 71 and not more than 71 roots, real or imaginary. 

No general rule can be given for resolving an expression into factors, but 
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if one or more roots can be found by inspection, we may take out the 
corresponding^ factors of the first degree and the remaining factors may then 
be more easily found. 

Example , — Sohr the equation 

X* + 2x^ + 2x- — 2X — 3 = o 

We notice that this equation is satisfied when w'e substitute x = i, and therefore 
I is a root and x — i is a factor. By division we find that the equation may now be 
written 

(x - i)(x’ + 3x'= + 5x + 3) = o 

The second factor vanishes when we substitute x — — i, and Ihcrcfore contains 
X + I as a factor. By division we find that the equal inn may now be written 

(x - i)(x + l)(x^ + 2x -h 3) = o 

Since 2“ is less than 4 X 3 X l, the roots of x’ + 2x' + 3 = o arc imaginary, and 
there are no more real roots. The roots of x’ + 2x + 3 — o arc — i . f. 

Thus the original equation reduces to two equations of the first degree and a 
quadratic. The roots arc l, — i, — i -j- V2 /, — i — V 2 / . 

Examples.— XXVIII. 

Solve the equations 

1. x^ + X- — lox + 8 = 0. 2. x^ — 7x“ + yx + 15 = o. 3 . x’ 4- x — 2 = o 

4 . 2x^ + *ix~ + lox + 8 = 0. 6. x^ — 5x“ + 5x’ 4- 5x - 0 = o. 

63 . Logarithmic Solution of Equations, 

Example (i ). — Solve the equation 

3-2x2 ■ — ^-upri 

Dividing by S'lx'^, we get 

o -6275 x 1'2 = 1 

Taking logarithms of both sides 

1 -2 log X 4 - log 0-6275 = o 

I '2 log X = — log 0-6275 

= I — 07976 = 02024 
/. log x = 01687 

X = 1-47, or X = O 

Note that we have divided out by the factor x' which gives the root x = O. 

Example (2 ). — Solve the equation 

* 53 = 3 59 "' 

Taking logs of both sides 

iog 2-53 = I-2X log 3-59 
0-4031 = I-2X X 0-5551 
= X X o-666i 
X = 0*605 

Examples. — XXIX. 

2. 3 9 S-»'’ = 7 ' 8 >. 

4. = a-73-*** 


Solve the equations— 
1. I-2X®^ = 2 3X*'3. 

8, 3-212®* = 8-9. 
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6. rind the value of to satisfy the equation 

= 220 

given C — 200, n — — 113, c/, 9 3. 

0 . If W = log«^ ‘, find the value of 7', having given that /, 
\V — 31,200. 

7 . I'irid a value of V which sali^fies the equation I4V^3 — 95(V 

8 . Find a value of x lc.s.s than i which satisfies the equation 


2250, Vj — 10, 

14)’=*. 


2 


2 



Y 



= O 


having given that 7 — rqi. 


64. Simultnucoua Equations.— We may require to find the values of 
two or more Cjiianlities, so as to satisfy two or more conditions. It can be 
jiroved that, in order to determine the values of any number of unknown 
quantities, we must have the same number of independent equations. Such 
equations arc called simultaneous equations. It is assumed that the student 
is familiar with the solution of simple simultaneous equations. We shall 
here give some examples of types which are often found useful in the 
applications of algebra to geometry and physics. 


I'^XAMn.E (l). — Fiml the values oj m and c so that the equation y — mx + c may bt 
satisfied when .v = i and y = — 3, and also when x = — 2 and y — 5. 

Substituting in the ctjualion, wc have 

- 3 = w + 

5 = ■“ 2w + c 

Subtracting, we get 

yn = - 8, w = - g 
and by substitution ^ J 

the required values are m — — g, and c = — ^ 
and the equation is^ — — fj ^ i 

Substituting .r = i wc get / =: — 3, substituting jc — — 2 wc gut y = St thus 
verifying that the equation now sati.sfies the required conditions. 


ICxAMrLE (2 ). — Find the lui/ues of x and y which satisfy the equations 
^ = 34: 4- 2, and y - 3 4- 2.r* 

When, as in this case, one of two equations is of the first degree, we may always 
eliminate one varialde by substitution. 

Substituting 3 jc + 2 for j in the second equation, wc get 

9jr- 4 - 12X 4 - 4 " 3 4 - = 

7.1 - + 1 20- 4 - I = o _ 

— 12 + V144 — =8 

14 

= — o oSS and — 1626 

Substituting these values of .v in the fust equation, wx get 9' = 1736 and — 2'S78. 

Kx AMrrE (3). — D is the density of dilute sitlphurie a:id when 100 parts by weight 
contain S farts of the pure acid. 
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J^irnf a formula^ connecting S and D, of the form 
S = a F bD ciV 

where Of bj c are constants^ having give ft that 

1) ~ I S.io when S = 99’20 
l)--::i-5o „ S = 59-7o 
D — 107 ,, iS — 1019 

Since the three piven jiairs of corresponding values must satisfy the reijuired 
formula, we have, substituting 


99-2 + 184^ + 3'3S6c (1) 

597 =it + i 2 2^oc (2) 

1019 - a d- 1-07^ + i-145l (3) 

Subtracting (2) from (i) and (3) from (2), we get 

39'S =0-34#+ ii36f (4) 

49-51 =0-433 + iiosc (5) 


We have now two simiillancoiis equations to find b ami c. 
Multiplying (4) by 0-43, and (5) by 0*34, and subtracting, wc get 

0152 = 01126^ 
c= 1-351 

Substituting in (4) wc get 

o'34^ = 39’5 - i'S34 = 37-97 
b = 111-7 

Substituting the values of b and c in equation (i), we gel 

a = 99-2 - 205-6 - 4 57 
= - 110-97 

/. the required formula is S = iii'7D + i'35l^^ — 110-97 
To verify, substitute D = 1-5 ; we get 

S = 59-62 

which is within o-i of the given value. 


Exa^H’LE (4). — F is the frictional resistance in pounds per square inch in a certain 
bearing running at a velocity ofV ft, per minute. 

It is known that F and V arc connected by a formula of the form F = /. V", where 
k and n are constants. 


JfY ~ 0 368 when V — 105 
and F = 0613 when V = 314 


find the values of k and n. 

We have Y = (l) 

Taking logs, 

log F = n log V + log k (2) 


f'or the given values of F and V, wc'find from the lablrs that 

log F = I 566 when log V = 2 ’021 
and log F — 17S75 when log V = 2 497 


Substituting in (2), wc get 

1566 = 2-02IW + log ^ (3) 

17875 = 2-497/1 + (4) 
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Subtracting 


0 2215 — 0'476», and n — 0 465 
Substituting this value in equation (3), wc find 

log k — I 566 — 0 940 

= 2 626 = log 0 0423 


k — 0 0423 

the required formula connecting F and V is F = 0 0423 


Example (5 ). — A body is raised to a temperature of 20° and then allowed to cool ; 
100 seconds aftenvards its temperature is found to be \ \^. Jf 0 is the temperature at 
time t seconds^ and it is known that 0 and t are connected by an equation of the form 
0 — ae^^, where a and b are constants, and e = 2'7i8, find the values of a and b. 


Taking logs, 


We have 0 = ae^^ . . 

log 0 — bt log e + log a 
= 0-4343/^ + log a 


(1) 

( 2 ) 


It is given that when t — o, 0 — 20°, and log 0 = I '3010 ; also when t — loo, 
^ II, and log 0 = I 0414. 

Substituting in equation (2), wc get 

I 3010 = log (3) 

I 0414 = 43-43^5 + log tf (4) 


Wc have here two simultaneous equations to find b and a. 
From (3) a = 20. 

Substituting in (4) 

43*43^ = - 0 2S96 i b = ~ 0 00598 


/, the required equation is 6 = 20^“® 


Examples. — XXX. 


1 . Finil the values of x and y, so that the equation p = mx + c may be satisfied 
when m — ) and c = 2, and also when m = J and c — 2 '6. 

Verify your result by substitution. 

2. P'ind the values of m and r, so that the equation y =■ mx + c may be satisfied 
when X = 4 and 4/ = 7, and also when x = 3 5 andj' = 6'4. 

3 . X and satisfy the equation ax + by + c = o. 

If_y = — 4'5 when x = 2, and y~ — lO'5 when x = 4, what is the value of 
when X = y. 

4 . It is given that j-, y, and z satisfy the equation 


a b c 


I 


when a = 2f ^ = 3, c = 4, and also when a = 1, b — 1, c = i. Find an expression 
for y in terms of x. 

6. Find the values of x,y, and z which satisfy the equations 
j — 2 — I _ 2 — I 

3 2 5 

and 2jr + 37/ + X = 42. 

6. Find the values of x aiid^ such that x^ + y* = 16, and ^ 3jr + 2. 

7 . If^* = i6j, and^ = 3j: — I, find the values of x and_y. 

8. / = 4Ar, y = mx + c ; rn, a and c arc known constants. Find the relation 
between c and m, 10 that these equations may have equal roots in x and equal 
rooti in jfp 
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0. Solve the ec^uations : 3 a-“ — Jxy + 2y- + 8 = o;^ = 3,r— i. 

10 . Given xy — nx + and y = 6'47 when x = 9’3, y = 4 50 when x = 16 2. 
Find the value of y when jt = il'4. 

11 . l{ y = a bx + cx"^ where rr, h and c are constants ; and y — iO'55 when 
jr = 2'4, y = 54 82 when x — 5 9, y — 2097 when x — ll'd : find the value of y 
when X — 


12 . y and x are connected by the equation y — a — . Find the values of 

the constants n, b and having given that = 410 when x — 0 6,^ = 3 *'9* when 
T = 2'i, = 26'45 when x = 5 4. 

13 . It is known that^ varies as some power of x in the following two examples : 
Ify = 26'8 when x = 2'Sj y = i89'5 when x = 8'j, find the equation connecting y 
and jr. 

14 . y varies as some power of jr ; if v ™ 0*4845 when x = 3*5, y = o iiSo when 
X = 9 * 6 , find the equation connecting and x. 

16 . Given = n + y = 3*6 when x — o,y — 10*46 when .t = i 4, ^ — i jO j 
when ^ = 3'7 ; find the value of_y when x = 2 5. 

10 . V is the speed of a certain vessel in knots when the engines arc working at 
P horse-power. Find a formula of the form P = ri + conneLting P and V. It 
is found by experiment that P = 2S7 when V = 5, P = 1S56 when V = ii. 

17 . It is known that / and v arc connected by an equation of the form /t/'* C. 

p — 1577 when V — 3*5, and p — 447'5 when v ~ 9*6, find the values of n and C. 

18 . pif^ = C, = 213 when V — 2^ p — 23*4 when v = 10. Find n and C. 

10 . In Ilcauchamp Tower’s experiments on friction it was found that the cocflicicnt 
of friction in a certain bearing was o*oo2l when the speed was 157 ft. per minute, 
and 0*0036 when the speed was 419 ft. per minute. If the friction varies as some 
power of the speed, find this power. 

20 . In riodgkinson's experiments on the strength of cast-iron pillars, a pillar of 
2\ ins. diameter and 10 ft. long was found to break with a load of 05,380 lbs. When 
cut down to 7 '5 ft. long, a pillar of the same diameter and material was found to 
break with a load of 100,200 lbs. If the breaking load varies as some power of the 
length, find this power, 

(Phil. Trans., 1841.) 

• 21 . If/ = a[0 + and p = 69*21 when 0 = 150, p = 79’03 when 9 — 155, find 
the values of a and b. 



/, = 210, Vy = 2 * 5 , r/, = 10 ; find A- 

23 . If — C,, and pv^ — C^, and 7 is constant, find the equation connecting 
t and p. 

24 . If it is known that \ and that l — ^ ^ ^ = 0-25, find /j, 

having given that = 350. 

26 . The entropy of a certain quantity of gas at prc-ssuie A> volume t/,, tempera- 
ture is O. Its entropy at pressure /, volume temperature is given by 

^ = k log, K log, - 

/o ^'0 


It is known that pv — R^, A^o = R = K — Express <p (i) in terms of 
volume and temperature ; (2) in terms of temperature and pressure. 

20 . If ^ y = 24*8 when x = 12*5, and y = 540 when x = 33 ; find 

a and b. 

27 . y = y = 12*66 when x = 6*5, y — \ *484 when x = 15*8. Find a and b, 

26 . W = W = 5*35 when B = I'Sv, W = 22*9 when B = 3ir. Find the 

value of /i. 

20 . is the coefficient of friction in a certain bearing at temperature F. If 


Examples 21-34 may be postponed to a later stage. 
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ihcrc is a law of the form /u = coniiectincj fi and /, find the constants a and d. 

Given fi “ 0 0059 when t — no, and = 0 0124 when t — 70. 

30 . V is the voltaijc at lime t across a condenser of capacity Kj discharging 

through a resistance R. V = where A is constant. If the condenser is 

allowed to discharge itself through the insulation resistance R of a certain length of 

cable, it is found that V ;= 100, when / = o, V = 55 when i — iSoo, K — Jio-®. 

Calculate the value of R. 

31 . p is the pressure of saturated .steam at absolute temperature f' C. The 
following values arc fouml by experiment : — 


/ 

I7S 

20 'So 

1 

1 101-9 

lbs. per sq. inch. 

t 

1 

1 

3‘'^4 

j 

439 

degrees Ccntigradi: 


If h)g,„/ 



C 


I'ind the values of A, 11 , and C. 

32 . In sonic experiments to tinJ the viscosity of a lirpiid, if 5 is the distance through 
which the pointer of an oscillating disc swings at lime t. 


s i\c~^ sin nt + b 

I — G48'o when i -■ — radian 
2 n 


I - 3807 when / = 3 .^ 

2 n 

s — 6i6'8 when / = aiul ^ ^ 11 
2/1 n 

Find the value of k. 

33 . In another experiment like that of the last example 


j — 469’3 when f = — 

2 n 

s = 538 0 when t = “ 

2 n 

j = 477 3 when / = = 1-5 

Find the value of k. 

34 . S is the quantity of common salt which will dissolve in 100 parts by weight of 
water at temperature C. 

There i.s a formula connecting S and t of the form 

logS = a + t5(-^-) + r(-^ y 
Vioo/ \ioo/ 

Find the values of j, and c from the following data : — 



1 

« 1 

i 

3613 

37-25 

.. 

3822 


' 1 

1 

25 

1 

60 

80 


66. IdentitioB. — \Vc have said that an equation of the ;rth degree has 
only n roots, i.c. that it is satisfied by n values of jt. If we find that an 
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equation involving an unknown quantity x in the «th degree and a number 
of constants, is satisfied by more than n values of .r, it can be shown that it is 
true for all values of a- ; it is then spoken of as an identity. 

The sign r.-r is used to express identity, the equation 

(. 1 - + i)(a- + 2 ) . . 1 ' + 3 . 1 - + 2 
is true for all values of .r. 

The coefficients of each power of .r must be separately equal on the two 
sides of an identity. 


Examim.K . — FiUif the value of the product (j: + 2)(-i- — + 5). 


The result will evidently be of the fourth degree in x. 

Let {x + 2 ){x — 3)(jc“ + 5) zz Aa* + Ha* + Cx‘ + IXr + K, where A, B, C, I), IC 
nrc numbers which we require to find. 

.Since this is identically true for all values of .r, A must be equal to the coeflicienl 
of X* on the left-hand side of the equation. /. A = i. 

This process is known as equating coefficients of 

Similarly B is equal to the coefficient of x^ on the lefl-liaiid side of the equation, 
i.i\ B = 2 - 3 = - I. 

In the same way, by equaling coefficients of a’ and .r, and the constant terms, nc 


get 


C = - I, D ^ - S, K -- - JO 


and the required product i.s c(iual to 

a* — a* — jr- — 54: — 30 


Examples. - XXXI. 


Before reading the next paragraph the student should work the following 
examples : — 

Reduce each of the following to a single fraction in its lowest terms : — 


1 . 


j: + 2 


I S 4 

A + 1 A -h 2 ^ A - 5' 

5 - ^ - 4. 

A- -I- 2A f 5 - 3 

142 
A — 2 (a — 2 )'^ A — l' 

-ix — I 5 

O' 4 - 

(.1 + 2 )- ^ A + I 

I I 

■ 2 I(a -f 2 ) 2 S(a - 5 ) 12 (a - l)' 


2 . 

4. 

0 . 

8. 

10 . 


3 S 2 

3^ ._5 _ 6 

2a + 9 ' 3A — I A d- 7' 

2A + 7 _ _3_ 

A^ — 4A + 9 A — 2 ' 

6 a -\- 1 3 4 

(a -f 5)'“ A + 5 A T 2' 

9 _ 8 

5(a+ 2) 5(2A-lj' 


B0. Hesolution into Partial Fractions. — The student already knows 
how to express the sum of a number of fractions as a single fraction whose 
denominator is the least common multiple of the denominators of the given 
fractions, as in the above examples. It is sometimes necessary to carry out 
the converse operation, z.c. having^ given a single fraction, to express it as the 
sum of a number of simpler fractions. This process is spoken of as the 
resolution of the single fraction into partial fractions. The method will be 
best understood from a consideration of the following examples. 
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Lx A M I- IE ( I ) . — To resolve the fraction 


2 J(- -h ^ - 


2 


into partial fractions. 


Resolve llie denominator into its simplest factors x + 2 and 2x — i. We see that 
j -|- 2 and 2x — I arc possible forms of the denominators of simple fractions of which 
the given fraction is the sum. 

Assume - — '~T^ — 1- — ^ — , where A and B are constants. 

{x + 2)(2X - l) X + 2 ^ 2X - I* 

Multiply both sides by the L.C.M. of the denominators. 


2x - 5 A(2X - i) + \jfx + 2) 


This is an iflenlily, and is true for all values of x. Assume x ~ — 2, and substitute. 
Then the coefficient of B vani.''hes, and we have 

- 9 ~ - SA A = H 

'I'o find 11 assume x -- and substitute. Then the coefiicicnl of A vaiiishcsj and 
we have 

Ii--S 

_ 2j: - S 9 _ S 

• • (-r H- 2){2X ~ I) 5(.»- 4 - 2) 5(22 - i) 

Note that this agrees with cxamide lo above. 

Kxami’I.e { 2 ).-- Tesolve the fraction — i j(x ^ 2 )[x — " 5 ) fractions. 

. I _ A B C 

Assume - )(, +-„(, --j, = , 37 + ^ +1 + 

I = A(2- + 2)(2: - 5) + B(x - s)(x - I) + C(j: - I)(2r + 2) 

Let X = I ; then, substituting 

I = - I2A + oxB + oxC /. A=-|^u 
l^cl X = — 2 ; then i = 2iB and B = gf 
Let X — 5 ; then i — 28C and Q = ^ 

■ ' _ ' _ +_ ' +_ _ 

■ ■ (.r - l)(4r + 2)(2- - 5) 12(2-1) 2l(.i -|-2) 2S(jr-5) 

This agrees with example ii above. 


Example (3 ). — It sometimes happens that the factors of the first dep-ee in the 
denominator are not all dijp'erent^ one or more factors being squared or cubed, as tn the 

fraction . 


B 


(X- I)'V+ 2 )(X+ S) 

In this c.asc a fraction of the form — — as well as a fraction of the form , 

x-i 

may occur among the partial fractions of which the given fraction is the sum. 

Assume 1 Ji. + -ii _ + _ 

{x - l)-(4r + z)(j - 5) JT - I (a: - I)" jr + 2 X - 5 

I = A(x- i)(x + 2)(x-S) + B(x + 2)(x-S) + C(x-s)(Af-l)’ + D(x-i)=(x (-2) 
B, C, and D may be found by substituting suitable values of x as before. 

If X = I wc gel I = — 12B /. B = — 

i=-63C 


Ifx =- 2 
lfx = s 


1 = 112D 


D = 
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Since the above equation is an identity, the coefheients of each power of x must be 
separately equal on both sides of the equation. 

/, equating coefficients of x* we get 

i = A + C + D = A-aS + ih 

A = 

. * ^ _ L _ * + ’ 

‘ ■ (x - I j=(-r + 2)(X - 5) iooS(x - i) I2(X - i)- + 2) i I2"(x - 5) 

In the same way if (x — l)* had occurred in the denominator we should have 
ABC 

assumed ^ + — — , + _ yyi the corresponding partial fractions. 


ExamtI-E (4). — It may happen that the denominator cannot be comphtcly resolved 
into real factors of the first decree. Any algebraical expression can be resolved into real 
factors of the first or second degree. 

Resolve , ,, into partial fractions. 

(x^ + X + l)(x - 6) 

^ 3 -v 4 5 — a . I’.x-l-C 

(x* + X -h i)(x — 6) - X — 0 x* 4- X 4 I 

Multiplying across wc get 

3 x 4 - 5 = A(x’ -b X + I) V Ritr - 6) + C(x - 6) 

Substitute x = 6 ; then 23 = 43 A, A = js{. 

Since no real values of x will make the corfllclcnt of A vanish, the constants B and 
C must be found by cciuating cocflicicnls of powers of x. 

Equating coefficients of x- on both sides of the equation, wc have 
o = A + B-2j{ + B /. B.---2J 

Equating constant terms 

s = A-6c 

. .3-» + 5 ^ _.23 + 32__ 

■ ■ (x= + X -f i)(x - 6) 43(x - 6) 43(x- -f x 4- i) 


Examples. — XXXII. 


Resolve into p.artial fractions- 


X- - 4 

2 X + 5 

X- + 5 x 4 - 6' 

4- 23 

( 2 x 4 - I)(x- 3 )(x 4 - 2)’ 
X- - X 4 - 2 

(x - 2)(X 4 - 3 )(-^ -I- >)’ 
3 ^ + 2 

■■ X^ 4 - 2 X- — X - 2 ' 

I . 

(X - 3 )(x 4 - 3 )(x - 4 ) 


■ (X - 3)(x 4- 4)(2.r 4- 1 )’ 
17 7 x’ 4 - i 3 x 4 - 9 __^ 

(2x- i)(x^ 4 - 3 x 4 - 4 )‘ 

19 , 

(x'^ 4- X + 2)(x - 2)^’ 


= 4 - 8 x 4 - 15 ’ 


5. „ — ^ . 

X- — X — 20 


3 3^ + 8 

■ X- 4- 7x 4- 6' 

0 5 -^ + 7 _ 

(x-i)(x + 2)(x+ 3 V 


8 3 -^’ + 4x-2 

(x-H ij‘(x - 2)' 

10 

(x-4)(2x 4- i)(-r4-3)' 

12 * 

(x - 2)(x 4- 3)(^ - 4)(^ 4- I)' 

14 x^ 4~ 2x 4~ I 

■ (x + 4 )(x + 3 j(x - !)■ 

1 a 74 ' - 24 x^ + 6 x - 25 
• (x- i)"(x -4)(x4-3j‘ 

,Q 8-y 4- II 

(x - 2 )(x-’ 4- -r 4- 3)’ 

b)9 4- ab' 



CHAPTER VII 


PLOT'IVN^G OF FUNCrrOXS 

unction. — Consider the following^ table, which gives the value of the 
ient of friction for certain bearings at different speeds. 


:y V. ft. per mill. . 

1 

3 

5 

7 

10 



15 

iciil of friction /t . 

015 

0‘122 

O' 104 

0'092 

0079 

0006 


e have here two variable quantities, ju. and T/, connected in such a way 
henever is fixed the value of is also fixed. If we choose any value 
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e express this relation by saying that /i is a function of 7/. Plot a 
er of points on squared paper having values of v for their abscissa and 
3 of /i for their ordinates (see § 12). in Fig. 40 the co-ordinates 

ire I and o' 15, the co-ordinates of B are 10 and 0*079. 
raw a curve through the points thus obtained. Then, if we choose any 
of Vj the probable corresponding value of is given by the ordinate to 
irve which corresponds to the chosen value of the abscissa v ; when 
we find that the ordinate CN, corresponding to the abscissa ON, which 
lal to 8 , is equal to 0-087, M is 0-087 when the speed is 8 feet per 

e. We say that the curve AB represents yu as a function of 7/. All the 
ons with which we shall have to deal can be represented in this way by 
luous curves, and, at the present stage, the student sliould consider the 
aent that ^ is a function of :r, as meaning that values of _y tan be 
;ented by the ordinates of a curve for which corresponding values of .r 
e abscissae. 

function of :r may be given in the form of an expression in terms of a-. 
^ -h -f I, sin (2jr -f- 1), tan (or i) are functions of .r, for, when any 
of X is chosen, the value of each of these expressions is fixed, and from 
iber of values of x we can calculate a number of values of each of the 
functions, and so plot a curve giving the value of the function for any 
of X between two chosen values. 

is not, however, necessary that we should know any formula to calculate 
;rms of x. We may have merely a list of observed values of y and x, 
the case of ft and v above, but so long as a regular curve can be drawn 
iw the connection between y and x wc speak of ^ as a function of x. 
e speak of y as the dependent and x as the independent variable, and 
connection between^ and x is given by an equation we call this the 
on to the curve representing as a function of x. 

for instance, it is given that y = — 2x^ -h i, we can calculate a 

er of values of y corresponding to selected values of x^ and thus plot a 
representing this equation. 


. Interpolation.— When the values of a function of x are given by 
for equal intervals in the value of the independent variable jr, we often 
e to find values of the function between the values given in the tables, 
le table of sines at the end of this book gives the values of sin x at 
als of one degree in the value of x\ we often require to use this table 
I the sines of angles which do not contain an exact number of degrees, 
process is called interpolation. 

the difference between two successive values of x is small, wc may 
n a large scale points representing the function for the two values of x 
in the tables nearest on each side to the value of x for which the 
an is required. We may usually assume, if the values given in the 
are sufficiently close together, that the portion of the curve representing^ 
notion between these two values is a straight line. Joining the two 
1 we may obtain from the straight line the required intermediate value 
function. This is equivalent to taking a small portion from the curve 
lenting the function, and magnifying it. In the case of all functions 
vhich wc shall have to deal, the portion of the curve taken will be 
jcimately straight if sufficiently magnified. 

TE. — In the worked examples of this and the following chapters the measure- 
are taken from figures drawn on squared paper on a much larger scale than can 
i in the figures of this book. Owing to difficulties of reproduction, the small 
s of the squared paper have not all been shown. The student should in all 
raw the figure for himself on a large scale on paper ruled into squares by thick 
t intervals of I in., and fine lines at intervals of in. 
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For this purpose the numerical data have been Riven to a higher degree of 
accuracy than can be shown in ihe figures. 


Example (i). — Find the valuei of sin 25'45°, sin 42'36°, sin 65'42®, sin 8i'83° 
These values have been selected so as to test the accuracy of the graphic method 
of interpolation at different places in the table of sines. 

From the tables we find sin 25° = 0*4226, sin 26° = o'4384. 

Plotting these values at A and B, and joining AB, we find that the ordinate to 
the line AB at the point corresponding to 25*45° is 0*4297. 



The value given in more complete tables is 0*42972. 

In the same way we obtain the following results, which the student should verify 
by plotting the points for himself : — 


Angle. 

Sine by plouing. 

Sine from tables. 

42*36° 

06737 

0-67379 

6542° 

0*9092 

O9093S 

81*83° 

0*9899 

0*98985 


Thus the error is in none of these cases greater than o 0002, or about o'02 
per cent. 

Since the same table is used to find cosines, it follows that we may rely upon it to 
the same degree of accuracy in interpolating values of cos x. 
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Example (2). — It is f on mi that the sine of a certain angle is 0'43iS; to find the 
angle. 

The value 0'43l8 is not given exactly in the tables, but lies between sin 25° 
= 0*4226 and sin 26° = 0*4384. 

Plotting these values as in the last example, we find that the point C in AB has 
the ordinate 0*4318. The abscissa corresponding to this is 25*58® 

0*4318 = sin 25*58®. 


Examples.— XXXTII. 

Find the values of the following : — 

1 . Sin 27*45® ; sin 27*8® ; sin“* 0*4612 ; sin'* 0*4570. 

2. Sin7i*5°j sin 71*32°; sin“' 0*9500 ; sin~* 0*9482. 

3 . Cos 57*6° ; cos 57*9°; cos~* 0*5336 ; cos“* 0*5417. 

4 . Tan 33*6°; tan 33*25°; t:in~* 0*6523; tan“* o*66o2. 

6. Sin 0*45°; sin i*45"; sin 2*45^. 

0 . Express 34'25° and 34*7° in radians, and 0 6000 radian in degrees, using the 
tables at the end of the book, and a graphic method of interpolation. 

7 . Express 1*195 radians and 2*3998 radians in degrees. 

0 . Find the value of log 12*8873, having given log 12*88 — 1*109916, log 12*89 
= I* 1 10253. 

0 . Find log 10*7352, given log 10*73 = 1*030600 and log 10*74 = 1*031004. 

10 . Find the values of cos 135*61° and cos“'(— 0*7167). 


69. When the interval between the given values is not comparatively 
small, and in any case when we are not sure how far it is accurate to take 
the portion of the curve between the two given values as a straight line, 
we may plot three or four successive values from the tables, and draw the 
curve through these. 


Example . — The following values are taken from a table of cube roots : — 


X 

6 

7 

8 

9 


1*8171 1 

1*9129 

2*00 

2*0801 


Find the values of*ff 6 ’ 2 ^ and ’/v^8*i3. 

On plotting the given values we get the curve AB (Fig. 42). A and B are the 
points whose abscissre are 6*25 and 8*13. 

Reading off the ordinates at A and B, we get 

5 / 6*25 = 1*841 ; Xji’li «= 2 'QIO 

The correct values to 5 significant figures are 

576*25 = 1*8420 ; 578*17 = 2’OIo8 


O 
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3 . From the following data find the values of (2'253)" and (3'S6i)- : — 


X 

2 

3 

4 


4 

9 

16 

Given 

X 

10 

II 

12 

I 

X 

O'l 

O’ 090909 

0083333 


Find the values of - —- - and ’ . 

1-013 1127 

6. Given 


X 

4 

5 

6 

7 


64 

125 

216 

343 

Find the values of ^ 

^■36I> and 5-732= 




0 . Given 





X 

6 

7 

8 

9 

i,/x 

1-8171206 

1-9129312 

20 

2 0800837 


Find the values of ^6-25 and V 8 ’* 3 - 
7 . Given 


X 

6 

7 

8 

9 

Jx 

2-4495 

2-6457 

28284 

30 


Find the values of ^7-5 and V8-25. 


00. Graphic methods of interpolation may be used to solve problems like 
the following : — 

Example, — The proprietor of a certain patented article f?ids that the number which 
he can sell at various prices is given by the following table : — 
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Selling price in pence ■ . | 6 


Nurnljer solil 


! ® 

12 

i 3 

24 

38,000 

35,000 

20,000 

8400 


JincA article costs him sixpence to make. 

Plot a curve to show the probable number sold at any price from 6f/. to 2j. 6^^., and 
find the number which he will probably sell if he fixes the price at is. 4//. 

Also plot a curve to show his total profit at any price^ and find at what price it will 
be most profitable for him to sell the article. 

On plotting the given values we get the curve A (Fig. 43), showing the namber 
sold at any price from (sd. to 2j. td. The number sold at is. ^d. is given by the 
ordinate at A, where the abscissa is 16. The ordinate at A, and therefore the 
probable number sold at U. 4^/., is 26,000. 



Selling Price (pence) 

Fio. 43. 

The total profit at any price is found by multiplying the number sold at that price 
by the excess of the price over (id. 

Ily plotting the total profits, first at the prices given in the table, and then at those 
points where it is seen that the curvature of the resulting curve will be greatest, we 
obtain the curve CB, showing the total profit as a function of the selling price. The 
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ordinate is greatest at C, and therefore it will be most profitable to sell the article at 
is. 4J., the total profit at that price being about ;^io8o. 

Exami’I.e (2). — ft is required to droist a graduated scale of income tax, so that 
incomes 0/ £160 shall pay nothing, and incomes of £^00 shall pay u. 2d. in the pound. 
All other incomes are to be taxed according to a linear la7v satisfied by the two given 
cases. What would be the tax on incomes of £yxs, ^^500, and ;^icoo I 

We are given that the curve connecting income and rate of tax is a straight line. 

Taking values of total income as abscissae, and rates of income tax as ordinates, 
and plotting the two given cases, we get the points A and B (Fig. 44). 



Fig. 44. 


The straight line through these points gives the proper rate of tax for other 
incomes. 

From the figure we find the following values as given by the ordinates at the 


points C, D| and E. 

Income. Rale of Income lax. 

£. s. .f. 

300 o 3 i 


500 o 

1000 19^ 


Examples.— XXXV. 


1 . The following table gives the amount which £100, accumulating at 2\ per cent, 
compound interest, will reach in the limes specified : — 


Time in years .... 

10 

20 

30 

40 

50 

Amount of 100 . . . 

12801 

163-86 

20976 

26851 

3437> 
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riot a curve to show the amount of £ioo at 2\ per cent, for any number of years 
from o to 50. 

From your curve find the amount of j^ioo in 7 and 24 years respectively. 

2 . S is the distance in yards at which a train can be stopped on the level wlieii 
(Ijoing at a speed of V miles per hour. 


V 

30 

1 

40 

55 

1 60 

1 

s 

100 

iSo 

340 

j 400 


What is the distance for speeds of 35 and 50 miles per hour? 


3 . A steam electric generator on three long trials is found to use the following 
amounts of steam per hour for the following amounts of power : — 


Pounils of steam per hour 

4020 

6650 

10,800 

l.H.P 

210 

4S0 

706 

Kilowatts produced 

"■'1 

114 

290 

i 

435 


Find the I.ff.P. and the weight of steam used per hour when 330 kilowatts are 
produced. 

(Board of Kdiication Examination in Steam, 1901.) 


4 , K is the modulus of elasticity of wTought iron, in grammes per square milli- 
metre, at temperature t° C. 


/ 

0 

20 

100 

200 

300 

E 

21.48J 

21,441 

21,212 

20,458 

19.175 


What are the probable values of E at temperatures of 50°, 150°, and 250° 
respectively ? 

6. T is the tensile strength, in tons per square inch, of steel containing x per cent, 
of carbon. 


X 

0*14 

046 

057 

0-66 

078 

o'8o 

087 

0-96 

T 

28- 1 

338 

35-6 

40 

4 I-I 

459 

467 

527 


riot a curve to show as accurately as the data will allow the probable tensile 
strength of steel containing any percentage of carbon from o‘i to l per cent. 

What strength would you expect to find in steels containing 0 40 per cent., and 
0*70 per cent., of carbon respectively? 
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0 . S is the sag in the middle of a I20-foot span of trolley wire of copper, 0 4 in. 
in diameter, and T the tension at temperature F. 


F 

0 

los 

152 

iSo 

S inches 

3 

6 

9 

12 

T lbs. 

3,600 

1800 

1200 

900 


Find the sag and the tension at temperature 70” F. 


7 . p is the pressure in lbs. per square foot of saturated steam at temperature 0° C. 
Make a table to show as accurately as you can from the given data the value of p for 
every exact number of degrees from 105° to 125°. 


0 

105 

1 10 

>15 

120 

125 

P 

2524 

2994 

3534 

4152 

4S54 


What is the pressure at temperature ioS'4'^? At what temperature is the pressure 
4320 lbs. ? 


8, u cu. ft. is the volume of i lb. of saturated steam at pressure p lbs. per square 
inch, 



60 

65 

70 

75 

80 

85 

u 

7 03 

6-52 

6 09 

570 

5 '37 

5 07 


What are the volumes at pressures 69 21, 79 03, and S9 S6 ? 


0 . II is the horizontal intensity of the earth’s magnetic field in latitude 50” N. at 
the following longitudes : — 


Longitude 

W. 

0 

10” E. 

ao*" E. 

30° E. 

H 

181 

iSS 

19s 

201 

217 


What is the probable value of H in longitude 3° W., and 15° E. 


10 . The following table gives the time of sunset at the following dates . — 


Jan. I. 

Jan. 10. 

Jan. 16. 

Jan. 33. 

Feb. 5. 

3-59 

4-9 

00 

4.42 

4-53 


Plot a curve to show the lime of sunset on any day in January. Find the times of 
sunset on January 4th and January 20th. 
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11 . The following table gives the expectation of life of males at all ages from o 
to 100 : — 


Age . 

0 

5 

10 

15 

20 

25 

1 

30 

35 

40 

45 

50 

Expec- 
tation 
of life 

4* ’35 

SO-S 7 

4760 

43 4 ' 

39’40 

35-68 

3210 

2864 

2530 

22'07 

iS -93 


Age . . . 

55 

60 

6s 

70 

75 

80 

8s 

90 

95 

100 

Expectation of 




8-27 







life . . . 

^595 

^314 

10-55 

6-34 

479 

3-56 

2-66 

2 01 

r6i 


What is the probable expectation of life at the following ages : 7 years, 14 years, 
1 6 years, and 43 years ? 


12 . N is the number of males out of every million born surviving at the following 
ages ; — 

** 1 


Age. 

N. 

0 

1,000,000 

836,405 

I 

5 

723 . 7«6 

10 

689,857 

15 

672,776 

20 

651,903 

25 

624,221 

30 

595,089 

35 

564,441 

40 

531.657 


What is the probable number surviving at 17 years of age ? 

Out of 1000 living at the age of 17 years, how many will probably survive at 
33 years? 

13 . An examiner has to give marks to papers; the highest number is 185, the 
lowest 42. lie desires to change all his marks according to a linear law, converting 
the highest number of marks into 250, and the lowest into 100 ; show how he may do 
this, and state the converted marks for papers already marked 60, loo, and 150. 

(Board of Education Examination, 1902.) 


14 . is the total return in money obtained from a certain farm when per 
annum of capital and labour are invested in it. 


c 

100 

150 

200 

250 

300 

350 

r 

60 

67 

95 

105 

108 

109 


Plot a curve showing the probable return for any investment from /"loo to jf350. 
What is the probable return fo an investment of ^^225 ? 
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16 . Green peas are brought into the market of a county town. Early in the 
season 100 lbs. per clay arc brought in and sold at is. per lb. Late in the season, 
when peas are plentiful, 10,000 lbs. arc brought in and sold at l\d. The intermediate 
amounts and prices are given in the following table : — 


Quantity brought into 
the market . . . 

100 

500 

1000 

2000 

5000 

I’rice per lb. . . . 

12 

6 

4 

3 

2 

Cost of growing and 
marketing per lb. . 

4 

3‘2 

2 

2 

13 


riot curves to show the price and cost per pound for any supply in the market from 
100 lbs. to lOjOoo ihs. 

Also plot a curve to show the total profit on the whole amount sold for various 
supplies. What quantity must the producers bring into the market so as to make the 
total i)rofit on the whole supply the greatest possible ? 

To construct the last curve use your two previous curves; do not construct it fioni 
the given numbers alone. 


16. In the wholesale wheat market, on a certain date, A is the amount which 
holders of wheat will be willing to sell at a price /. 13 is the amount which buyers 

will take at price p. 



3 IJ-- 

30 j. td. 

30 J-. 

29J. fir/. 

29 J-. 


A 

292,000 

275,000 

250,000 

210,000 

150,000 

bushels 

B 

150,000 

183,000 

225,000 

2So,OCO 

350,000 

bushels 


On the same paper plot (i) a curve to show the price rcciuircd to call forth any 
supply A from 150,000 to 300,000 bushels; (2) a curve to show the price required 
to cause any demand 13 from 150,000 to 350,000 bushels. 

The market price tends to settle at that value for which the amounts supplied and 
the amounts demanded by buyers are equal. What is the probable market price in 
this case ? 


61. The Straight Line. — Let us plot the curve such that the co-ordinates 
X and j of any point on it satisfy the equation y = zx -Y 3- 

By calculation we find the following corresponding values oiy and x. 


X 

0 

05 

I 

>5 

y 

3 

4 

5 

6 


On plotting these points wc get PB, Fig. 45. 

This is a straight line, and we shall find that if we lake any other values 
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of X and calculate the corresponding^ points will lie on the same straight 
line, when x = 075, - 4-5, and the point (075, 4'5) is found to lie on 

the straight line PB. 

It can be proved that any equation of the first degree, such as ^ = 7 /tx + Cj 
where m and c have any constant numerical values, represents a straight 
line. In the above case m = 2, c = 3. (Ex. XXXVII., 9.) 

A straight line is fixed if wc know the position of any two points upon it, 
and we can find the equation of the straight line from the co-ordinates of any 
two points upon it. 


Example. — the equation of the straight Ihie jouiing the points (i, 3), and 
(l'5, 2). I'hese are the points Q and R in Pig. 45- 

Let the equation be y = mx + c. 

'I'iicn, since the point (i, 3) is on the line, the values x—\ and >' = 3 must 
satisfy the equation \ 

3 = ^ 

Similarly, .r = i'5 and = 2 must satisfy the equation ; 

.'.2=1 '5 ni + c 

Wc have now a pair of simultaneous equations to find m and r’. 

Solving these we get m =■ —2, c = ^ ; therefore the equation to the straight line 
QR is >/ = — 2Jir -h 5. 

To verify this we may take any other value of jt, calculate _y from the equation, 
and find whether the point obtained lies on the straight line ; e.g. when — 2, 
^=—4 + 5-1, and wc find that the point S, whose co-ordinates are (2, l), lies on 
the straight line QR. 


Examples.- XXXVI. 

Draw the straight lines represented by the following equations. Calculate the 
values of y corresponding to two values of x in each case ; draw the straight line 
through the two points thus obtained ; calculate from the equation the value of y for 
a third point, and verify that this point lies on the same straight line. 

1. y = 2x + i. 2. y = 4x 2. 3. y = x — i. 

4 . y = — 2x -{• 2. 6. y = — 30: — o’C. 0. y = .Lr — 4. 

7. 0 - 3 . 8 .^= -I- 4 .V + 0 - 3 . 


Draw the straight lines through the following pairs of points, and find their 
equations. 


0 . (121, 59) and (12S, 62). 

11. (-2, 13) and (3, -12). 

13 . (2, I) and (-3, 4). 

15 . ( -S, 4) and (6, 3). 

17 . (II, — 1 - 2 ) and (17, — o'6). 


10 . (I, -5) and (4, I). 
12. (2, -3) and (5, -7). 
14 . (-2, 3) and (3, -5). 
10 . (I, S) and (-5, 23). 


02 . To find the Meaning of m and c in the Equation y = mx + c. — 
Plot the following straight lines : — 

(l) j = lOJT + 3 ; (2) = 2jr -f 3 ; (3) ^ = O X + 3 ; 

(4) = -3-^ + 3; (5) y = -10A + 3 

These equations are all of the form y = nix + r, c \s equal to 3 in all ol 
them, but the values of ni are different. 

We obtain the straight lines PA, PB, PC, PD, PE. 
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These strai^^ht lines all start from the same point P, where^ = 3 on the 
axis of but make diflfeient 
angles with the axis of jc. We -- “ 

notice that when m is large 
the line slopes steeply up- 
wards. As 7 n gets smaller the 
line becomes less steep, and 
when in is zero the slope of the 
line is zero. 

When m is negative the line 
slopes downwards as x in- 
creases. 

If we take any tw'O points P 
and A on a straight line, and 
draw lines PN and AN parallel 
to the axes of x and y respec- 
tively, then the value of the 
AN 

fraction is called the slope 

of the line PA, AN and PN 
being each measured on the 
scale proper to the axis to which 
it is parallel. 

When the same scale is 

AN 

taken on the two axes is the 

PN 

tangent of the angle which the 
line PA makes with the axis 
of X. We may note that when 
X increases by the amount PN, 
y increases by the amount AN, 
and therefore the slope of the 
straight line measures the in- 
crease of y per unit increase of 
Xj or the rate of increase of y 
with respect to x. 

We find, by measurement, 



Slope of PA = 

_ 

o’3 

\o — m in 

equation (i) 

1 ) 

PB ^ 

2 

I ~ 

2 = m 

1 ) 

(=) 

11 

PC 

= 

0 = m 

II 

(3) 

II 

PD ^ 

- 3 _ 

I 

— 3 = m 

II 

(4) 

n 

PE = 

- 

0-4 

— 10 = in 

11 

(5) 


Similarly, it will be found in any case that in the equation^ = mx -h 
m measures the slope of the straight line represented by the equation. 

To find the meaning of c we note that if we put :ir = o in the equation 
y - mx -h c, we get y = and therefore c is the value of y when x = o \ 
i.e. c is the length cut off on the axis of y by the straight line^ = mx -h c \ 
e.g, in Fig. 45 all the straight lines cut off the length 3 on the axis of^*, and 
^ = 3 in all the equations. 
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Examples.— XXXVII, 

1. l’lr)t the sLraifjht lines y — 2 jc-\- 6 \ y= 2 x + l;^=2jr + 0;^ = 2jc — 2; 
y -- 2x — G \ and sliow from your figure that in each case c is the intercept on the axis 
of y. Since these lines all have the same value of w, we should expect them all to 
have the same slope, i.e. to be parallel. Verify this from your figure. 

2 . Draw the following straight lines • y = x, y ~ 2x — y — y = — 3 -^ 

+ 2, and j = 8jc — 3, on the same sheet of paper, and verify that in each case m is 
the slope of the line, and c is the intercept on the axis of j'. 

3. Verify by measurement that the slope of each of the straight lines in Examples 
XXXVI., I to 8, is equal to the value of m in its equation. 

4 . If V is the volume at temperature 0° C. of a portion of gas which occupies 
100 cc. at 0° C., it is known that V = 100 + o'3670. 

riot a curve to show the value of V at any temperature from 0° C. to 100° C. 

Measure the slope of the resulting straight line. 

W 

5 . The length / of a brass wire under a tension of \V lbs. is / = 10 ^ . 

^ 11,500 

I’lot a curve to show the relation between I and W from W = o to W = 70 lbs. 

Since this equation is of the first degree the resulting curve is a straight line ; 
measure its slope, and show that the slope is equal to the value of m in the equation. 

0. R is the electrical resistance of a copper wire of i mm. diameter, and 1 metre 
long, at tem|jcrature 0 "^ C. 

It is found that R — 0'0203 (i + O'OO4I0). 

riot a curve to show the value of R at any temperature between 0° C. and 100° C, 

7 . h'or nickel of the same dimensions the corresponding formula is 

R = 01568 (I + 0 00620) 

riot a curve to show the value of R at any temperature between 0° C. and 100° C. 

8. The specific heat of mercury at temperature / is Cr = o 03327 — 0 0592/. 

riot a cm VC to show the specific heat at any temperature from 0° C. to 50° C. 

0, A, B, and C are any three points whose co-ordinates satisfy the equation 
y = mx 4 - c. Show that the straight lines AB and AC have the same slope. Note 
that it follows that all points whose co-ordinates satisfy the equation y = mx + c lie 
on the same straight line. 

03. In plotting functions the following order is usually the best : — 

(1) Calculate from the equation the values of^ for the two extreme values 
of X between which the curve is to be drawn, and for any value of x such 
as o, 1, etc., for which the calculation is easy. 

(2) Form an estimate of the greatest and least values oiy that will occur ; 
note especially whether any negative values of>' occur. 

(3) Choose the scales for the two axes so that the figure will be extended 
over the paper as much as possible. The scales need not, of course, begin 
at zero. 

(4) After plotting the points found, calculate intermediate values, taking 
these nearest together where the curvature is greatest. 

04 . Curves represented by the Equation y = ajr". — We shall take 
examples in which a and n have different values. 

Examfle (i ). — Plot the cut^e whose ordinate and abscissa are connected by the 
equatioTi y = x^ from x =■ — ^ to x = + 4 . 

Here = I, « = 3. 

By calculation we get the following values : — 


X 

-4 

4 

0 

I 

— I 2 

— 2 

3 

-3 

+0-5 

±15 

± 2-5 

±35 

ar* 

-64 

64 

0 

I 

-I 8 

-8 

27 

-27 

+ 0125 

±3-375 

±15-6 

±42-9 


Plotting these values wc get the curve in Fig. 46. 
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Tlie Irue shape of a curve represented by an algebraical cauation is only obtained 
when the same scale is taken on both axes, but for practical purposes it is usually 
sufficient to have a curve, from which the values of^ can be read off for any value of x. 

To do this it is not necessary to use the same scale for both axes, and we choose 
the scales independently, as in Fig. 46, to suit the space at our disposal. In curves 
of the class jr = this has the same effect as altering the constant <1, and accordingly 
we shall usually take a as unity. 
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The points for which the co-ordin:ites were actually calculated should be shown by 
small circles or crosses. 

Example (2). — Plot the cui-ve y = x®"' beiweejt x = o and x = 4. 

Here rz = I, « = 2'l. 

Taking logs of both sides of the equation, we get 
log_y = 2'l log X 

We arrange the calculation as follows : — 



log X. 

log = a'l log X. 

y- 

0 



000 

I 



100 

4 

0602 1 

1-264 

'8-37 

2 

0-3010 

0-632 

428 

3 

0-4771 

IOOI9 

1004 

*5 

0-1761 

0-370 

2-34 

o '5 

I -6990 

1-368 

0-233 
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Plotting these values wc get the curve in Fig. 47. A lo-inch slide rule will 
usually be found sufTiciently accurate for all calculations needed for plotting curves, 
unless the scale is very large. 

Example (3). — P^oi the curve y — from x = to x = 4. 

We have by calculation 


X. 


a 

= 2X-’ = y . 

0 

0 

DO 

4 

16 

II 

q 

I 

I 

2'00 

2 

4 

o‘5o 

3 

9 

0'22 

1-5 

ft 

4 

J = o-Sg 

05 

0*25 

8 ’oo 

07 

0-49 

409 

1-2 

1*44 

1-39 

06 

o ’36 

5-55 



Any curve of the doss y — ax^ in which n is negative, slopes downwards from 
infinity as x increases from the value o. 
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Example (4).— the cuj^es y = and y = x-' on the same sheet of paper from 
X — o to X — 

]fy = x^ wc have, takincj logs, log j ^ log x. 


X. 

log X. 

3logjr = log^. 

y- 

I 


_ 

roo 




— 

O’OO 

5 

O' 699 

0'262 

1-83 

2 

o'30io 

0 II3 

1-30 

3 

0 * 477 ^ 

0-174 

1-49 

4 

O' 602 1 

0’226 

1-68 

o ’5 

T-690 

7-887 

0-77 

o '3 

L '477 

1-804 

0-64 

02 

2-301 

L 738 

o '55 

o' I 

10 

1-625 

0-42 



Plotting these numbers we get the curve OA. The equation y = x^ may be 
a 9 4 

written x =y^, and thus the curves = x^ may be obtained from the curve -- x^ by 
exchanging the values of x and jj' for every point on it. We thus get the curve OB. 

If we draw a straight line OC through the origin and the point (l, l), the 
two curves are .symmetrical about the line OC. Any two curves, y = and 
1 

y = x'\ are symmetrical about the line OC. 
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Examples.—XXXVIIT. 

Plot the following curves : — 

1. ^ = X* from X = —4 to = + 4. 2. j = 0'l:r* from x= —4 to x— +4. 

3 . ^ = O’l^r* from j:=— 4to:c=+4. 

4 . ^ = 5j:~*from x = — 2 to jc = — 0’5, and from x = + o’5 to jt = 2. 

b. y :=. 2 x~^ from x = —2 to = — 0‘5, and from x = 0’5 to = 2. 

0 . y = x~^ from x = O' i to jr = 10. 

1 . y =. X*, and = x^, from x = o to x = i'2 on the same sheet of paper. 

5. y = x^j and y = x^ , from x = o to x = 2. 

9 . = x'", and y = x^, from x = o to x = l '05. 

10. y = 2 x~^^ from x = 01 to x = 10. 

11. = 45ox~> *i from x = i to x = 10. 

12. ^ = x“ + 2x — 3 from x = —4 to x = + 4. 

13 . y = x®’^ — 2x^ ® from x = 3 to x = 5. 

14 . Draw a figure showing approximately the shape of the curve j/ = a”, when w 

has the values 10, 2, i, -jJg, o, — j\ji — — ii —2, —10, taking the same scale for 

X and y. Show all the curves together in the same figure, estimating two or three 
values of ^ for each curve. 

16 . Plot the curve ^ = x^ on a large scale from x = o to x = 3’2. By means of 
your curve construct a table giving the square roots of the whole numbers from i to 
10. Also find the square roots by the arithmetical method, and compare. 

10 . Plot the curve y = x^ on a large scale from x = o to x = 2 2. Construct a 
table giving the cube roots of the whole numbers from l to 10. Also find the cube 
roots by logarithms and compare. 


05. We shall now give some examples of practical applications of the 
plotting of curves of the class = ax'* and related curves. 


Example (i ). — A uniform beam of length /, fixed at one md^ supports a weight W 
at the other. The deflection y at a distance x from the fixed end is given by the formula 

y — ^ E and I are constants depending on the material and shape of 

the beam. 

Const?-uct a curve to show the deflection at a?iy point of a beanij 10 ft. long, which is 
deflected l ft. at the free end. 

W 

Here I = 10, and, to find the constant — , we have, when x = 10, = I 


. u L- W 1000 

substituting I = — . 

El 3 
W 

^=0003 


We have to plot the curves = o'oo3(5x* — -Jx^). 

This should be done on a large scale. The calculation should be set down as 
follows : — 


X. 


“6 

5^ - 

6 

y- 

0 

— 

— 

— 

00 

10 

— 

— 

— 

10 

I 

5 

016 

4S3 

0014 

3 

45 

4-5 

41-5 

0-124 

5 

125 

20-8 

I04'2 

0-312 

. 7 

245 

570 

i88*o 

0564 

8 

320 

85-0 

235-0 

0-705 

9 

405 

I2I'Q 

284-0 

0-852 


11 
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The shape of the beam is shown in Fig. 50. 

If we require the curve to show the deflection at any point, and not the actual 

shape of the beam, we can plot the deflection^ on a larger scale than the length jr. 



Example (2). — If the mixture in a gas-engine expands without gain or loss of heat, 
it is foufid that the law of expansion is given by the equation paP '^'^ = constant, where 
p is the pressure and v the volume. 

Plot a curve to show the pressure at any volume as the gas expands from v = ll to 
V — 23, having given that p = l88'2 when v = ll. 

Problems dealing with this subject are sometimes treated as though the gas expanded 
according to Boy Ids law, i.c. as though pv = constant. 

On the same paper plot a cuive to show the pressure at any volume as the gas expands 
according to the law pv — constajit, starting with the same values of p and v. 

We have pnP'^ = C 

Taking logs, 

+ I '37 log = log C 

Wlicn/ = i88'2, V — II, then log / = 2-2747, log v — 1-0414 
log C = 2-2747 + 1-427 = 3-7017 

From this w’C get 

log / = 37017 - J ’37 logv 

and the values of / can be calculated as follows : — 


V 

1 1 

12 

13 


16 

18 

20 

23 

log V 

— 

I 0792 

11139 

1-1461 

1-2041 

J -2553 

1-3010 

1-3617 

log/ 

— 

2-223 

2-175 

2-131 

2 05 2 

1-982 

1-919 

• ■837 


i88-2 

1671 

149-6 

135-2 

112-7 

95-8 

83 

6S'7 


If the gas expands according to Hoyle’s law we have pv ~ constant = Cj. 
To find C|, we have when v ■=■ ii, / = iS 3 ' 2 . 


/. C, = II X 188-2 = 2070 

^ ^ 2070 

= 2070 ; / = . 


The values of / can now be calculated as follows : — 


V 

II 

13 

15 

17 

19 

21 

23 

P 

i8S-2 

>S 9‘9 

138 

121-8 

109 

98-6 

90 
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The two curves obtained by plotting these two sets of corresponding values of / 
and z/ are shown in Fig. 51. 



The following example is of special interest to students of chemistry and physics. 

Example (3 ). — Boyles law states that a gas at constant temperature expands 
according to the law pv = Qj or^ if we choose suitable units, pv — \. When the gas is 
near to the liquid state this equation ceases to be sufficiently accurate. Accoiding to 
van der IVaals, a more exact law is 

where a and b are small constants and t is the temperature centigrade. 

For carbon dioxide a — o'Oo874, b — o’0023. 

Plot a curve showing the relation between p and v from v = 0*004 to v — 0*03 for 
the case t = 0. 

Also plot the curve pv = l on the same paper, and compare. 
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We have ^ ° “ o’0023) = i 

_ I 0*00874 

^ ~ V — 0*0023 ~ r* 


Values of / are calculated as follows : — 


V. 

I 

o'ooB^^ 

I 0*00874 

V — 0*0033 

V* 

r- 0*0033 

0*004 

588-3 

546-2 

42*1 

0*030 

36-1 

9-71 

26-39 

0*005 

370*3 

349-6 

2Q'*J 

0*006 

270*2 

243-0 

27*2 

o*oo8 

175-4 

136-6 

38*8 

0*010 

129*8 

87-4 

42*4 

0*015 

78*7 

38-4 

40*3 

0*020 

56*5 

21-8 

34-7 

0*025 

44*05 

13-98 

30*07 



CxAMPLE (4), — A wroiight-tron tube of i-in. radius inside^ and “^-in. radius 
outside is subjected to a fluid pressure of 6000 lbs, per square inch inside, Jf the pressure 
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on the outside is o, draw a cterve showing the tensile stress q) at all points within the 
material of the tube. Given / = + ^ = it^here a and b are cofistants^ r is 

the distance from the centre of the tube, and p is the pressure on the inside or outside of 
the tube. 

To find a and b, we have 

when r = l, / = 6000 ; when r = 3, / = o 

/. substituting 6000 — a b ; o=fl^ 

53 = 6000 ; b = 6750 
a = - 750 


We can now calculate the values of — <7 for different values of /' from the formula 


-? = 75o + ^ 

r. 

6750 

r“ 

„o + fe“ = -, 

r* 

I 

6750 

7500 

2 

1687-5 

2437 5 

3 

750 

1500 

I ‘3 

3990 

4740 

17 

2340 

3090 

15 

3000 

3750 

I'l 

5580 

6330 

2'5 

1080 

1830 
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Examples. — XXX IX. 

1. riol llio following curves together on the same sheet of paper, from v = I to 
V ^ JO, taking values of v as abscissae and values of p as ordinates : — 

— C,, pv^^ — Cj, = Cj, ^ = C^, where C|, Cj, Cj, C4, are conslanls. 
In every case it is given that p — 3000 when v = l. 

2 . The relation between the pressure in pounds per square inch and the volume in 
cubic feet of one pound of saturated steam is given by the equation = 479, 

riot a curve to show the pressure for any volume from m = 4'57 to « = 25 ‘87. 

3 . If t is the absolute temperature, and v the volume of a gas, then in adiabatic 

expansion, tv^ ^ = constant. 

Plot a curve showing how v depends upon / for air (y = I ‘41) from t = 300 to 
t -- 400, having given that v ~ \ when / = 400. 

4 . If p is the pressure and t the absolute temperature of a gas in adiabatic 

1 

expansion, then = constant. 

Plot a curve to show how p depends upon t for air from / = 300 to / = 400, 
having given that p — 3500 when t — 400 j y = I ■41. 

5 . l 3 is the diameter of a wrought-iron shaft to transmit indicated horse-power II 
at N revolutions per minute. 

Plot a curve showing the relation between D and H, from H = 10 to H = 80, 
when N is 100 revolutions per minuie. From your curve find the diameters for 
horse powers of 27 and 63. 

0 . The Hrilish Association rule for pitch and diameter of screw threads for instru- 
ments is = 6/^, where d is the diameter and p the pitch. 

Plot a curve to show the diameter for any pitch from o'CX)4 to 0’02, 

7 . The tensile stress ( — ^) in a certain cylinder is given by — 17 = 4680 + 

Plot a curve showing the value of — y for any value of r from 3 to 5. 

0 . A tube 3 ins. internal and 8 ins. external diameter is subjected to a collapsing 
pressure of 5 tons per square inch ; show by curves the radial and circular stresses 
everywhere. 

Given that, at a point distant r inches from the axis of the cylinder, 
the radial stress / = A + p 
the circular stress ^ = A — ^ 

Note that / is 5 tons per square inch when r = 4 ins., and /) = o when r = i’5 ins. 

{^Board of Education Examination in Applied A/echanicSf 1 90 1.) 

0 . In the case of a uniform beam of length I fixed at one end, and carrying a 
uniformly distributed load w per unit length, the deflection y at the distance x from 
the fixed end is given by 

Draw a curve to show the dedection at any point of a beam 10 ft. long which is 
deflected i ft. at the free end. 

10 . The deflection^ at a distance x from the middle of a uniformly loaded beam 
supported at the two ends is given by 

w 

y ~ 

p is measured upwards from the level of the middle of the beam. 
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Plot a curve to show the shape of the beam, given / = lo ft., deflection at the 
middle = I ft. 

11 . The equation to a parabola = 4^jr. 

Plot this between :c = o and x = 4, for the cases where rt = i, o = 2, rt = 3. 

x“ r* 

12 . The equation to an ellipse i. 

Plot the whole curve for the following cases : 0 = 3, ^ = 2; 0=3,^=!; j = 4, 

b = a= i,b = i. 

13 . The equation to a hyperbola is— = I. 

Plot the curve from x = — l2tojr= + i2for the same values of rt and < 5 , as in 
example 12. 

14 . Calculate the amount of ;£'loo at 3 per cent, compound interest in 5, lo, 15, 
and 20 years. 

Plot a curve from these values to show the amount for any number of years from 
I to 20. From your curve find (i) the amounts of ;£^ioo in 3 and 7 years respectively, 
(2) in how many years would jCS20 amount to ;^6ii ioj*. 

16 . The present value of an annuity of ;^P per annum for n years, with interest at 
r per cent., is given by 

f /100 + r\-"^iooP 


Plot curves showing the present value of an annuity of jfi {a) at 3 per cent, per 
annum, for periods varying from 1 year to 50 years ; (^) for 30 years at rates varying 
from 1 to 5 per cent. 

18 . The velocity v ft. per second at which water will flow through a pipe of 
diameter r/ ft, with a fall of 1 in lo is given by the empirical formula 

Plot a curve to show the value of v for pipes from i in. to 12 ins. diameter. 
From your curve read off the velocity for a pipe of 2'5 ins. diameter. 

17 . The following formulae have been given for the shape of high dams in masonry 
for reservoirs : 

/ o’ 05 jc^ /oo9.v\* 

“ V p + 0 03X * “ \ p 7 

X is the vertical depth below the surface of the water in feet. 

y is the horizontal distance of a point on the outer face from a vertical line through 
the top of the inner face. 

z is the vertical distance of a point on the inner face from the same vertical line. 

P = maximum pressure allowed in tons per square foot. 

Plot curves to show the cross-section of the inner and outer faces of the dam from 
;r = 40 to :r = 160. Maximum pressure allowed = 7 tons per square foot. 

18 . ^ is the commercial efficiency of an electric motor when the current is 
I amperes 

El - IV - P, 

El 


For a certain motor E = 122*4 i ^ — 0*024 ; P, = 2887. 

Plot a curve to show the efficiency for all values of 1 from 40 amperes to 160 
amperes. By means of your curve find the efficiency for a current of 86 amperes. 

10 . The current I amperes required by a motor of the same type as in the last 
question for a load P, watts is given by the formula 

^ E - VE» - 4> ,.(P. + P T) 

* 2 r. 
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For a particular motor the full load is 746 X 15 walls, E ~ 125, ra = 0’024, 
r„ = 2000. 

Plot a curve to show the current taken for any load from one quarter of the full 
load to times the full load. What current would be taken for | load and for 
I J load? 

20. T is the rise in temperature in degrees Fahrenheit of an electric transformer 
when m watts are wasted per square inch of cooling surfaces. 

For an air-cooled transformer T = 300/w^. 

For an oil-cooled transformer T = 225^^. 

Plot on the same sheet two curves to show the value of T in air and oil-coolcd 
transformers respectively, for any value of m between m — o, and m = 0 4. 

What is the waste in watts per square inch for a rise in temperature of 60° for an 
oil-cooled transformer? (W. P. Woodhouse, Electrician^ Feb. 15, 1901.) 

21. zi; is a certain linear dimension used to determine the size of a transformer 
core. S is the corresponding area of the cooling surface. 

The outside breadth of the core = 3’2«; + i in. 

The outside length of the core = 4'6w + 4 ins. 

S = 145 + \20W 

weight of iron = I 

On the same sheet plot curves to show the cooling surface and the weight for all 
values of w from o to 6 ins. 

Hy means of your curve find the length and breadth of a core, and the weight of 
iron, to give a cooling surface of 2140 sq. ins. 

(W. 13. Woodhouse, Electrician^ March l, 1901,) 

00. Compound Interest Law y = ac^*. — In nature we often meet with 
related pairs of quantities which obey a law of the form_y = 

a and b arc constants, and the quantity which is the base of Napierian 
logarithms, is numerically equal to 27183 .... The nature and importance 
of this quantity e will be more fully explained in Chapter XXIX. It can be 
shown th.at when y and x are related by the above law, the rate of increase 
of y per unit incre«ase of x is proportional to y, so that / increases relatively 
to 4', like a sum of money at compound interest if the interest is added to the 
principal continuously instead of once a year. 

The law_y = is called the compound interest law, 

Wc shall first lake the case where a = i, ^ = i- 

Example (i). — Plot the curve y = e^ from x — ^ ^ to x = 2. 

Taking logs of both sides of the equation^' = e* 

we have logi^ = x log,of = 0-4343^: 


jr. 

o'4343-«^ = log y. 

y- 

0 


I'O 

1 

— 

2718 

2 

o'86S6 

7 ’390 

— 4 

2-2628 

o'oi8 

— I 

— 

0368 

— 2 

— 

0135 

- 3 

2-6971 

0-0498 

04 

01737 

1-490 

14 

0608 

4-050 

- 0 -4 

— 

0670 


Plotting these values, we get the curve A (Fig. 54). 
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Note i. — S ince Ihe values o(y when jc = — i, a — 2, and x — — 0 4 

in the above table, need not be calculated directly by logarithms, but are the 
reciprocals of the values of for x = i, :r = 2, and x = o’4. Similarly in any case 
the values of y for negative values of x are the reciprocals of the values of y for 
positive values of x. 

Note 2. — The value of a in the equation v = only affects the vertical scale 
on which the curve is plotted. 

Note 3. — When we have plotted the curve y = for any value of x , the curve 
y = may easily be obtained from it. The equation may be written y = 
and may be obtained from the equation by substituting — x for x. Therefore, 



if for every ordinate we mark off absciss® equal in numerical magnitude, but in the 
opposite direction to the abscissje of the curve y = we shall obtain the curve 
y = 

The curve y = is given in Fig. 54, e.g, wc found that, in the curve y = 
when_y = 2718, x = 1. Therefore, in the curves = e-*, when_^ = 2718, j = — i. 

We thus obtain the point B in the second curve from the point A in the first curve, 
and so on. 

Note that the curve y = is the reflection of ^ in a mirror. The two 
curves are symmetrical about the axis of y. They are related in the same way as a 
piece of writing and its imprint on blotting paper. 
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Also since — p- we might plot the curve;/ = by finding the reciprocals of 
the ordinates of;/ = 

Note 4. — When y = we have, by the definition of a logarithm, x = log^y, so 
that the curve ^ may also be used to find logarithms to base e.g., to find logc3 ; 
we see by inspection of Fig. 54 that when y = 3, x = I'l, therefore logo 3 = I’l. 
Similarly we find log* 15 = o‘4. These values are correct to two places of decimals, 
the true values being 1*098 and 0*405. 

By drawing a portion of this curve on a large scale we might use it to find 
logarithms to base ^ to any desired degree of accuracy. This is merely given as an 
illustration ; it is not, of course, an independent way of calculating logarithms to base 
gf as we have used a table of logs to construct the curve. 

Example (2). — Plot the curves y = ^ y — e ^ y — = e between 

JT = — 3 a 7 id JT = + 3 0/1 the same paper ^ and compare, 

1 aking logs 

log;' = log g = — x = o*i448;r 


.r. 

or448.r = logj^. 

y- 

0 



1*0 

3 

— 

2*718 

- 3 

— 

0-368 

I 

0*1448 

1*396 

2 

0*2896 

1*948 

— I 

18552 

0*716 

— 2 

17104 

0*513 


Note that there arc always three points in the curve / = iH** which may be 
found very easily. When x = 0, y=i; when ^ y=g= 2 'jiS; when 

= = = o '368. 

These points should be plotted first, to gain a general idea of the shape of the curve. 
The reflection of;' = g^^ gives = e'~^'^. 

a.r 


Taking logs, 


log;/ = 34 rlog^= r303T 


JC. 

i-3n3_r loji^. 

y- 

0 

— 

1*0 

i 

— 

2*718 

i 

— 

0*368 

I 

1-303 

20*1 

0*1 

01303 

I- 3 S 

0*1 

1*8697 

0*7408 

I 

2*697 

0*05 

2 

3 394 

0*0025 

0*7 

0*9121 

8-16S 

0*7 

1*0879 

0*122 

OS 

0-6515 

4*472 

05 

I ‘3485 

0*223 


The reflection of the curve thus obtained is the curve;/ = 
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07. Any curve whose equation is of the form y = where c is any 
number, belongs to the class here considered ; for, by the definition of a 
logarithm, = c. 

c — 

and the equation y — (^ may be written y - which is of the form 

y = e^^\ib = log, c. 

For example, log, 10 = 2'3026 ; i.e. = 10, so that the equation 
y — 10* may be written 

Thus the curve ^ = 10® is the same as for the case when 

b = 2-3026. 

In the curve y = 10*, x — log,Q>', and the curve may be used to find 
common logs if drawn on a sufficiently large scale. 


Examples. — XL. 

1. Plot the curves ^ and_y = between jr = — i and ;c = + 1. 

2. Plot the curves y = and y = e~^* between ar = — 4 and ;r = + 4, and on 
Ihc same paper plot the curve y = for the case when ^ = o. 
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3 . riot the curves = r'®' y = y = y = ^~T0»^ between jr = — I’l and 
JT = +I’I. 

4 . IMoL ihc curves y = y = y = on the same paper between x — o 
and X — 1. 

6. riot the curves y = y = 2^, y = 3^’^, on the same scale between x = o 
anti X = 2. 

0 . Find the values of 10-, 10^, lo^, by finding square roots in succession 

williout using logs, ry multiplying these values obtain lo^, lo"^, lo^, etc. 

Using these values plot the curve y = lo* from ;r = o to :r = I. From your curve 
find the common logarithms of 2, 3, 4, 5, 6, 7, 8, 9 ; and compare them with the 
values given in the tables. 

00. We shall now give some examples of curves of type which 

occur in physical science. 

Example. — Newton's law of coolmg. 

A body is heated to a temperature above the sujToundhig bodies^ and suspended in 
air. Its excess of temperature 6° at any time t seconds aftei’wavds is given by 0 = 
where a is a constant. For a certain thermometer bulb sjispejided hi air^ it ivas found 
that rt = o'oi55, 0 i = 19 ’32°. Plot a ctnve showing the tempei ature at a^iy time t. 

We have B = B^e—^^ = 19*32^?—®'®^“'^* 

logiQ = - 0-0155/ X logjo e + logjo 19-32 
= — 0-00673/ + I -2860 


t . 

— o’oo673L 

—0-00673/+ 1 "2B6Q=log 0 . 

9 . 

0 



19-32 

10 

-o'o673 

1-287 

«6'SS 

20 

-0-1350 

I-151 

14-16 

30 

—0-2025 

I'o!> 3 S 

12-12 

40 

— 0-2700 

I 0160 

10-38 

60 

— 0-4050 

O-S8I 

7-59 

80 

— 0-5400 

0746 

5-57 

100 

-0-675 

o-6ii 

408 

120 

— 0-810 

0476 

2-99 



0 20 40 60 80 100 I20 

Time in aeconofa 

Fio. 56 . 
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00. The Catenary. — The form of a uniform flexible cord or wire, such 
as a telegraph or trolley wire suspended between two fixed points, is given 
by the equation 

X a 


y + e 
c 2 


where c = 


horizontal tension 


weight per unit length of wire 
This curve is called the catenary. 


Example. — A copper wire^ lbs. per yard ^ is suspended between two 

points y 20 yds. apart ^ Ufider a tension of 5-06 lbs. Plot a curve to show its shape. 

TT 5'o6 

Here c — — = I2’5 

0-405 

We shall first plot the curve 
in which c = l. 



Fic. 57. 


X 
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In this case y is the arithmetic mean of the ordinates of the curves y = ^ and 
y = e~*. Accordingly, we plot these two curves as in example i, p, 104, and, by 
bisecting the ordinates intercepted between them, obtain points on the required 
eatenary. We shall only require the portions of these curves between ;r = + i, 
which we plot on a large scale. 

If we suppose that the unit length on the axes of x and_y in Fig. 57 now repre- 
sents 2 instead of i, then, for any point on the curve, the value of y measured on the 
old scale is half of the value ol y on the new scale, and similarly for x. 

But the values of x and^ on the old scale were connected by the equation 


therefore, if measured on the new scale, they satisfy the equation 


y 

2 


i(4+<-3 


Similarly, if we suppose that the unit length on the axis in Fig. 57 represents a 
length c, the equation to the curve is now 


y 

c 




In the given case, c — 1 2 '51 and therefore the unit on the axes must represent 
I2'5 yds. 

20 

The span of 20 yds. is represented by AB = ^ = I'O units, and the .shape of 

the wire is shown by the portion of the curve between A and B. 

To represent a practical case, such as that of telegraph wire, having a span of 
100 yds., and tension 506 lbs., we should have c = 1250 ; and therefore the span would 
be represented by = o'oS unit in Fig. 57. To show this we should have to 

draw on a large scale a small portion of the curve where it crosses the axis of 


Examples. — XLI. 

1 . The excess 0 of the temperature of a body above that of its surroundings at time 

/ seconds is given by the equation 0 = W'hcre and a are constants. 

l[ 0 = 26° when i = o, and 6=9° when / = lo secs., plot a curve to show the 
temperature at any lime from ^ = o to / = 20 secs. 

2. A wire is stretched to a tension of 10 lbs., and weighs 2’27 lbs. per foot. 
Draw a curve showing the form of the wire. 

3 . A long thin bar is heated at one end. If t be the excess of its temperature 
above that of the surrounding air at a distance x from the heated end, it can be proved 
that t = Ar-®* where A and b are constants. 

Given that t = 65° where j: = o, and t = 60° where jr = 30 cm. ; plot a curve to 
show the temperature at every point of the bar to a distance of l metre from the 
heated end. 

4 . It is found by experiment that on the C.G.S. system of units, the viscosity /j of 

olive oil at temperature 0 ^ C. is given hy fi = 3 ’2653^”** ^^ot a curve to show 

the viscosity at any temperature from 16° C. to 49° C. 

6. If z is the relative viscosity of common salt solution when its concentration is 
the fraction x of that of the normal salt solution, then a = l’09S6®. Plot a curve to 
show the relative viscosity of salt solution for values of x varying from o to i. 

0 . If the impressed electro-molive force is suddenly removed from an electrical 
circuit containing resistance and self-induction, the current dies down gradually in a 

way given by the equation i = where t is the current at time / after the E.M.F. 

has been removed, R is the resistance, and L the coefficient of self-induction. 
Plot a curve to show the current at any time from o to o'l sec. for a circuit in 
which I, = 20 amps., R = 0 2 ohm, L = 0 005 henry. 

7 . A condenser is discharging through a circuit containing self-induction and 
resistance. The potential v at time / is given byv= ii45<f-i ' 25 xioV _ 

Plot a curve to show the value of v at any time from f = otof = 2X io“^. 
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0. The entropy of i lb. of air at pressure / lbs. per sq. foot, volume v cu. feet, 
and absolute temperature /°(Fahr.) is given by 

0 = 0-1688 log. ^+0-2375 log, (a) 

0 = o'237S log- ^ - o’o 687 log. («) 

^ = 0-1688 log, + 0-0687 log. (c) 


(fl) A pound of air is heated from absolute temperature 493° (Fahr.) to absolute 
temperature 673° (Fahr.), at constant pressure 2116 (atmospheric). Plot a curve to 
show the entropy for any temperature throughout the above range. (Use equation b.) 

{b) During the above change of temperature the volume changes from 12 ’39 
to i 6’9. Plot a curve to show the entropy for any volume throughout this range. 
(Use equation a.) Note that this curve is of the same shape as the curve in <7, but 
has a different scale for the abscissae. This is because the volume of a perfect gas 
at constant pressure is proportional to the temperature. 

(r) A pound of air, at volume 12*39 cu. ft., atmospheric pressure 2116, temperature 
493, is kept in a closed vessel, and heated till its pressure is 4232 (two atmospheres). 
Plot a curve to show its entropy for any pressure between 2116 and 4232. 

(f/) The temperature becomes 986 during the above change of pressure. Plot a 
curve to show the entropy for any temperature during this change. 

{e) The temperature is kept constant, and the pressure is increased to 4232. Plot 
a eurve to show the entropy as a function of the pressure from / = 2116 to / = 4232. 
Note that this curve is quite different from that of example c. 

(/) While the pressure is doubled in the last example, the volume becomes 6*195 
cu. ft. Plot a curve to show the entropy for any volume between 12*39 and 6*195. 

9 . From the equation (r) above, plot curves having values of t as ordinates, 
and values of as absciss®, from i = 493 to / = 673, 

(1) when z/is constant and equal to 12*39 » 

(2) 1 1 n I , ti 24*78 » 

(3) »» II II 11 ^ ^ 95 ’ 

10. The entropy of l lb. of dry saturated steam is given by 

^ 2^ + ^ ~ 

where / is the absolute temperature Centigrade. Plot a curve having values of t as 
ordinates and values of 0 as abscissae from t = 274 to / = 474. 

70. Curves represented by the Equation y = a sin (cjr + of). 

We shall consider separately the three constants a, Cj and r/ in this 
equation. 

(I.) Period. — To find the meaning of the constant c in the equation 
^ sin (cjr + (f). 

We shall plot curves whose equations have different values of c, but are 
the same in other respects. 

Take a = i, d = o. Then^ = sin cx. 

(a) Let £■ = I. 

The equation is now 

y — sin X 

The values of y for different values of x may here be read off directly 
from the tables so long as the angle is in the first quadrant. 

In Chapter II. we have seen that as the generating line of the angle x 
passes through the second quadrant with increasing jr, sin x passes back 
through the same positive values from i to o. In the third and fourth 
quadrants w^e have the same numerical values but with negative signs. 

When X reaches the value 360® its generating line has passed through the 
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four quadrants, and sin x beg^ins again at o and passes through the same 
values in the same order as before. Thus the curve repeats itself 
indefinitely. 

We here take x in degrees. When the curve is required so that the 
angle is expressed in radians, the necessary change may be made in the scale 
of the axis of x. 

We get the curve Fig. 58. 

(6) Let c= 2. 

The equation is now 

y = sin 2x 

Values of as jr increases from 0° to 90° are given in the following 
table : — 


X degrees . 

0 

9 

iS 

27 

36 

45 

sin 2 jr 

0 

0*309 

0588 

O’Sog 

0-951 

I 

1 

1 

X d(‘grecs . j 

90 

81 

* 72 

63 

54 

45 


When two values of jr, such as 18° and 72° in the above table, are 
complementary, the values of 2x are supplementary, and have the same sine. 

As jr increases from go° to 180®, 2.r increases from 180° to 360°, and its 
generating line passes through the third and fourth quadrants ; therefore we 
get the same numerical values for sin 2x as in the table, but with negative 
signs. 

Wc thus get the curve Fig. 58. The curve repeats itself indefinitely. 

(c) Let c = 

The equation is now 

y = sin ^x. 

Values of as r increases from 0° to 360” are given in the following 
table : — 


X degrees 

0 

18 

36 

54 

72 

90 

loS 

126 

144 

162 

180 

sin 

0 

0-156 

0*309 

o '454 

0588 

0-707 

0809 

GO 

b 

0*951 

0988 

I 

X degrees 

360 

342 

324 

306 

288 

270 

252 

234 

216 

19S 

I So 


When two values of r, such as 108° and 252° in the above table, are 
togetlier equal to 360°, the values of ^x are supplementary, and have the 
same sine. 

As X increases from 360° to 720° the angle increases from 180° to 360°, 
and its generating line passes through the third and fourth quadrants. Its 
sine will therefore pass through the same numerical values as in the above 
table, but with negative signs. 

Wc thus get the curve c. Fig. 58. The curve repeats itself indefinitely. 

Comparing these three curves, whose equations are of the form y = sin cx 




ISO" 270“ 360° 450° 540* 630" 720' 

Values of x 
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Sine curves, such as these or combinations of different sine curves, may 
be made to represent a great number of cases in nature, by choosing various 
meanings of^ and jt. 

If y and x are both lengths, the curves may be used to represent such 
cases as the form of waves or of a vibrating string. If_y denotes length and 
X time, the curves may be used to represent periodic oscillations, such as 
those of a spring or pendulum, the motion of a crank, sound waves, etc. 

If_y denotes the intensity of the electric current through a conductor, and 
denotes time, the curves may be used to represent an alternating electric 
current. 

In most practical cases where we meet with the curve = a sin {cx + d\ 
the value of the angle (cx + d) is expressed in radians. 


71 . Wave Length — Periodic Time. — We define the wave length of the 
curve represented by the equation^ = a sinC^.r + d)j as the distance between 
two points where it crosses the axis of x in tlie same direction. It is under- 
stood that the value of (cx + d) is expressed in radians. 

the wave length of the wave represented by^ = sin x^ wlicre c — 1 
is 2T,'Fig. 58. 

If we change to 2 wc get the curve (d), whose wave length is tt r= 

If we change c to I we get the curve (^r), whose wave length is 4 t or 

In general, wc find, in the same way, that the wave length of the curve 

. 27 r 

y = sin cx IS — . 

c 

Let us consider the physical meaning of this in the important case when 
the abscissa represents time ; let the ordinate represent, on a suitable 
scale, the small displacement of the end of a vibrating spring, and let the 
abscissa rejircscnt the time /. The motion of the spring may be represented 
by the equation _y = sin c/. An oscillation of this kind is a case of Bimplo 
periodic or simple harmonic motion. 

The time of an oscillation is the time corresponding to a complete Ava\ e 
length of the curve = sin r/, i.e. the time in which the angle increases by 
the amount 2ir. After this time has elapsed from the instant / = o, the value 
of sin ct goes through the same series of values again, and another oscillation 
takes place ; and so on. 

While ct increases by 2ir, the time t increases by — . 

27 r 

I.e. the time of a complete oscillation is This is called the periodic 

time of the simple periodic oscillation. 

The frequency of an oscillation is the number of complete oscillations 
which take place in a unit of time. 

In the case of the above simple periodic oscillation the frequency is 

For example, if the current in a conductor at time t seconds is I ampere 
and wc know that I = Iq sin (600)/ where Iq is constant, then the angle 600/ 

2ir 

increases from o to 27r, while t increases by seconds. This is the periodic 
lime. 

Frequency = number of oscillations per second 

600 . , 

= ~ = 96 nearly 
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72 . (II.) Amplitude. — To find the meanin^^ of the constant a in the 
curve y = a sin (cx + d). 

In the three curves plotted in Fig'. 58 we had a equal to unity. The 
effect of changing the value of rt to 2 or J would evidently be to multiply 
every ordinate in Fig. 58 by 2 or J respectively, i.e. the curves would still be 
wave curves of the same length as before, but of twice or one-half the height. 

Similarly, in every case a is the height of the wave crest above the axis 
of jr. 

When the wave curve represents an oscillation, a is the amplitude of the 
oscillation ; e.j^. in the simple periodic oscillation of a spring the amplitude is 
the maximum distance to which the spring moves on either side of its 
equilibrium position. 

73 . (HI.) To find the meaning of the constant d in the curve 

y = a sin (cx- d) 

To trace the curves = sin we may add a right angle to every 

value of X in the table of sines, so that when x = o, = sin ^ = i, and 
so on. 

This is equivalent to moving the curve (rz), Fig. 58, back through a 
:listance ecjual to one right angle on the scale on which x- is measured, so 
that the point A is on the axis ofj'. 

Similarly, if we change y = sin 2 x io y = sin (^2x d- ^ the curve is of 

:he same shape as before, but begins Tit y = sin “ = This is equivalent 
;o moving the curve back so that B is on the axis o{ y. 

Similarly, y = sin (^x + ^ is of the same shape as y = sin (^.r), but 

jcgins at the point (o, i), and, in the general case, j/ = a sin (cx- + d) is of 
he same shape as y = a sin cx-^ but begins at y — a sin d instead of 
ity = o. 

The effect of introducing the constant d is to move the curve back 
d 

hrough a distance - parallel to the axis of x. 

Thus the value of the constant does not affect the shape of the curve 
' = sin (cx + d\ but only its starting-point. 


Examples. — XLII, 

1 . Plot the curve ^ = a sin cx from x = o io x — ir railians for the cases when 
i — 4, and c has the vidiies 2, 4, 6 respectively. 

2 . Plot the curve = a sin cx from x = o to x — ir for the cases when c = 2, and 
has the values 2, 3, and 4 respectively. 

3 . Plot the curve = a sin cx from x = o [o x ~ iott when = 4, and c has the 
alues J, J, '5 respectively. 

4 . Plot the curves = a sin {cx -p (fj for the cases when j = 2, f = 2, and d has 

le values o, and ir respectively. 


74 . Simple Feriodio Motion. — Simple periodic or simple harmonic 
lotion is the projection on a straight line of uniform circular motion. 

If the point P moves round a circle in a counter-clockwise direction at a 
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uniform rate, ils projections M and N on two perpendicular diameters will 
move backwards and forwards along^ those diameters with a simple periodic 
motion. 


B 



I'XAMPLR . — A point P moves round a vertical circle that the radius OP starts 
in a horizontal position ^ and moves with a uniform angular velocity of radian 

per second. OP is of unit length. Plot a curve showing the distance from O at any 
time of the projection of P ofi the vertical diameter. 



Describe a circle of unit radius. In the figure the point P starts at A. After 
I sec. OP has turned through o'69Sl radian = 40°, after 2 secs, through 80°, and 
so on. 

Mark off along the circumference points to show the position of P at the end of 
each second, and luiniber them to show the instant when P passes through each point. 
Then the corresponding positions of N are the projections of these points on tlie 
vertical diameter. 

Take the horizontal diameter OA produced as the axis of x, and, starting from A, 
mark off along it a scale of times long enough to show the time taken by OP to make 
a complete revolution. 

At the end of each second, plot points whose ordinates are the corresponding 
distances of N from O. These points give a curve for which the ordinate s is the 
displacement of N, measured from the mid point of its path, at time represented by 
the abscissa. 

The curve evidently repeats itself indefinitely. Since OP turns through 0*6981 
radian per second, the angle AOP is equal to 0*6981/ radians at time t seconds from 
starting. 

j = ON = MP = OP sin AOP = OP sin (o 6981/). 

for the numerical case taken in this example, where OP = I, the equation to 
the curve is j- = sin (0*6981/). 
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In Ihc same way we see, in general, that if a straight line of length a, such as a 
crank, starts in a horizontal position w'hen / = o, and revolves in a vertical plane 
round one end at the uniform rate of q radians per second, the projection of the free 
end on a vertical straight line has a notion which is represented by the equation 
s — a sin qt. 

In the same way OM = OP cos AOP = a cos qt. 

the projection of P on a straight line parallel to the starting-position of OP, 
oscillates so as to satisfy the law s = a cos qt. 

The student will find a simple periodic motion represented sometimes by 
n sine formula and sometimes by a cosine formula. The motion is evidently 
the same in the two cases, the difference in the equations only depending on 
the instant from which we measure the time. If wc measure the time 
from the instant when OP is in the line of the simple periodic motion, 
wc get an equation of the form s = a cos qt ; if we measure the time from 
the instant when OP is perpendicular to the simple periodic motion, we get 
an equation of the form j = « sin qL 

If OP represents the crank of a vertical engine with a connecting-rod 
which is very long compared with OP, the motion of the cross-head may be 
approximately represented by that of N, and, therefore, by the equation 
s = a sin qt. 

If we are given the number u of revolutions per minute instead of the 
angular velocity, then the crank evidently turns through radians per 

second. Therefore, q - and the equation representing the motion 

, . 27r»t 

becomes j = « sin — ^ ■ 

6o 

ICXAMi’LE. — ^ OP of length 5" starts from a position making an angle of 

59° with the horizontal line OA at time ^ = o, and rotates in a vertical plane at a 
uniform rate of 120 rcvolutiofis per minute in a counter-clockwise direction. Plot a 
curve shelving the motion of the projection of P on a vertical line OB. 



Draw' a circle of radius to represent 5" on some suitable scale. Draw the horizontal 
and vertical diameters A'A and B'B. 

Set off the angle AOP, = 59°. Then OPj is the position of P when t — o. 

The crank turns through 120 X 2ir radians per minute, or 4^ radians = 720° per 
second. 

When, as in this case, the positions of P at the ends of successive seconds are too 
far apart to be used for plotting a curve, set off the positions of P at intervals of any 
convenient fraction of a second. 

In this case OP moves through 36° in 0 05 sec. Starting from Pj set off points 
showing the position of P at intervals of 0*05 sec. The table of chords is 
useful ^r this purpose. Set off a scale of times along OA produced, extending 
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from o lo o'5 sec., so as to show a complete oscillation of N, and plot the ciiivc as 
before. 

To find the equation of this curve \vc note that OP turns through 4ir/ radians in 
time i starting from OP|. 

al lime angle AOP ~ AOP, + PjOP 

59 ° + 4 ’r/ 

= (i 2‘566/ + I ’030) radians 
and s = ON = PM — OP sin AOP 
— 5 sin (i 2‘566/ + i’o3) 


Similarly, any equation of the form 

j = fl sin {fj/ + a) 

represents the simple periodic motion of the projection of P on a vertical diameter, 
when 

ft -- the radius OP -- the aimditiule of the motion. 

^ — the angular velocity of OP ; 

a ~ the angle which OP makes with the horizontal diameter when / = o. 

The ratio which the angle qt = P,OP in Tig. 61, through which OP has turned 
at any instant .since / = o, bears to the angle 2ir, through wliich it turns in a w hole 
revolulion, is called the phase of the vibration w'hen the lime = / seconds. 

'1 he angle BOP, between the revolving arm OP, at the instant when / — o, arul 
the axis, along which the periodic motion takes place, is called the epoch of the 
vibration. 


Exami'I.es.— XLIII. 

I’lot the following curves between / — o and t = 2ir : — 

y = 2 sin /. y — sin 2/. 3 - = i sin 3/. 

4 . j ~ J .sin 4/. 5 . y — ^ sin 5/. 

0 . A craidc, I ft, long, .starts in a horizontal position, and rotates in a counter- 
clockwise direction in a vertical plane at the rate of i'2043 radians per second, so that 
the projection of the moving end of the crank on a vertical line oscillates wdth a 
sinqile periodic motion. Construct a curve to show the distance of the projection 
from the centre of its path at any time. Write down the equation to this curve. 

7 . Construct the corresponding curve when the crank in the last example starts in 
the same po.sition, and rotates at the same rate in a clockwise direction. Write down 
the equation to this curve. 

0 . A crank, 6 ins. long, starts at an angle of 45° with the horizontal, and turns 
through 30° per second in a counter-clockwise direction in a vertical plane. Construct 
a curve to represent the simple periodic motion of the projection of the free end of 
the crank on a vertical line. Write down the equation of this curve. Construct the 
corresponding curve when the same crank starts in the same position, and rotates in a 
clockwise direction. Write down its equation. 

0 . A crank 9 ins. long starts in a position making an angle of 13° with the axis of 
jf, and rotates in a counter-clockwise direction at the rate of 10 revolutions a minute. 
Draw a curve to show the motion of the projection of the end of the crank on Oy. 
Write down the equation of this curve. 

10 . A straight line OP of length i'8 ins. starts in a position such that xOP = —42°, 
and rotates in a counter-clockwise direction about O at the rate of 1200 revolutions 
per minute. M is the projection of P on Ojt. Construct a curve to show the value 
j of OM at any time /, and write down the equation connecting s and /. 

riot curves to represent the follow ing motions : — 

11. s = 2’5 sin (I’liy/ — 0-7156). 12. j = 4 2 sin (1-2217 — 0-4363/). 

13 . j = 2-5 sin (i’SS5 — 1*4661/). 14 . j = 1-5 sin (200/ -f- 1-5). 
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10 . Plot Ihe curve 

^ 3 sin (2ir// + 1-5708) 

where / = 10, and t is measured 
in seconds. 

17 . Plot the curve 
^ = A sin {qx + 

wlicrc A = 2'4, q = 0*7854, 
^ — I '3090. 

18 . Plot j = A sin ( 27 r/? + (!•), 
for the case when A = 5'6, 
<r = — 0-7, and / = 140, so as to 
show a complete period. 

10 . If I is the value of an alter- 
nating electric current at time t 
and I = 3-5 sin 800/, plot a curve 
to show the value of i at any time 
throughout a complete period. 

20 . V is the voltage in 
a certain circuit at time t and 
V = RA sin qt. Plot a curve to 
show the value of V at any time 
throughout a complete oscillalion 
if R = 0 25, A = 3-1, q = 20007 r. 


75. 1 / - rtc''*- sin (ca' + 0 ^). 

Consider the case 

y = sin 2 r 

The curve is plot- 
ted in Fig. 55, and y = sin 2-r 
in Fig. 58. 

Plot these two curves to- 
gether with the same axes, 
measuring x in radians for the 
curve y = sin 2.r (Fig. 62, 
a and d). 

P"or various values of .i* 
multiply the corresponding 
ordinates together, thus getting 
ordinates of the curve 

^ sin 2 x 

This is the curve c in Fig. 
62. 

Note that this is a wave 
curve in which the amplitude 
of the successive waves gets 
smaller and smaller, while the 
wave length remains the same. 

If y represents distance 
moved in time :r, curves of this 
type may be used to represent 
such cases as the oscillations 
of a stiff spring, the damped 





Fig. 
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oscillations of a galvanometer needle, or the oscillations of a disc suspended 
by a wire in a liquid, such as is used to compare the viscosities of dilTcrent 
liquids. 

If_y represents the electric current passing at time r, curves of this type 
may be used to represent the oscillatory discharge of a condenser. 

In the case of a damped oscillation the curve (^) represents the oscillation 
which would take place if there were no friction, while the curve (a) 
represents the cfTect of tlie resistance, such as' the stiffness of the spring or 
the viscosity of the air or liquid in which the oscillation takes place. 

In the oscillation represented by^ = sin {ci + d) the quantity k may 
be taken as a measure of the effect of the resistance, and is called the 
logarithmic decrement of the oscillation. 


Examples. -XLIV. 

1 . riot llic curve 

- h. . , 

y c sin bx 

bctwcL'ii X -- o and x = ^ir. 

2 . Plot the curve 

s — 20 t~® sin t 
2'3 

hctwi'cii / — o and / = /[ir. 

3 . j' is the displaccinciil of the end of a stiff spring from its position of equilibrium 
at time / seconds. 

/ = sin ~t 

1 1 

r 7 is the amplitude wliicli the oscillation would have if there were no friction ; T, is 
the period ; b represents the effect of the stiffness of the spring. If a = lo, T, = O’Q, 
^ = 07s > piol ^ curve to show the value of s at any lime during the first four complete 
oscillations. 

4 . Tile oscillatory discharge of a certain condenser through a circuit containing 
resistance and self-induction is given by the equation 

V = 1414^'!® * sin (10,000/ + 07854) 

Plot a curve to show the value of the potential v at any time between / = o and 
/ = 10“^ seconds. 

70. Curves representing Compound Periodic Oscillations. — An 
equation of the form y = a sin {cf + if) represents the simplest form of 
periodic oscillation, such as the small oscillation of a pendulum. 

We often meet with more complicated oscillations, which may be 
represented by equations of the form 

y - sin (ct + r/,) + a.^ sin { 2 ct + d.^ + sin ( 3 ^/ + rfj) + . . ■ 

The note of a musical instrument, for example, consists of a fundamental 
tone represented by the first term on the right-hand side of the equation, 
and its overtones represented by terms such as the second and third. The 
second and third terms represent the first and second harmonics respectively, 
and so on. 

In the study of alternating electric currents, also wc meet with functions 
of the form 


I = rt, sin (// - fl,) + a, sin ( 3 // - # 3 ) + a, sin ( 5 // - 9.) 
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In problems on valve motion we usually meet with oscillations composed 
of the fundamental and the first harmonic, such as 

= 3 sin {e + 36°) + 0-3 sin (2O + 90°) 


Example. - tne cut-vt 


y = 2 sin / + J sin 3/ 



riot the curves ^ = 2 sin (A), and y = ^ sin 3/, (A^). A represents the fiinila- 
mcnlal, and A3 the secoml harmonic. 

The required curve C is obtained from these two curves by adding together the 
two ordinates which correspond to any given value of jr. 

if PN and P3N lie the ordinates of the fundamental, and of the second 
harmonic corresponding to any given value ON of then the ordinate QN of the 
required curve is equal to NP + NP3. The addition should be carried out mechanically 
by means of dividers, and not arithmetically. Eroin P mark oil' PQ equal to NPj, 
and so on. 

We thus obtain the curve C representing the combination of the fundamental and 
the second harmonic. 

The curve C might also have been obtained by direct calculation of each value of 
y^ but it is more instructive to plot the hariiionics separately, as above. 


Examples.— XL V. 


Plot the following curves from f = o to / = 27 r : — 

1.^=2 sin ^ i sin it. 2. j = 2 sin / + J sin 4/. 

3 . j = 2 sin / + J sill 5/. 4 , = 2 sin ^ } sin it 4- J sin 3^. 

6. Plot^ = sin qt + J sin ^qt for the case q — 600, from f = o to f = — . 

Plot the following from ^ o to / 2ir : — 

0 . ^ = 2 sin (t + I ’0123) + ^ sin 3/. 

y — 2 sin (/ — o'GSoy) + ^ sin 4/. 

8.^ = 2 sin [t + o'4oi4) + J sin [it — o’5o6i). 

I 1 

0 . Plot y — sin X + cos x by constructing llie two curves separately and 


adding the oidinales ; also plot the curves = sin and verify 

sin (A + B) by showing that the two curves arc the same. 


the formula for 
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10. Plot y o'342 .sin X — 0*940 co-S jr, and veriTy the formula for sin (A — I?) 
by showing that this is the same as 


y — sin (x — 70") 

11. The value of an alternating electric current / amps, is given at lime / seconds 
by the equation 

I — 50 sin 600/ d- 20 sin iSoo/ 


Plot a curve to show the connection between i and /. Take ^ on a large scale and 
plot to show two complete alternations. 

12. The voltage V in an alternating current circuit at time / is given by 


V = RA sin + LA^ cos 

Plot a curve to show V as a function of t for two complete periods, having given that 
R = 0-5, A = 5, q — 1000, L — 0 0005 


13. If X is the distance of a piston from a fixed point on its path at time /, 


X ~ r sin qt H , cos 2qt 

4^ *'4/ 


where q = angular velocity of crank, r = length of crank, I = length of connccting- 
rod. Plot a curve to show jc as a function of t when r — ^ = 3i 7 = 27r. 

14. OAB is a crank capable of revolving in a counter-clockwise direction in ihn 
vertical jilanc OAB, about an axis through O. It is bent at right angles at A. OA 
is 3 ins. long, AB is 2 ins. long. OY is a fixed vertical straiglu line ; M and N are 
the projections of A and B on OY. The crank starts in a position such that OA 
makes an angle 45° with OY, and AB points towards OY, and moves towards OY at 
the rate of 120 revolutions per minute. Let ON — y \ plot a curve to show the value 
of V for any value of t from / = o to / = i sec. Write down the equation, giving j in 
terms of t. 

15. 'riic force F on the piston of an engine, when the crank makes an angle 9 
with a fixed direction, is given by 

F = Mw'/ (cos 0 + 0*29 cos 2O — o'oo6 cos 40} 

for Ihc case where the connccling-rod is three and a half times as long as the crank. 
Plot a curve, as accurately as your scale wdll allow, to show the value of F for any 
value of 0 from 0 = o to 0 = 360°, taking M = 40, w = firr, r = O’ 5. 

{EU’ctrician^ Feb. 13, 1903, p. 670.) 


77. QraiDhic Solution of Equations. — To solve an equation, we require 
to find the values of x which make a given function of x equal to zero. If 
we plot a curve in which the ordinates arc the values of this function for 
various values of .r, the points where this curve crosses the axis of jt give the 
required values of .r for which = o. 

Examim.e (i ). — Solve the equation 

X-'- - 4-3IX + 3’93 = o 

I.ct4/ = a=-4-3i.r-P3’93. 

Calculate the values of y for various values of at, such as O, i, 2, etc., for which 
the calculations can be rapidly made. 

Wc find 

when jr = o, = 3'93 
„ X - I, ^ = 0 62 
M 4r= 2. -0-69 

.1 ■^ = 3 i;' = 0 

Thus one root of the equation has been found by trial. 
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If wc plot a curve representing as a function of x, this curve is above the axis of 
X X = I, and below it at j: = 2 , therefore it must cross the axis of x between x = i 
and ;r = 2. 

When X = I '5, we findj/ = — 0'285. 

The student should plot the curve. 

Plot the values of^for the values jr = l, x = l'5, and x = 2. The curve obtained 
crosses the axis of x at the point x = l’3. By trial we find that the value x = i '3 is 
a root of the equation. Thus the required roots are 3 and i'3. 

Example (2). — To find a value of x betweefi O and 2, which satisfies the equation 
X^ + 2X' — 3'26 x — 0'3I27 = o 

Let y denote the expression on the left-hand 
side of this equation. 

We find by calculation 

when X o, y = — o '3 127 
,, x^ i, y = - 0-5727 

„ X- 2, +9-1673 

therefore, if we plot a curve representing as a func- 
tion of X, this curve is below the axis of x at x = i, 
and above the axis of x at x = 2, and therefore it 
must cross the axis of x between x = l and x = 2. 

For X = 1-5 we fim\ y ■= 2-562, therefore a root 
lies between x = i and x = 1-5. 

Plotting the points whose co-ordinates have been 
cnlculated, we get the curve. Fig. 64. 

This crosses the axis of x between x = I'l and 

X - 1 - 2 . 

By calculation we find 

when x = ri, y = — O’ 1477 
„ x= 1-2, +0-3833 

Plotting these points on a large scale, and joining by a straight line, wc sec that 
1-13 is approximately a value of x, for which j;/ = o. 

By calculation, when x = 1*13, j = o, to 5 places of decimals. 

To secure still greater accuracy, if necessary, we might calculate for the values 
.V = ri 2 , and X = 1-14, and plot on a still larger scale ; and so on. 



Example (3). — Solve the simultaneous equations 

y = x^ — o'Gx^ + o’2x — I '4 
y = I + X — 0-4X* 

Here we require to find a pair of values of x and^ to satisfy both these equations 
simultaneously. If we plot the curves represented by the two equations, the points 
of intersection lie on both curves, and therefore their co-ordinates satisfy both 
equations, and give the required roots. 

Let_y, = x^ — o’6x* + o’2x — i'4 

yt = - 0-4X* + X + I 

Then by calculation we find the following pairs of corresponding values : — 


X. 

>1- 

yi- 

0 

-1-4 

ro 

I 

-0-8 

16 

2 

4-6 

14 

— 1 

- 3'2 

-0-4 

— 2 

— 12-2 

-2-6 
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On ploUing these points we sec that the curves cross between x = l, and x = 2, 
and from their general shape this appears to be their only point of intersection. 



Fig. 65. 


Accoidingly we calculate the following values of and in the neighbourhood 
of the point of intersection : — 


JC. 


J'2- 

15 

0-925 


I '6 

i '6 

I *48 


1-58 

17 

2019 


I ‘544 


These curves evidently cross between x = l'6 and x — I'J. 

Plotting these points on a larger scale, we see that the curves cross, and therefore 
the equations arc satisfied, for the values x = i’62, ^ = i’57. 

Example (4). — To find the values oj x bdivcai o afid 3‘i4i6 which satisfy the 
equation sin x = l. 

The most instructive method is the following : — 

If e^ sin j: = I, we have sin x = d~~*. 

Plot the curves y = sin x and y = Then at the points where these curves 
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cross, sin x and are equal, and the required values of x are therefore the abscissce 
□f these points of intersection. 

Note . — x must be measured in radians. 


y = sin X. 

y ^ 


X. 

y - 

X. 

y - 

0 

0 

0 

I 

07854 

0-7071 

I 

0-3679 

1-5708 

I 

2 

0-1353 

31416 

0 

3 

0049S 


On plotting these values we see that the two curves cross in the neighbourhood of 



Fig. 66. 


Calculating the values more aecurately in the ncighl'jourhood of these points, 
ive find 


y = sin jr. 


X. 

y - 

27° = 0-4712 

0-4540 

30*^ = O’ 5236 

0-5000 

33° = 0-5760 

0-5446 

36° = 0-6283 

0-5878 




X. 

1 

y- 

i 

0-4712 

1 

0-6242 

0-5236 

0-5916 

0-5760 

0-5622 

0-6283 

0 -.S 333 
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and 


X. 

>■ 

JC. 

y- 

3fio“ = 31416 

0 

31416 

0’0432 

354 ° = 30369 

O’ 1045 

3 

00498 

357 ° = 3 'oS 92 

□’0523 

— 

— 

358° = 3- 1067 

0’0349 




Plolling the corresponding portions of the two curves on a large scale, we find 
tliat, at the points where they cross, 

X = o' 5885 and 3 ’0965 

The student sliould verify this by plotting the above values himself. 

These arc, therefure, the required roots of the equation 

€* sin X = I 


Exami'I.ks.— XLVI. 

Solve the following equations by the graphic method : — 

1 . + o Sjc — 273 = o. 2 . jr* — 0 R3 V -|- O’ 16 12 = o. 

3. x^ — X — O = o. 4. x^ — C.i'' + I lar — 6 = o. 

6. x^ — o jx^ — o 6 x + 2 6 = o. 6. x^ + Ji* — Cx* — 13.1- — 13.V — 6 -- o. 

7 . 2:t* — 7’6 a^ — 4’o6.r- + 4’i6x + 9*84 = o. 

0 . = y. 0 . = 2 ’ 5 . 10 . X logiQ.v — I. 

Find values of x between o and 5 to satisfy each of the following equations : — 

3 1 . 2x^^ + X — — 2 = 0. 

12 . 3’Ijc3® — — X — S + 4£’0 13 '-^ = o. 

13 . 2’5£’® ‘^‘^ cos X — i’3ix- ‘* sin (o‘6x) + o’788 = o. 

14 . £•* tan o’3x — 2 6 cos i’8x — 5x1^ + 2’8343 = o. 

15 . The equation x tan x = a occurs in finding the proper tones of the vibration 
of a loaded string. 

Find a value of x between o and ^ to satisfy ihis equation (i) when fl = o’i, 
(2) when a = I, (3) when a = lo. 

10. In calculating the strength of a long column fixed at one end and held by a 
horizontal force at the other, we require to solve the equation tan x = x. Find the 

value of X between n and — which satisfies this equation. 

17 . Find a value of t to satisfy the equation 

-I- - o <^95 - 173 
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DETERMINATION OF THE LAIVS FOLLOWED BY TILE RESULTS 
OF EXPERIMENTS 


70. In most quantitative experiments we have two varying quantities, such 
as the pressure and volume of a certain quantity of gas, or the lengtli and 
temperature of a metal bar. We take various values of one of these quanti- 
ties, and observe the corresponding values of the other. If we plot these 
two sets of values on squared paper, we usually find, if they really depend 
on each other, that the points obtained lie approximately on some continuous 
curve. We often wish to find a formula connecting the two quantities, so 
that when one is known we may be able to calculate the other. To do this 
we must find the equation of the curve. 

70. Straight line laws : — 

We have seen that any straight line is represented by an equation of the 
first degree, = mx 4- c\ and that 7n denotes the slope of the line, and c the 
intercept on the axis of x. 

Thus if the observed quantities give points lying on a straight line, we 
can at once find the equation connecting them, as in the example on p. 90. 

Example. — A restanra/it keeper finds that if he has G pteAs a day his total daily 
expenditure is 1C pounds^ and his total daily receipts are R pounds. The following 
numbers are averages obtained from the books ; - 


G. 


E. 


R. 


210 

270 

320 

360 


167 
19-4 
21-6 
23 '4 


iS-8 

21'2 

26’4 

298 


Find the simple algebraical laws which seef/i to co 7 inect E and R with the number of 
guests G. (Hoard of Education Examination, 1901.) 

Plotting these values, we get the straight lines AB and CD (Fig. 67). 

Let R = w, G + Cl, be the equation of the line AB. To find ///, and r, take 
two points, A and B, on the line at considerable distance apart. 

Co-ordinates of A arc (210, 157) 

,, B arc (350, 29) 

Since these points are on the straight line 

R = nil G -r r, 
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ihcir co-ordinates satisfy this equation, and wc have 

15-7 = 210///1 + Cl 
29 = 35o;//i + Cl 



Solving llicsc as simnllancous equations for ami r,, we get 
Ml = 0-095 J <^1 = - 4 25 
the required law connecting U and G is 

R = 0095G — 4-25 

Siinilaily, if E = m^G -f r, is the equation of the straight line CD, W'C take points C 
and D on the line, and substitute their co-ordinates in the equation, 

we get i 6'7 = 2loz^/2 + 

23-4 = 360///2 + C2 

wc get Mn - 0 0447, c.. — 7-32, and E = 0-0447G + 7-32. 


Examples. — XLVII. 

In the following examples the expression “the law connecting and ar ” is under- 
stood to mean a formula arranged so that can be readily calculated when x is 
known, such as^ = mx -f c, i.c. a formula giving j explicitly in terms of x. 

Einil the law connecting and x when the following corresponding values are 
given 


X 

10 

25 

54 

1 

y 

17 

47 

105 

141 


1 . 
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2 . 


X 

12 

15-3 

OO 

<9 

y j 

244 

29 

326 

34'2 

3. 

JT 

so 

62-4 

805 

97 

y 


6-5 

505 

375 


4. L is the latent heat of steam at temperature C. Find a simple formula 
giving L in terms of 0. 


0 

75 

90 

100 

"5 

125 

L 

SS 4 

544 

536 

526 

519 


5. II is the total heat of a pound of steam at temperature 0^ C. Find a formula 
giving II in terms of 0. 


0 

65 

85 

100 

no 

120 

n 

6263 

6324 

637 0 

640- 1 

6431 


6. V c.c. is the volume of a certain quantity of gas at temperature C, the 
pressure being constant. Find the law connecting V and 


/ 

27 

33 

40 

55 

68 

V 

1099 

112'0 

114 7 

120' 1 

125 


7. / ft. is the length of an iron bar under a stress of W tons. Find the law 
connecting / and W. 


W 

0 

I 

1-8 

32 

43 

6 

/ 

10 

10005 

lO'OIO 

IOOI 75 

I 0'0225 

io '0325 


K 
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8 . V is Ihe volume of a certain quantity of mercury at temperature 0° C. Find 
the law connecting V and S. 


S'" C. 

18 

36 

60 

72 

90 

V CC 

IC) 0’32 

10065 

ioro7 

101-30 

ior6i 

0 . The following table gives the specific heat s of water at temperature 0° C : — 

0 

0° 


4“ 

6° 

8° 

s 

I 00664 

I 00543 

1-00435 

1*00331 

100233 


Find an approximately correct simple algebraic law connecting s and Q. 

10. S is tlie specific heat of mercury at temperature /°C. Find the law connecting 
S and /, 



/ 

79 ° 

100° 

119° 

130° 


S 

00325392 

00323460 

0'032I7I2 

0-0320700 


11 . S is the weight of sodium nitrate dissolved by icxd grms. of water at 
temperature C. Find the law connecting S and C. 


S 

6S-8 

72-9 

87-5 

102 

/ 

- 6 

0 

20 

40 


12 . S is the weight of potassium bromide, which will dissolve in lOO grms. of 
water at temperature C. 


t 

0 

20 

40 

60 

80 

S 

53-4 

64-6 

74-6 

84-7 

93-5 


13 . The following tabic gives the amount /"A of a certain sum of money at 
simple interest for n years. Find a simple algebraical law connecting A and //, and 
by means of this law calculate the amount in 7 years. 


n 

2 

5 

8 1 

10 


A 

318-6 

354 

389'4 

413 
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14 . The following is taken from' the price-list of Marshall's horizontal engines. 
H denotes the horse-power of an engine, and P its price in pounds, 


II 

61 

10 

14 

19 

21 

26 

33 

40 

48 

S 6 

p 

31 

37 

46 s 

57-5 

67 

83 

104 

124 

>45 

162 


Find a simple algebraic law connecting P and II. Also find an approximate law 
connecling the cost C per unit II. P., and the total II. P. of an engine ; and plot a 
curve to show the value of C for any value of II from 64^ to 56. 

15 . The following table is taken from the price list of Tangye’s horizontal air- 
pump condensers. 

d is the diameter in inches, P is the price in pounds. 


d 

6 

7 

S 

9 

.0 

12 

14 

16 

iS 

20 

22 

24 

26 

30 

P 

25 

27 

30 

33 

in 

rn 

40 


55 

60 

70 

75 

85 

90 

100 


What would you expect the price to be for a diameter of 28 ins. ? Find a simple 
approximately correct algebraic law connecting the price and the diameter. Test the 
accuracy of your result by calculating from it the price for a diameter of 16 ins,, and 
comparing with the table. 

10 . The following are corresponding values of the speed and induced volts in an 
arc light dynamo. Find the law connecling the volts, and the revolutions per minute. 


Revolutions per minute n . 

200 

320 

1 

495 

621 

744 

Volts induced v 

165 

270 

410 

525 

625 


17 . In the following results of Willans’ engine trials, W is the weight of steam 
per hour ; I the indicated horsc-power. For each set of results find an approximate 
linear law connecting W ami I. 


I 

31 63 

27-24 

21-87 

161 1 

11-50 

9‘o6 

W 

8ii'So 

6S61 

583-6 

465-26 

345-4 

266-22 


10 . 


1 

40-14 

33-25 

25-61 

18-69 

10 81 

W 

671-44 

564-2 

' 143'22 

336-13 

219-1 
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19. 


I 

3319 

2711 

22-09 

11-86 

11-66 

w 

492' 12 

411-47 

349 73 

216-50 

2I2-6o 


20 . The following table is obtained from the results of experiments to find how 
ihc pull exerted at llic draw-bar by an electric locomotive depends upon the current. 
P is the puli in pounds, A the current in amperes. 


P 

400 

8So 

1370 

1600 

20S0 

2400 

A 

6s 

86 

106 

116 

137 

150 


Find the current required for a pull of 2000 lbs. Find a simple approximately 
correct algebraic formula giving A for any value of P within the limits of the 
experiments. 

21 . The following are corresponding values of the torque and current in the 
armature of an Edison Bipolar Dynamo. 


Torque inch-lhs. . 

76 

*45 

i 

290 

1 

3S0 

500 

575 

Current amperes . 

II 

20 

40 

52 

68 



78 


Find a simple algebraic law connecting the torque and the current in the armature. 

22 . P is the pull required to lift a weight W by means of a differential pulley 
block. I'^ind the law connecting P and W. 


W 

S6 

II 2 

168 

224 

340 

P 

10 

17 

24 

28 

42 


If h is the distance moved by P to lift W 1 ft. the efficiency is Find the law 
connecting the efficiency and the weight, having given h = 27^2 ft. 


80. Other Forms rocluced to Straight Line Laws. — If we have a 
number of corresponding values of jrand_y which are connected by a law 
of the form y ■= a then, if wc plot x and we shall get a parabola 

which is not easily identified. If, however, we plot 7 and we get a straight 
line, because the equation y = a d{x-) is of the first degree in the two 
variables j and x^. 

Example. — The follmving values of x and y are supposed to follow a law of the 
form y — a -\- hx^. Test this, and find the values of the constants. 
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X 

19 

25 

31 

38 

44 

y 

1900 

3230 

4900 

7330 

97S0 

Calculate the values of 

, and then plot^ and a*. 



x-^ 

361 

625 

961 

1444 

1936 



Vahws of X- 

Fig. 68. 


The result is the straiglit line AB, Fig. 68. To find the values of a and 
take any two points A and B on the straight line, and substitute the co-ordinates of 
the points A and B in the equation^ = + l>x-. 

We get two simultaneous equations to find a and b. 

3045 = rt + 6oo'v \ 

9155 — a + iSoo^J 
/. b = 5 092 ; a = —10 

and the required law is 

y = 5*09^^ — 10 

81. Similarly, many other algebraical laws may be represented by 
straight line laws by plotting suitable powers or products of the variables. 

if y = axy + we get a straight line by plotting y and xy^ because 
the equation is of the first degree in^ and xy. 
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U .ry = ajc -{■ by we have, dividing hy x^y = a is of the 

y 

first degree in y and and therefore we get a straight line by plotting these 
quantities. 

ExampI-F. (i). — The following values of x and y are supposed to folltnv a law of the 
form y = bxy -}- c. Test thisj arid fnid the law. 


X 

3 

4-6 

52 

69 

y 

07s 

0 ‘4 i6 

0-357 

0253 

Calculating the values of aj, we get 



xy 

2-25 

1-914 

1-856 

1749 


riotLing y and xy wc get a straight line, and therefore the law is of the above 
form. The student should draw the figure for himself. Taking two points on the 
line, and substituting their co-ordinates in the equation = bxy + c, wc obtain two 
simultaneous equations to find b and c. 

Solving these we get ^ i, r = — i’5, and the law connecting xy and x is 

y = xy^\'^ 

Example (2 ). — The following are results of Mrs. Ayrton's experiments to find the 
relation beticeen the potential dijjerefice V and the current A />/ the electric arc. 
i.ength of arc = 2 mm. 


A amperes 

1-96 

2-46 

2-97 

3'45 

3-96 

4-97 

5-97 

697 

7-97 

9-0 

V volts 

50-25 

48-7 

47-9 

47'5 

468 

457 

45-0 

440 

43 

43'5 

W == VA 
watts cal- 
culated . 

98-49 

118-7 

*47-7 


iSS -3 

2272 

268-7 

306-7 

34C-7 

1 

391-3 


It W’as required to find an equation connecting V and A. On plotting V and A 
a curve was obtained whose equation was not at once evident. 

When the power in watts, W equal to VA, and the amperes were plotted the 
result w'as a straight line (Fig. 69). 

The calculated values of W arc given in the third line above, 

Let the equation to this straight line be 

W = flA + ^ I. 

By measurement from the figure we find, 

when A = I, W = 63 

.. A = 10, W = 434 
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substituting in I, 


63 = + 3 

434 = 10(7 + ^ 


Solving we get a = 41 '22, If = 2r8. 


W = VA = 4r2A + 21-8 

. I 218 

V = 4i-2 + ^ 


This is the law connecting V and A, and is 
in the figure. 


the equation to the curve II shown 



It will be seen that some of the points are above and some below the line. 
After jilotting the results of any experiment in this way, the distance of the plotted 
points above or below the curve enables us to form an estimate of the most probable 
degree of error in each reading in so far as it is not due to some permanent cause 
such as a defect in the apparatus, to see which are the best results, and what is the 
most probalde average degree of accuracy in the whole scries of observations. 

It should be remembered that, in a case like the curve II (Fig. 69), where the 
vertical scale does not begin at zero, the divergence of the various readings from the 
curve must be reckoned on the whole value of the quantity represented by the ordinate 
in estimating the accuracy of the experiments, and not only on the part actually showm 
in the figure. 


Examples. — XLVIII, 

In examples i to ii, ^ and j: are connected by one or other of the laws j/ = a f 6 x*t 
y = a -\- bxy, xy = ax + by. 

Find the law and the values of the constants In each case. 
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1 . 




39'5 

57-6 

70-8 

885 


y 

333 

6S5 

1061 

1SS7 


2 . 


;r 

19 

25 

3 > 

38 

44 


1908 

3228 

4908 

7323 

9783 


3. 



2'05 

431 

5-62 

7-84 


2-8 

1-43 

I‘I 2 

o‘8i6 


4 . 


jr 

*'3 

34 

6-2 

8’3 

I2'2 

y 

056 

0*91 

i‘ii 

I I8 

127 


6. 


X 

61 

9’3 

i 3'5 

17-6 

y 

444 

4096 

3375 

25 '3 


6. 


X 

0-45 

0-97 

13 

2’5 

y 

6-48 

7'9 

1 

917 

22'4 


7 . 


X 

3 

4-6 

5-2 

6-9 

71 

y 

075 

0416 

o'357 

0-253 

□ ■246 
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8 . 


X 

31 

47 

63 

85 

y 

8-35 

9-41 

lOl 

107 


9 . 


X 

2-1 

5-4 

67 

9'3 

10-2 

y 

1S25 

0-885 

0832 

0778 

0767 


10 . 


X 

6 

6-93 

7-48 

8-66 

922 

y 

75 

II-5 

i 3'8 

205 

235 


11 . 


X 

65-5 

762 

827 

92-6 

977 

y 

55 

63 

677 

81 

87 

12. The following table gives the horse-power required to drive a 
at a speed of V knots ; — 

certain vessel 

H.P. 

290 

560 

1144 

1810 

2300 

V 

5 

7 

9 

II 

12 


It is supposed that the H.P. is connected with the speed by a law of the form 
H.P. = /tv* + C where k and C are constants. Test this, and find the approximate 
values of the constants. 

13. The following are results of Westinghousc and Gallon’s experiments on the 
friction of steel rails on steel tyres. 


Velocity in miles per hour = V . . 

25 

38 

45 

50 

Coefficient of friction = fi . 

o'oSo 

o'o5i 

0047 

0040 

1 


Find the law connecting V and ft,. 
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14 . R is the resistance in pounds per ton to the motion of a train at V miles per 
hour. Find the law connecting R and V. 


V 

10 

20 

30 

40 

50 

R 

7 

91 

14-5 

20 

29 


16 , The following is taken from the price-list of Clyburn’s adjustable spanners. 
S is tlic size, and P the price in shillings. 


S inches 

4 

* 

> 

u 

• i 


2 



P 

3'5 

45 

6 

75 

9'5 

12 

IS 

iS 

21 


Find an approximately correct algebraical law connecting P and S. 


10 . The following is taken from the price-list of Tangye's gun-mclal plug-taps 
S is the size in inches, and P the price. 


s 

i 

1 

h 

i 

1 

• i 

li 

2 

p 

2 

275 

3*5 

5 

1 

>075 

>3 75 

22'5 


P'iiid an approximately correct algebraical law connecting P and S. 


17 . The average power sent out by an electrical company is P. x pence is the 
charge per horse-power hour which will just cover the cost of this. Find a simple 
algebraical law connecting x and P. 


P 

1 

1000 

750 

500 

250 

ICO 

X 

I'l 

13 

rs 

24 

49 


18 . The data in examples 18, 19, 20, are results of Mrs. Ayrton’s experiments on 
the resistance of the electric arc. As in the worked example above, find for each 
case the formula, giving V in terms of A. 

Length of arc = 3 mm. 


A (amps.) 

I’96 

2‘46 

2-97 

3-45 

3'96 

4'97 

S '97 

697 

7'97 

V (volts.) 

67*0 

627s 

5975 

58-5 

56-0 

53-5 

520 

5 i ’4 

506 
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19 . Length of arc = 4 mm. 


A 

2’46 

297 

3 ‘45 

396 

■ 4’97 

5'97 

6-97 

7'97 

V 

677 

650 

630 

6i'o 

58-25 

56-25 

S 5 -. 

543 


20 . Length of arc = 2 mm. 


A 

rqb 

2 '46 

2-97 

3'45 

3-96 

4*97 

5-97 

6-97 

7-97 

V 

60 0 

55'75 

53*5 

52*0 

51*2 

49-8 

49 0 

48-1 

47 '4 


21 . A hydrometer is found to give the following readings r when immersed in 
liquids of density D. Find the law connecting D and r for this hydrometer, and from 
this law draw the calibration curve showing D as ordinate for any value of r between 
10 and 40 as abscissa. 


D 

091 

090 

0-88 

0-86 

r 

24-3 

26 

297 

33*5 


22. r is the reading of a hydrometer intended for measuring the densities of 
liquids heavier than water, when immersed in a liquid of known density D. Find a 
formula to give D for any value of r from r = o to r = 50. What is the density of a 
liquid for which the reading is 30. 


r 

0 

I 3'9 

40 

43 

50 

D 

I 

I'l 

1-38 

1-42 

1*53 


23 . V is the viscosity of water at temperature C. Find the law connecting 
V and 0 . 


9 

3 

5 

8 

10 

V 

1 

00142 

00134 

0'0I22 

0'0Il6 


24 . E is the thermo-electric E.M.F. at the junction of copper and lead at a 
temperature C. when the other junction is at 10° C. 


t 

— 210 

- 5 

120 

350 

E (10“" volts) 

-55S 

- 14 

1 

I 357 

1122 


Find a law of the form E = ar + 3 /* connecting E and /. 
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82. General Formula connecting Two Variables. — It may happen 
that on plotting two variables and x w'e get a regular curve after allowing 
for errors of observation, but that we can find no simple algebraic law con- 
necting and X. 

Also we may sometimes require a more exact formula than the 
approximate algebraic laws found by one of the above methods. 

In this case we may assume 

= a + dx + cx^ 

Taking the co-ordinates of three points from the curve and substituting, 
we obtain three simultaneous equations to find the three constants a. d, 
and c. 

If this law is not sufliciently exact, we may assume 
y = a + dx + cx^ + eix^ 

and find the constants by substituting the co-ordinates of four points on the 
curve. 

We shall usually find that the constants get smaller as we proceed to 
higher powers of x, and that the assumed law can be made as exact as we 
please by carrying tlie scries to a sufficiently high power of x. 


Example. — The follotuing table gives the modulus of torsion T of steel at various 
temperatures 0. Find a formula to calculate T when 0 is known. 


0 degrees c j 

0 

20 

40 

60 

80 

100 

T kilogrammes per sq. mm. 

8290 

8253 

8215 

8176 

8136 

8094 


Plotting T and we get a series of points which lie on a regular curve, which is 
nearly, but not quite, a straight line. 
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The student should plot this curve for himself on a large scale. 

It is evident from the figure that the variation from a straight line law is not due 
to errors of observation, and if we assume a straight line law the resiiUing formula 
will be less accurate than the given data. 

There is nothing to lead us to assume any special form for the law connecting T 
and 0, and accordingly we assume 


T = a + be 

In this case, since the points representing the given data lie exactly on the curve 
to as high a degree of accuracy as we can plot them, wc may take three of the given 
values for the purpose of calculating the constants. 

In cases of this sort the points which are plotted from the given data will not 
usually lie exactly on the curve, owing to small errors of observation. The values 
for calculating the constants must then be taken from the curve, and not from three of 
the given pairs of values, because the curve has been drawn so as to compensate for 
small errors of observation. 

Substituting the pairs of values of T and B, for which 0 ~ 0°, 60” and 100'’ 
respectively, we get 

8290 = a 

8176 = rt + 60b + 36oOf 

8094 = a + ioo 3 -h looooc 

Solving these simultaneous equations in /z, < 5 , and wc get 
a = 8290 ; ^ — i-8l ; c = — 0'OOI5 


the required law connecting T and B is 

T = 8290 — I' 8 i 0 - 0*00150* 

To test this formula we have, substituting 
0 = 80° 

T = 8290 — I *81 X 80 — 0*001 5 X 6400 
= 8135-6 

The value of t given above for 0 = So° is 8136 ; tliis agrees with the formula to 
the degree of accuracy with which the data are given. 


Examples. — XLIX. 

1 . Find a law of the form y = a bx connecting the following values of 

y and x : — 


X 


I 

3 

5 

7 

y 


55 

5'9 

5'5 

4-3 


2, 0 is the melting-point of an alloy of lead and tin containing per cent, of lead. 


X 

87 s 

840 

77-8 

637 

46-7 


0° C. 

292 

283 

270 

235 

197 

181 


Find a formula giving the melting-point of an alloy containing any known percentage 
of lead from 90 to 40 per cent. 
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3 . E is Lhe modulus of elasticity of steel in kilogrammes per square millimetre at 
temperature 1 ° C. 


/ 

0 

50 

100 

200 

E 

21,483 

21,364 

21,212 

20,458 


Find a formula to calculate E in terms of /. 


4 . 7 is the mean coefTicicnt of expansion of mercury between temperatures o° and 
C., according to the results of Rcgnault's experiments. 


/ 

0 

100 

150 

200 

250 

300 

360 

7 

o’oooi8i79 

0-00018216 

000018261 

000018323 

0 ’00018403 

000018500 

0-00018641 


Find the law connecting 7 and t. 


63 . Bubatitution of Linear for More Complex Lawa. — ^We have seen 
that when y and x can be represented by the co-ordinates of points which lie 
on a regular curve, we can usually find a formula 

y = + IfX + cx^ .... 

which will represent the law connecting y and x to any desired degree of 
accuracy, according to the number of terms taken. 

When c is small it is sufficiently accurate for many purposes to take the 
lawj/ = a d.r a.s a sufficiently close approximation, i.e. when the curve is 
nearly straight we take a straight line as representing the curve with 
sufficient accuracy. 

in the example, p. 140, we obtained the formula 
T = 8290 — i’8i0 — o'ooi50^ 

So long as e is not greater than 100, the error caused by neglecting the 
third term is not greater than 15, z.e. about 0 2 per cent. Thus we might 
take the linear law 

T = 8290 - rSifl 

as an approximation to the required law. 

This sug^gests that when the connection between^ and .r Is given by a 
complicated formula, we may represent this complicated formula by a simpler 
linear formula to a sufficient degree of accuracy, between certain definite 
limiting values. 


Example, — TAere ts a function y — ^ log^^ x + 6 sin x + 0-084 “ 3 ' 5 )’- 

find a much simpler functioji of ;r, which does not differ from it in value more thd?i 
2 per cent, between .t = 3 and x = 6 . The angle x is in radians. 

(Board of Education Examination, 1902.) 
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I 3 y calculation we End the following values : — 


X 

3 

4 

5 

6 

y 

41S2 

S' 36 S 

6-560 

7-805 


Plotting these values, we get a curve which is very nearly straight. It is seen 
from inspection of the curve that a straight line can be drawn so that the value of the 
ordinate^ for the straight line differs by less than 2 per cent, from the ordinate fur 
the curve. 

Draw this straight line, and let its equation be = fftx + 

The student should draw the figure for himself. We find by inspection of the 
line that 

when X = ^ ; jy = 4’2 
and when x = 6 ; y = 7 '8 


Substituting, we get 

4-2 = ^m -{-c 
7’8 = 6 m + £ 

Solving these simultaneous equations in m and we get 
« = I '2 ; r = 0 6 

the formula y ■=■ i'2.r + 0'6 may be used instead of the given formula to the 
required degree of accuracy. 


Exampi.es. — L. 

1 . Find a simple linear formula, which gives the same values of y as the formula 
y — x-\-/s/i^x^ between a: = 8 , and x = 12, correct to o'2 per cent. 

2 . There is a function 

X 

y = lo^-w + 5 log,o X -Vx 

Find a simpler formula which will give the same value of y correct to less than 
2 per cent, between x ■= l and x — 

3 . Find a simpler formula which will give the same values of y as the formula 

^ = 25 logijAT + 10 cos ^ + o’o8.t® 

between x = S, and x = 10, with an accuracy of at least r5 per cent. 

4 . Find a simple formula to give the same values ofy as the formula 

y= 2 login Sa: + 100 sin 0*05^ + + \^x + 2 


correct to at least 2 per cent, between x = 2 and x = 6 . 
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84. Laws of the Form y — ax". — If the observed values of two variables 
y and X are connected by a law of the form y — we get, on taking logs 
of both sides of this equation, 

Qogy) = «(log x) + log a 

This is an equation of the first degree in (log^') and (log jr), and there- 
fore, if we plot values of (logj') as ordinates and values of (log x) as abscissie, 
wc get a straight line. 

Accordingly, when such a law is suspected, we plot the logarithms of the 
two variables. If a straight line is obtained it follows that the above law is 
satisfied, and the values of n and log a may be found by substituting the 
co-ordinates of any two points on the line, and solving the resulting 
simultaneous equations. 


Example (i). — The following quantities are supposed to follow a law of the form 
y = fiX^. Test thisj and find the values of a and n. 


X 

4 

7 

II 

15 

21 

y 

28 6 

79 '4 

182 

318 

5S9 

'Faking logs, wc get 

I.Og X 

0’6o2 

0-845 

I '04 1 

1-176 

1-322 


1-456 

i'90o 

2 ’260 

2-502 

2-770 


Plotting logy and log x as ordinate and abscissa respectively, we get the straight 
line AB, Fig. 71. 

^05 y connected by an equation of the first degree, and y and x are 

connected by a law of the form y = aX^, 

The equation to this straight line is 

(logjp) = //(logx) + log a 

Reading off from the figure the co-ordinates of A and B on this line, wc get 

at A log X = o' 64 ; log^ = i'525 
at B log X = i'24 ; log^ = 2‘62 

Substituting in the equation to the line 

r525 = 0 64 rr + log fl 
2‘62 =I'24fl + logrt 

/. n 1-82 ; log a = 0'357 
and a = 2*27 

y and x are connected by the law^' = 2 'yP'^. 
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00 00 TO T2 14 

Values of log x. 

Fig. 71. 


Exampi.e (2). — I is the indicated horse-pcnoer required to drive a vessel of a certain 
type, of displacement D to?iSf at a speed of 10 knots. Find the law co?inectuig I a?id D. 


D 

0 

2300 

3200 

4100 

I 

655 

789 

1000 

1164 


To try whether a law of the form I = aD" is satisfied, wc plot the logs of I and D. 


Log D 

3 'Z 3 SS 

3 ' 36 i 7 

3-5051 

3-6128 

Log I 

2 -8 i6 

2897 

3000 

3-066 


Plotting these values, we get a straight line AB, Fig. 72, and therefore I and D 
satisfy an equation of the form I = oD’*. 

The equation of this line is 

(log I) = w(log D) + log a 


L 
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We find that at A 

log I = 2-83 ; log D = 3 256 
and at B log I = yo^ J log 0 = 3 60 

substituting 2 83 = y2S6n + log a 

3-06 = 3-6o« + log a 
Solving, we get w = o'67 ; log a = o ’65 
and /. a = 4 47 

I and D are connected by the law 

I = 4 - 47 D 0 -C’ 



3’2 33 3-4 35 3 8 

Values of tog D 

Fig. 72. 


Example (3). — The follouing table gives the loss of power E due to magnetic 
hysteresis^ for djffei ent values of the magnetic ijiduction 13 in a transformer core built up 
of a certain quality of thin sheet irofi : — 


Maximum B . 

2000 

4000 

6000 

8000 

10,000 

Hysteresis loss E . 

2869 

8700 

16,660 

26,370 

37,660 
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Tt is supposed \hat a law of the form E = connects E and B. Test this^ and 
Und the actual law. 


We have the following corrcsponcling values of log E and log B : — 


Log B 

3-3010 

3-6021 

37782 

3-9031 

40000 

Log E 

3’4S7S 

3 '9395 

4-2217 

4-4211 

4'5759 


Plotting log E and log B wc get a straight line, whose equation must be 
log E = « log B + log k 

The student should plot the figure for himself, and verify the following measurc- 
ucnls. We find, from the figure, that 

when log E = 3*8, log C = 3-51 
,, log E = 4-325, log B = 3 S4 

Substituting these values and solving the resulting simultaneous equations, we get 
n — I '591 It^g k — — 179, and h = 0 016 
the required law is E = o'oi6IB 


Example (4). — In the following table u is the volume hi cubic feet of \ lb. of 
atiiratcd steam at a pressure of p lbs. per square inch. Find the law of the form 
= C, connecting p a?td u. 


u 

26-43 

22-40 

19-08 

16-32 

14-04 

12-12 

10-51 

9->47 

7-995 

p 

14-7 

17-53 

20- So 

24-54 j 

28-83 

33-71 

39-25 

45-49 

52 52 


Taking logs, wc get 


Log u 

1-4221 

1-3502 

1-2806 

1-2127 

i'i473 

1-0835 

1-0216 

0-9612 

0-902S 

Log/ 

1-1673 

1-2430 

1-3181 

1-3900 

I '4599 

1-5277 

•-5938 

1-6580 

1-7204 


ind, taking logs. 


If = C, we have / = C/<“" 
log p — ^ n log u + log C . 


(I) 

U) 


herefore, if we plot log p and log «, we shall obtain a straight line whose slope to the 
Lxis of log u is — n. 

Plotting the values of log u and log p above, we obtain the straight line AB 
f'B- 73)- 

Wc find by inspection of the figure, that at the 

point A, where log u = o’g, log / = 1722 
and at B, where log le = 1'^, log p = 1-190 
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/. substituting in equation (2), wc get 

1-722 = — « X 0 9 + log C 
I -190 — — « X 1*4 + log C 

Solving these simultaneous equations in n and log C, we get 
n = I '064, log C = 2-6796, and /. C = 478*2 
the required law connecting/ and u is /// = 478 2. 



Fig. 73. 


This is, therefore, the equation of the curve CD, which is obtained by plotting 
the values of p and u. 


Examples. — LI. 

Find the law connecting y and x when the following corresponding values are 
given : — 

1 


X 

2'5 

3 

n 

4-8 

y 

9'9 

15-65 

26-4 

508 
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2 . 


X 

10 

17 

23 

28 

35 

y 

41-8 

98 s 

162 

221'5 

316 


3 . 


X 

132 

154 

16s 

181 

y 

327 

40 

44 

50 


4 . 


X 

45 

57 

7-3 

8-9 

y 

227 

464 

976 

1770 


6 . 


;r 

2 

35 

4-2 

7 

91 


20'8 

195 

407 

3120 

8960 


0 . 


Jr 

253 

270 

30S 

360 

y 

137 

194 

370 

89s 

7 . 

X 

1 

5 

1 

73 

8-2 

96 

y 

2 '4 

0769 

0-543 

0337 

8. 


15 

2-8 

S -6 

8'3 


0-573 

0243 

O' 094 

0 - 05 S 
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9 . 


X 

o'ooi55 

o'oo3i6 

o‘oo63i 

0-040 

0144 

0-316 

y 

676 

39!> 

23-4 

71 

1-^ 

2 0 


In llie following ejiamples p and v are corresponding values of the pressure and 
volume of steam and various gases in adiabatic expansion. Find whether they are 
connected by a law of the form /z/" = C ; and, if they are, find the value of n in 
each case. 

10 . Steam. 


V 

2 

4 

6 

8 

10 

P 

68-7 

3 i '3 

19-8 

H’3 

11-5 


11 . Steam. 


V 

4 

5 

6 

8 

10 

p 

in 

58-7 

49-6 

38-5 

31-5 


12 . Superheated steam. 


V 

2 

4 

6 

8 

10 

P 

los 

427 

25’3 

16-7 

13 

13 . Mixture in cylinder of a gas-engine. 

V 

0-8 

2 

4 

6 

9 

P 

200 

57 

22 

12-6 

7-2 

14 . Air. 

V 

2 

4 

6 

8 

10 

P 

iS-S 

7 '07 

4 

2-66 

I ’95 
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16 . Air is compressed wilhout gain or loss of heat. The following table gives 
the absolute temperature (Fahr.) at different pressures. Find the law connecting / 
and p. 


1 

Absolute temp. Fahr. 

1 

521 

637 

779 

876 

Pressure p lbs. per sq. inch . 

IS 

30 

60 

90 


10. F is the force between two magnetic poles at distance d ems, apart. Find the 
law connecting F and d. 


d cms. . . . 

I'2 

I ‘9 

23 

3-2 

4-5 

F dynes . 

4'44 

177 

I’ 2 I 

o'625 

0-316 


17 . D is the diameter in inches of wrought-iron shafting required to transmit H 
horse-power at 70 revolutions per minute. Find the law connecting D and H. 


II 

10 

20 

30 

40 

50 

60 

70 

80 

D 

2 -II 

267 

3 ‘04 

3 ' 3 <> 

3-61 

382 

4'02 

4'22 


18 . D is the diameter in inches of wrought-iron shafting required to transmit 
50 horsc-power at N revolutions per minute. Find the law connecting D 
and N. 


N 

20 

40 

60 

80 

D 

5-46 

4’34 

3‘8o 

345 


19 . At the following draughts a particular vessel has the following displace- 
ments : — 


Draught h feet .... 

18 

13 

11 

9’5 

Displacement V cubic feet . 

107200 

65800 

51200 

41 100 


riot log V and log /;, and find a law connecting V and h. 


20 . I is the indicated horse-power needed for the propulsion of ships of a certain 
class at 10 knots. D is the displacement in tons. Plot log I and log D, and find an 
approximate law connecting I and D. 
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D 

1100 

1530 

1820 

2500 

3130 

I 

440 

550 

620 

770 

890 


21 The fullowing arc resulis of Iloclgkinson’s experiments on the strength of 
cast-iron pillars. W is the breaking weight of a pillar lo ft. long, and of diameter 

It is known from many similar experiments that W and d are connected by a law 
of the form W = Find this law as given by the mean of the first two and the 

mean of the second two results. 


d 

2'5II 

2-496 

I ’530 

i’ 54 ' 

W 

6j5oo 

58325 

11200 

10870 


{Phil. 'Prans.^ 1841.) 


22 . A steamship at the following speeds {v knots) uses the following Indicated 
horse-power (P) : — 


V 

10 

12 

14 

16 i 

_j 

18 

20 

V 

1066 

1912 

3216 

4951 

1 

7361 

10,355 


Find if there is a law of the form P = nr/", and if so what are the most probably 
correct values of a and //. There are experimental errors in the observed values of 
V and r, (Board of Education Examination.) 


23 , The following table gives the loss of power E due to magnetic hysteresis for 
different values of the magnetic induction B in a transformer core of ordinary sheet 
iron. Find the law connecting E and B. 


B 

1000 

3000 

5000 

7000 

9000 

E 

12G2 

7380 

16600 

28400 

42400 


24 . 'fhe following data arc taken from the wiring rules of the Institution of 
Electrical Engineers. C is the maximum current in amperes for rubber-covered wires, 
exposed to high external temperatures, of cross-sectional area A square inches. Find 
the law connecting C and A. 


C 

3-2 

5'9 

90 

220 

42-0 

68-0 

84 

102 

A 

o'ooiSio 

0-004072 

0-007052 

0-02227 

0-05 

0-09442 

0-125 

01595 


26 . In the following, C and A have the same meaning with reference to M'ires 
exposed to ordinary external temperatures. Find the law connecting C and A. 
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c 

"3 

237 

354 

425 

493 

624 

6S8 

750 

A 

O'l 

0-2455 

0-4 

o'S 

0-6 

0-8 

0-9 

i-o 


^ 26. The following are results of Beauchamp-Tower’s experiments on friction. 
fi is the coefficient of friction in a certain bearing running at a velocity of V feet per 
minute. 


V 

105 

157 

209 

262 

3 H 

366 

419 

471 


0-0018 

0-0021 

0-0025 

0-0028 

0003 

00033 

0-0036 

0-004 


Find the law connecting y. and V. 

{^Proceedings of the InstitulioH of Mechanical Engineers^ 1883, pp. 633-653.) 


27. /X is the coefficient of friction in a bearing revolving at a speed of 20 ft. per 
minute under a normal load L lbs. Find the law connecting ft and L. 


L 

443 

333 

211 

89 

M 

000132 

000 1 68 

0-00247 

0-0044 


85. Compound Interest Law y = ae®*. — If y = we have, taking 
logs to base 10 , 

loffio y = logio ^ + lofiTio « 

= 0-4343^ . JT + lOgiort 

This equation is of the first degree in logio^ and x, and therefore, if we 
plot logio and x we get a straight line whose slope to the axis of x is 
0-43433. 


Example (i). — Test the following values of x and y for a law of the form y = 
and find the values of the constants. 


y 

3-86 

4’2 

5-1 

6*3 

7 

X 

2-701 

2S70 

3 ' 2 S 8 

3681 

3‘892 


We have the following values of logioj : — 


logiiJ' O'SS? o'623 0708 0-799 0-845 

On plotting log^oj/ and x we get the straight line AB, Fig, 74. 
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The equation of this line is 

log,, y = o'4343^j: + log,, a 

At A, log^ = o'576, jt = 2 625 
at B, log^ = o' 835 S> ^ = 3 ' 8 So 

Substituting in the equation, and solving the resulting two simultaneous equations in 
6 and log <z, we get 

b = o' 488, log a = o'02 
and .■.«=! 047 

the required law connecting^ and x is 

y = I ■ 047 df®‘*“* 



Fig. 74. 


Exampi.e (2). — Tht follcnving are the results of an experinmii to find the law 
governing the friction of a string wi-apfcd round a metal bar. 

A weight of 2 oz. was hung at orie end of the strings and weights W at the other ^ so 
as to counte7 halance the weight of 2 oz.j and the f’ictiosi^ and to cause slipping. The 
extent of the strmg in contact with the bar was measured by the a?igle 0, which is sub- 
tcTided at the ceritre of the cross-section of the bar, e. g. when the string is wrapped once 
round d =. 2Tf radiaiis. It is required to find the law co7inectmg W and Q. 


0 radians . 

0 ' 57 r 

IT 

I'Sir 

27 r 

2 S 7 r 

3 » 

3 ' 5 ^ 

47 r 

4 ' 5 '^ 

5 ^ 

5-5^ 

6ir 

W oz. . . 

2-875 

4’ooo 

5-706 

0 

00 

12-437 

14700 

19*062 

26-5 

3375 

40*00 

52*00 

7600 
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On plotting the values of 9 and W we obtain the curve AB, Fig. 75. The theory 
of the subject suggests that the law is 


W = 

where /x is the coefficient of friction, and w = 2. oz., is the constant weight hung at 
one end of the string. 

Taking logs, we get 


logiD V/ = fi6 log|o<?+ login w 
= o'4343i“ . 0 + log w 

To try whether a law of this form is satisfied, we plot log W and 6 . We obtain 
the straight line CD, as representing the results best on the whole, thus verifying that 

the law is of the form W = 



By substituting the co-ordinates of the points D and E on this line, and solving 
the resulting simultaneous equations, w^e get 

■ = o'I96, a = 21 


and the law is W = 

The theory suggests that we should find a = iv = 2oz, and it is found that this 
value is given very accurately by a straight line representing the first five results. 
This is a good example of the advantage of the graphic method of treating experi- 
mental results. . w . 1 

By working out algebraically the values of ti and for each pair of le.sults taken 
two at a time, and taking averages, we should obtain results nearly as above, but 
there would be nothing to show the cause of the diRcrence between the value of a 
found by experiment and the value to be expected from the theory. We can see at 

once, however, from the plotted values in Fig. 7 S> fhat the law W = is 
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follovircd very closely by the first five observations, but that, as the weight increases, 
the same law is not so accurately followed. 

Example (3). — Newton's law of cooling. The following are the results of IVinkel- 
mann's experimeitts to find the law which governs the rate of cooling of a heated body 
suspended in air. B is the excess in temperature of the body over the temperature of its 
surroundings y at time t secofids from the beginning of the experiment. 


0 

19-9 

18-9 

16-9 

14-9 

12*9 

10*9 

8-9 

6-9 

/ 

0 

3-45 

1085 

19*30 

28S0 

40*10 

S3’7S 

70-95 


According to Newton’s law of cooling we should have 

0 = 

where a is constant and 0| = the temperature when ^ is o = 19 '9- 

To test how far the above results follow this law, we have, taking logs of 0 — 


1*2989 

1-2765 

1*2279 

1-1732 

I- 1106 

I ’0374 

0-9494 


log e 


0-8388 


Plotting log 0 and / we get a straight line sloping downwards as t increases, thus 
verifying that 0 and t follow a law of the form 0 = 01^"“*. 

Taking logs, wc get 

logio 9 = - at logiB e + logj* 0i = - ^ + logio 0| 

as llie equation to this straight line. 

Substituting the co-ordinates of two points on the line, and solving the resulting 
simultaneous equations, we get 

d = o'ois, 01 = 19-9 


/. the temperature and the time arc connected by the law 0 = 

The student should draw the figure from the above data, and verify this result. 


Examples. — LII. 


Find the law connecting y and x in the following cases : — 

1 . 


X 

0*4 

072 

I*I 

i'5 

2 

^ 1 

3‘32 

do 

27-3 

91 

407 


2 . 


X 

2-4 

3*6 

4-8 

S ’3 

6-9 

y 

I’lG 

2 ‘06 

375 

4‘9 

10*7 
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3. 


X 

0-5 

0-8 

1-3 

2-8 

32 

y 

99 

S 4 

20 

I’O 

0-49 

4. 

X 

0 

21 

S -6 

93 

ii-S 

y 

20 

1892 

1734 

iS-8 

14-96 

5. 

X 

IS 

2-3 

41 

S -8 

6-2 

y 

1459 

3250 

19600 

108000 

I6I000 

0 . 

X 

17 

2-8 

3'9 

47 

S'S 

y 

502 

167 

55-4 

249 

ir-2 

7. 

X 

4-0 

8-4 

I2-S 

i4'6 

i6'o 

y 

IS 

23 

3-6 

43 

50 

8 . 

X 

9 

34-5 

43 S 

SS'o 

60 

y 

12 

20 

24 

30 

33 


0 . 


X 

31S 

524 

68-8 


y 

6-6 

ii’i 

16-7 

i 8 -s 
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10. 9 and W have the same meaning as in Example 2, p. 154. Show that W and 
B are connected by a law of the form W = and find the coefficient of friction, /i. 


0 radians . 

o' 5 ^ 

*■ 

*■ 5 "- 

2ir 

2 - 5 ir 

3 ^ 

3 - 57 r 

W ozs. . 

5-35 

7 'i 5 

9-55 

I 2'8 

1712 

229 

30-8 


11 . Find the coefficient of friction /i from the following data, as in the last 
example. 0 must be found from the number of laps, i lap = 2ir radians. 


No. of times cord laps 
round 

i 

i 


I 



li 

2 

W 

2 ‘ 6 i 

3 ‘40 

4 '44 

S 7 S 

7-55 

9-85 

12-8 

167 


12 . The following are results of experiments on lubrication. /i is the coefficient 
of viscosity of olive oil at temperature Fahrenheit. Find the law connecting 
/I and t . 



61 

Si 

94 

120 

107 

130 

84 

63 

36 


13 . The following is taken from a work on ballooning. It is an estimate of the 
volume V which a balloon of a certain known weight filled with hydrogen must have 
so that it may be raised to a height 2. 


V cu. metres 

r25 

10 

640 

80,000 

1,250,000 

s metres . . 

12,900 

18,400 

29,500 

42,300 

49.700 


Find a formula to calculate the volume required to rise to any height z. 


14 . The following table gives the pressure p in inches of mercury, as measured 
by the barometer at various heights h above the sea, when the pressure at the sea- 
level is 30 inches : — 


h feet . . 

0 

886 

2753 

4763 

6942 

'0593 

p inches . 

30 

29 

27 

25 

23 

20 


Show that a law of the form p = connects p and and tind A and k . 
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The following three examples give results of Winkelmann’s experiments to find 
the rate of cooling of a body in air. 6 is the excess in temperature of the body over 
the temperature of its surroundings at time t seconds from the beginning of the 
experiment. According to Newton’s law of cooling 0 = Test this for each 

case, and if the law applies find the values of the constants and a. 


15. 


0° c. . . 

i 9'32 

18-32 

16-32 

14-32 

12-32 

10-32 

8-32 

i seconds . 

0 

10 

317 

56-4 

842 

II7-6 

158-7 

16 . 

0 

20-65 

18-65 

16-65 

14-65 

1265 

1065 

8-65 

t 

0 

i6'9 

35 ’3 

55‘9 

80-1 

io8-6 

143-1 

17 . 

e 

ii8'97 

1 16-97 

114-97 

112-97 

I io ’97 

108-97 

106-97 

t 

0 

12-1 

25-8 

4 i ‘7 

597 

82-0 

109-0 


In this case we find that the values of log 6 and ( do not give a straight line when 
plotted, but lie on a regular curve of small curvature. Find an approximate law of 
the form 

log 0 = + r/* 


18. s is the weight of potassium chromate which will dissolve in 100 parts by 
weight of water at temperature C. Find an approximate law of the form j‘ = 
connecting j- and 


/ 

0 

10 

27-4 

42-1 

j 

6 i *5 

62-1 

66-3 

70-3 


The values of log s and t do not give points lying exactly on a straight line but on a 
regular curve. P'ind a law of the form 

log j = <z + + r/* 

which will fit this curve better than the compound interest law found above. 

19. The following are results of Beauchamp -Tower’s experiments, ju is the 
coefficient of friction of a certain bearing in a bath of lard oil, at temperature F, and 
speed 209 ft. per minute. 
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t 

120 

no 

100 

90 

80 

70 

60 


0-0035 

0*0039 

0*0045 

0*0052 

0*0063 

00080 

0*0103 


Find a roughly approximate law of the form connecting /u and 

(Beauchamp-Tower, Proceedings of the Institute of Mechanical 
Engineers, 1883, pp. 633-653.) 


20 . The following results were obtained with the same bearing, running at 419 ft. 
per minute. Find a law connecting fi and t. 



120 

no 

100 

90 

80 

70 

60 


0*0051 

0*0059 

0*0071 

0*0085 

0*0102 

0*0124 

00148 
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DETERMINATION OE MEAN EA ICIER AND AREAS 

08 . The student is already familiar with the arithmetical method of finding- 
the mean or average value of a number of separate values of a quantity. The 
values are added together, and the sum is divided by the number of values 
taken. 

For example, if we have four rectangles on equal bases of i" and of 

heights 2", 5", 7", 6" respectively, their mean height is — ^ - = 5". 

If they arc placed side by side so that their bases 
are in a straight line, as in the figure, then their 
mean height is the height of a rectangle on the 
same base, and having the same area as the four 
given rectangles togetlier. 

87 . Mean Value of a Variable. — It often 
happens in physical science that, instead of having 
given a number of isolated values of a quantity, 
we know the way in which one quantity varies 
continuously with respect to another, and we re- 
quire to find the mean value of the first with respect 
to the second ; for example, we may know the way 
in which the speed of a train varies between any 
two definite instants, and we may require to find 
its average speed during that interval, i.e. the con- 
stant speed with which it would describe the same 
distance in the same time or we may know the 
pressure on the piston of a steam-engine at any 
point of the stroke, and require to find the average 76. 

pressure throughout the stroke, i.e. the constant 

pressure which would do the same amount of work in acting through the 
same stroke. 

We shall define the mean value of a variable quantity by reference to a 
graphic construction as follows : — 

Let and x be two variables, such that is known when x is known. 

Plot a curve having values oi y as ordinates and values of .r- as abscissa?. 
Then the mean value of y with respect to x between any two values a and b 
of X is the height of a rectangle having the same area as that enclosed by 
the curve, and the axis of x between the two ordinates at x = a and x = b, 
and standing on the same base b — a. 

E.g. in Fig. 77 the ordinate represents the velocity v oi 2 l point at any 
time ty and the line AB shows the relation between v and t. The mean 
value of V with respect to t is represented by the height of the rectangle 
CDGF, which stands on the same base CD as, and whose area is equal to 
the area of, CABD. 

M 
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In explaining^ practical methods of finding^ mean values, we shall first con- 
sider the simple case when the curve showing the connection between the 
two variable quantities is a straight line. 


Example (i ). — A point moves along a straight linCj so that its velocity v at time t is 
given by the following table : — 


V feet per second . 

8-5 

14-25 

20- 1 

23 

t seconds , . . 

0 

2 

4 

5 


Find the time average of the velocity from t = o to t = ^ seconds. 

On plotting the given values of v and t we ohtaiii the straight line AB (Fig. 77). 
We require to construct a rectangle on the same base CD, and having its area equal 
to the area ABDC. 

Ihscct AB at E, draw PEG parallel to CD and complete the rectangle CFGD. 
Then CF represents the required time average of the velocity. 

For the trianglc.s AFE and BGE are equal, and the rectangle CFGD can he 



Values of t (seconds) 

Fig. 77. 

formed from the figure CABD by cutting off the triangle BGE and adding the equal 
triangle AFE. Thus the rectangle CFGD is equal to the figure CABD. 

We find that CF measures 15 75, and therefore the average velocity is 1575 ft. 
per second, 

V/hen the curve is a straight line we see that the mean value of the ordinate is 
equal to the ordinate at the middle point of the base CD, and is the arithmetic mean 
of the ordinates at the extremities C and D. When the portion of the curve con- 
sidered is nearly but not quite a straight line, it is evident that we shall get an 
approximation to the mean value by taking the ordinate at the mid-point of the portion 
of tile base considered. 
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We use this principle to find approximately the mean value of any variable quantity 
which can be represented by a continuous curve. 


Example (2). — A point moves along a straight line so that its velocity v at any 
time t is given by the following table : — 


V ft. per second . 

8 s 

9-8 

ii'6 

17-8 

23 

t seconds .... 

0 

I 

2 

4 

5 


Find the time average of the velocity f om / = o /o / = 5 seconds. 

On plotting the given values of v and t we obtain the curve AB (Fig. 78). 

We require to find the mean height of the figure ABDC. 

We divide the figure into any given number, usually 10, of strips of equal width, 



and assume that the portion of the curve AB at the top of each strip may be treated 
as if it were a straight line ; accordingly we take the mean height of each strip as equal 
to the height at the mid point of its base. 

This is equivalent to substituting a number of rectangles on equal bases for the 
strips of the area ABDC. 

The height of each rectangle is equal to the ordinate to the curve AB at the mid 
point of the base of the corresponding strip. 

The average value of the heights of these rectangles is the mean height of the 
curve AB, being the height of a rectangle on the base CD, having its area equal to 
the sum of the areas of the smaller rectangles, i.e. cquLil to the area ABDC (see § 86). 

We find the mean heights of the respective strips of the area ABDC to be 875, 
9’4, 10-2, ii'i, I2’2, I3’4, i5'o, 16 75, 19 0, 2i’5. The mean value of these is 1373. 

This is the height of the rectangle ECDG in the figure. This rectangle may be 
supposed formed by cutting off the area FGB from the original figure, and fitting it 
into the space EAF, which must be of the same area, but not necessarily of the same 
shape. 
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Note that EG docs not in this case bisect AB, and that the mean ordinate is not 
the arithmetic mean of the two extreme values. 

Note also that the mean value of a variable is always equal to the actual value at 
some point within the interval considered. 

We thus get the following rule for finding the mean ordinate of any curve. 
Consider a curve having values of y as ordinates and values of x as abscissae. 
Divide the area between the curve and the axis of x into any number of strips of 
equal width. If the top of each strip is nearly straight, take the height of each strip 
at the mid point of its base as the mean height of the strip. 

Then the avernge value of the mean heights of the strips is the mean ordinate of 
the whole curve. 

Note. — If the curve is so irregular that the strips would have to be made very 
narrow before we could take the height in the middle of each strip as 
its mean height, we can estimate the mean height of any strip by the 
eye. If A BCD in Fig. 79 represents one of the strips into which 
an irregular area is divided, it is evident that the height of the hori- 
zontal line EF gives a more accurate value of its mean height than 
would be obtained by measuring the height at the mid point of AB. 
We estimate the position of EF so that the area cut off by EF from 
the strip ABCD, appears equal to the area which would have to be 
added at the corners to form the rectangle ABFE. Considerable 
accuracy in estimating mean ordinates by this inclliod can be attained 
by practice. The student of the steam-engine will find it useful to 
bear in mind this note when finding the mean pressure from an 
indicator diagram, especially with respect to the two outer strips into 
which this diagram is divided. 

Fig. 79. More advanced methods of finding mean values will be treated in 

Chapter XIX. 

88. Area of an Irregular Figure— (I.) Mean Ordinate Method. — If 
we agree to measure the length and breadth of an irregular figure in two 



Values of s (ft ) 

Fig. 8q. 



fixed directions at right angles to each other, then the area of the figure is 
the product of its length into its mean breadth. 

To find the area of an irregular figure we find the mean breadth by the 
method of the last paragraph and multiply the result by the length of the 
figure. 
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Example. — The folloivmg table gives the half -width h of a horizojital section of a 
ship at different distances s from one end : — 


jft. 

0 

20 

40 

80 

120 

160 

200 

220 

240 

hit. 

O' I 

6-7 

i 3'5 

16 7 

171 

i 5'4 

10-7 

50 

O' I 


Fmd the area of the section. 

Plotting the values of h and j, we get the curve (Fig. So). To find the mean 
value of h, we divide the area bcLweeii this curve and the axis of s into ten strips of 
equal width. The values of h at the mid-point of the base of each strip are 37, 12 5, 
i5'6, i6'8, I7’2j 16 S, 15 7, I3'5, 9'8, 2'5. The mean of these is 12 41. 

the area of the section — (mean value of h) x length 
= 12-41 X 240 — 2978 sq. ft. 


80 . Simpson’s Kule. — The following method is more accurate than 
the foregoing in certain cases determined by the assumption mentioned 
below. 

Draw ordinates dividing the area into an even number of strips of equal 
width. 

Thus there will be an odd number of ordinates, including the first and 
last, which are drawn at the boundaries of the figure. 

Number the ordinates 7i, ygij'a .... 

Add together the first and last ordinates, twice the sum of the other odd 
ordinates, and four times the sum of the even ordinates ; multiply the result 
by one-third of the distance between two adjacent ordinates. The result is 
the area of the figure. 

For example, if the area is divided into ten strips there are eleven 
ordinates, and the area is equal to 

+J'll + 2(^9 +Ss +J'» +J'> -t- J'lo)) 

where A is the distance between two adjacent ordinates. 

This method is based on the assumption that we can draw arcs of 
parabolas, to fit the curve approximately, through the tops of the ordinates 
taken three at a time, but the student will not be in a position to follow the 
proof until a later stage (see § 137) 


^Example. To find the area of the section of a ship in the last example by SimpsotCs 

In Fig. 80 there are eleven ordinates, and therefore the area is 

^[yi -t- J'li + 2{y,+y, +y, +y,) + 4{y, + y, +y, +y, 

=8{oi + 01 + 2(14-5 + 171 + 16-3 + I2-I) + 4(8-5 + 16-3 + 171 -H 14-6 + 6-1)} 
=2965 

Note that this result is about 1 per cent, smaller than the former. The result 
obtained by Simpson’s rule is more likely to be correct. 
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Examples. — LIII. 

1 . There are two variables j' and x, which are connected together so that they have 
the follomng pairs of corresponding values. 


X 

0 

1 

2 

1 

3 

4 

y 

5 

2 

I 

2 

5 

Find the mean value of^ with respect to x between x = 0 and x = 4. 

2 . A quantity of steam expands from volume 2 to volume 10. The value of the 
pressure p when tlic volume is v is given by the following table; — 

V 

2 

4 

3»-3 

6 

8 

10 

P 

OS7 

19-8 

* 4'3 

11-5 


I'ind the average pressure between v — 2 and = lo. 

3 . V is the volume of the gas in the cylinder of a gas-engine when its pressure is 
I' ind tlie average pressure as v changes from i to 9. 


V 

0-8 

2 

4 

6 

9 

P 

200 

57 

22 

I2'6 

7-2 


4 . The following table gives the pull P lbs. at the drawbar of an electric 
locomotive at time t seconds from starting. 


p 

1150 

1450 

1320 

1350 

1040 

1300 


0 

125 

25 

37-5 

43 

50 


Deduct 300 lbs. for friction, and find the time average of the remaining force, 
P — 300, which causes the motion of the train. 


6. The following table gives the draw-bar pull P lbs. exerted by an electric 
locomotive, at distance j feet from rest. 


P 

930 

1000 

930 

83s 

1000 

1225 

1325 

1300 

1230 

1000 

800 

650 

j 

0 

15 

30 

45 

80 

110 

160 

I So 

200 

227 

260 

300 


Find the space average of the force F from / — o to r = 300. 
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0. V is speed of a car at time / from rest. Find the time average of the speed. 


t seconds . 

0 

S 

10 

IS 

20 

25 

30 

V ft. per second . 

0 

37 

7-5 

10-85 

12-95 

137 

14 


7. h is the height above the sea-level of various points on a certain road ; j is the 
distance, measured along the road, of the respective points from a fixed point on the 
road. Find the average height of the road above the sea-level. 


/ih 

100 

135 

156 

184 

[60 

148 

160 

s miles . . . . j 

■ i 

I'S 

2 

2-5 

3 

35 

4 


Note. — Since h is small compared with j, tlie distances s may be taken as if they 
were measured in a horizontal plane. 

8 . Draw a circle of 2 ins. radius, and find its average width measured parallel to 
a fixed diameter. 

0. Find the mean value of between x = o and x = i. (Plot the curve j = x®, 
and find its mean ordinate.) 

10. Find the mean value of the sine of an angle when the angle has all values 

between o and — radians. 

2 

Note, — T he values of the angle must be plotted in radians. 

11. Plot the curve y = sin x from x = o to x = zn rarlians. By squaring the 
ordinates of this, and plotting on the same axis of x, obtain the curve y = sin® x. 
Find the mean value of sin® x, taking x in radians. Note that the mean value of 
sin* X is not the same as the square of the mean value of sin x. The result of this 
example is important in the theory of alternating electric currents. 

12. A gas expands from volume 2 to volume 10 , so that its pressure p and volume 

V satisfy the equation pv — loo. Find the average pressure between v — 2 . and 

V — 10 . 


13. A body weighing 500 lbs. moves along a straight line without rotating, so 
that its velocity v at time t is given by the following table : — 


f seconds . . . 

1 

5 

9 

13 

V ft. per second . 

1-53 

I -65 

177 

1-89 


Its kinetic energy is equal to one-half the product of the mass into the square of the 
velocity. Find the mean value of the kinetic energy from / = i to / = 13. 

Note, — T o obtain the energy in foot-pounds take 32 2 lbs. as the unit of mass. 
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14 . Find the area between the curve given by the following values, and the axis of 
Xj from X = 2 Lo X = 4. 


X 

20 

2’6 

30 

325 

36 

38 

40 

y 

1 

3 03 

4-61 

5-80 

6-59 

776 

8-46 

919 


15 . Find the area between the curve given by the following values, and the axis 
of X from Jl' :::= 3'lO to JT = 5 '20 : 


X 

310 

356 

41 

4-85 

5'20 

y 

22-47 

19 19 

*5-97 

1285 

1172 


16 . Find the area between the following curve, and the axis of x from x — o to 
X — 96 ; — 


X 

0 

12 

24 

48 

72 

84 

96 

y 

12 

61 ’2 

86*0 

121’0 

96-6 

76'8 

12 


17 . Find the area between the curve given by the following data, and the axis of x 
from A' = o to .r = 5 : — 


X inches . 

0 

I'O 

20 

25 

3’3 

4 ' 0 4 4 

50 

y inches . 

1 

2 05 

2-54 

2'6i 

2 40 

203 1-94 

225 


18 . Find the area lying between the following curve, and the axis of x from x = 
o'S tox= 5-3:— 


X 

o’S 

1-2 

25 

36 

4-5 

S ’3 

y 

3 ’42 

3-6 

434 

425 

375 

3'27 


19 . Find the area of a half-section of a ship at the water-level, of which the 
curved form is defined by the following cqui-distant ordinates spaced 12 ft. apart: — 

Ordinates (feet) — 

01, 51, 717, 87s, lO I, 9-17, 8 0s, 6-4, 01. 

(Board of Education Examination in Naval Architecture, 1902.) 

20 . The numbers given below refer to horizontal sections of the same ship at 
different distances above the keel, h is the half-width across the section at distance s 
fiom the stern. Find the area of the half-section in each case, by Simpson’s rule. 



Determination of Mean Values and Areas 169 



j feel 

0 

20 

40 

So 

1 

120 

160 

200 

220 

240 

1 ft. above keel 

/i 

O’l 

I ‘4 

. 

in 

13’^ 

10-5 

57 

^7 

O'l 

2 ft. above keel 

h 

01 

2'6 

8-2 

137 

15-6 

I 2’6 

7-5 

27 

O’l 

4 ft. above keel 

h 

01 

46 

II 5 

I 

159 

171 

146 

9-5 

4 'i 

O'l 

8 ft. above keel 

h 

O'l 

90 

1 H 7 

170 

i 7'4 

iS-8 

ii'G 

60 

01 

roft. above keel 

h 

01 

111 

i5‘3 

i6'9 

17-4 

i6'o 

12-5 

91 

01 


(Board of Education Examination in Naval Architecture, 1902.) 


21 . The following are values of x and y for a certain curve : — 


X 

I 

r8 

25 

3 'iS 

4 

4-6 

S '4 

6-3 

6-8 

70 

y 

0 

I '06 

i'7i 

210 

276 

2'39 

2*30 

I '80 

I ’2 

o'8 


Find the area enclosed by this curve, the axis of x and the ordinates at :r = i and 
^ = 7, by Simpson’s rule, using (i) 5 ordinates, (2) 7 ordinates, (3) 9 ordinates, (4) ii 
ordinates, (5) 13 ordinates, (6) 21 ordinates, respectively. 

Observe and record the time taken to obtain each of the above 6 results. Taking 
the last result as accurate calculate the percentage error in each of the others. Take 
the reciprocal of the percentage error as an index of the accuracy of each method, 
Comijare the accuracy of the ditferent results, and also the time occupied. In 
which of the above results do you obtain the highest accuracy per minute occupied. 
Also find the area by means of a planimeter if you have the opportunity, 

22 . Find the area in the last example by mean ordinates, dividing the base into 
4, 6, 8, 10, 12, 20 divisions respectively. 

Compare accuracy obtained and time occupied as before. 


23 . I’lot the curve which passes through the following points in the order given, 
and find the area which it encloses : — 


X 

09 

1-9 

2'6 

3’4 

41 

47 

555 

6 

64 

6 '46 

63 

y 

0'6 

0'2 

025 

038 

0'25 

o'i6 

o ’3 

o'6 

1-35 

rS 

2-59 


X 

5‘9 

5 '4 

4-5 

3-5 

3 'i 

21 

14 

07 

0-42 

0'2I 

O’S 

09 

y 

2'9 

27 

2-51 

2-8 

3*9 

3-56 

3 '46 

3 

2'6 

1-9 

099 

06 



CHAPTER X 


RATE OF INCREASE 

00 . The plottintj of curves from their equations or from tabulated lists ol 
values will already have made the student familiar with the conception of two 
mutually dependent variables. We regarded and x as two quantities, such 
that definite changes in x were accompanied by definite changes in and 
the nature of these changes was exhibited to the eye by a curve. 

We shall now consider more fully the rate of change of one quantity with 
respect to another. 

Consider the following cases ; — 

{a) The following table shows the average height at different ages of a 
boy in Great Britain : 


Age / years , . . 

5 

6 

12 

^3 

19 

20 

Height 4 inches 

4 1 03 

44 00 

54-99 

56-91 

67-29 

67-52 


From these numbers we infer that the mean rate of growth between the 
ages of 5 and 6 is 2'97 inches per annum, between 12 and 13 it is I ’92 inches 
per annum, between 19 and 20 it is 0 23 inches per annum. 

If t represents the age measured in years and h the height in inches, we 

use the symbol to represent the rate at which h is increasing per unit 

increase of t. 

Thus the above statement may be expressed in another way by saying 

that the mean value of is 2 97 between the ages of 5 and 6 years, r92 

between 12 and 13, and 0 23 between 19 and 20. 

For the present the student should regard the symbol simply as an 

abbreviation for “ the rate of increase of h with respect to tP 

(d) The population of England and Wales in 1881 was 25*974 millions, in 
1891 it was 29*002 millions. The increase w'as 3,028,000 in 10 years, an 
average increase of 302,800 per annum. If P denotes the population and / 

the time in years, the mean value of ^ is thus 302,800 between the values, 

1881 and 1891, of /. 

(cr) A bar of zinc, which is 10 ins. long at temperature 0° C., measures 
io'03 ins. at 100° C., so that the length increases 003 in. while the 
temperature increases 100®. Thus the mean rate of increase of the length is 
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0'ooo3 in. per degree, or, if I is the length in inches and 0 the temperature in 

degrees, the mean value of ~ is 0 0003. 

If the same bar of zinc is i sq. in. in cross-section, and is subjected 
to a tension of one ton, it will stretch 0 02 in. Therefore, if W is the tension 

in pounds the mean value of is = o‘oooooS925. 

(e) A train passes a point A distant 12 miles beyond a certain station at 
1.50, and a point B ten miles further on at 2.20. It has travelled 10 miles in 
30 minutes, and its average speed is therefore 20 miles an hour, or, if s is the 
distance in miles traversed along the line from the station at time / hours, 

the mean value of-r is 20. 

at 

On considering the above cases, we notice that in every case two 
quantities have to be specified : (rz) the quantity, such as height, population, 
length of a bar, distance, whose rate of increase is being me.asured, and ( 3 ) a 
second quanlity, such as time, temperature, or tension, with respect to which 
that rate of increase is measured. The first of these quantities is called the 
dependent, and the second the independent variable. 

In example (a) above, /z is the dependent and t the independent variable ; 
in example {c) I is the dependent and 0 the independent variable. 

Note that it is always necessary to specify both, variables before the 
meaning of the rate of increase can be understood. 

For example, in cases {c) and {d) above, the dependent variable /, the 
length of a bar of zinc, is the same in both cases, but the rate of increase of 
its length / has a very different meaning, according as we mean the rate of 

increase ^ with respect to the temperature of the bar when heated, or the 


dl 


rate of increase with respect to its tension when stretched. 

In general, if y is the dependent and x the independent variable, the 
dv 

symbol denotes the rate of increase ofy per unit increase of x. 


Examples. — I dV. 


1. If^ = 12 when jc 5, and^ — 17 when Jr = 7, what is the mean value ? 

2 . An electric tramcar pa.sses one trolley pole at a certain instant, and the next 
trolley pole 8 seconds afterwards. The distance between the trolley poles is 120 ft. 

If s denotes the di.stance moved in time t, what is the mean value of ? 

at 

3 . The speed z/ of a. falling stone, after falling 2 seconds from rest, is 64 ‘4 ft. per 
second. At 2J seconds from rest it is 8o'5 ft. per second. 1 ft denotes the time, find 

the value of the acceleration jr. 


4 . If j = 520 when .*■ = 12, and_y = 340 when x = 15, what is the mean value 




6. When the volume z' of a certain quantity of gas is 2 cu. ft. the pressure p is 60 
lbs. per square inch. When the volume is 4 cu. ft. the pressure is 35 lbs. per square 

inch. Find the mean value of 

dv 
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0 . The volume v of b. certain quantity of gas at temperature 0 = 17° C. is 341 cc. 
The volume at temperature 25° C. is 3SO'5 cc. What is the mean value ^ ? 

7 . The pressure / of saturated steam at temperature 0 = I93’3° F. is 10 lbs. per 
square inch. At 197 '8° F. the pressure is ll lbs. per square inch. What is the mean 

value of ^ ? 


8. The unstretched length / of a wrought-iron bar is 10 ins. When it is subjected 

to a pull F of 3 tons, its length is 10*033 What is the mean value of in inches 

at 

per pound ? 

0 . The current 1 in a conductor is 1*3 amperes when the time ^ = 21*3 secs. At 
time 33 secs, the current is 3*4 amperes. What is the mean value of ^ 


10. When a: is 42*1, we find from the tables that log,o ^ is l '6243. When .r is 
42*2, logjo ;cis 1*6253. What is the mean value of — between x — 421 and 
X — 42*2? 

11. When X = 0*3840 radian, sin x = 0*3746 ; when x = 0*4014 radian, 
sin X = 0 3907. What is the mean value of — between x = 0*3840 and 
X = 0*4014? 

12. When x = 0*9076 radian, cos x = 0*6157 ; when x = 0*9250 radian, 

cos X = o*6oi8. What is the mean value of interval ? 


01. Variable Rates of Increase. — In all the cases considered in the 
last paragraph we spoke of the mean value of the rate of increase through- 
out a definite interval. In the first case (rr), for example, we found this by 
considering the growth in a whole year and treating it as if it were quite 
steady and uniform. 

If, however, wc consider this case more closely, we find that the rate of 
growth is not uniform throughout the year, it is not the same in winter, for 
instance, as it is in the summer. This is the reason why we called our 

previous result the mean value of the rate of growth ^ for a year. 

If wc make very exact measurements from week to week we shall obtain 

results which will be nearer to the true value of the rate of growth at any 

time than the results which were obtained by taking the total growth in a 
year. Even these values, however, are only mean values for the respective 
weeks over which they are taken. It is supposed that the rate of growth is 
different at different times of the day and night, so that if we could consider 
the growth for periods of one hour wc should get even nearer to the actual 

value of the rate of growth ^ at any instant. 

Thus we see that, as we consider smaller and smaller intervals, we get 
values of the mean rate of growth which are nearer and nearer to the actual 
rate of growth at some time within the intervals considered, and we can get 
as near as we please to this actual rate of growth by taking the interval 
small enough. 

Another example of a variable rate of increase is afforded by the case 
(e) above. 
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The train travels a distance AB equal to 10 miles in 30 minutes, and we 
infer that its average speed throughout that half-hour, or the average value 

of is 20 miles an hour. 

at 

There may, however, be varying gradients between A and B, and the 
train may be brought to a stop at B, so that its actual speed will be some- 
times greater and sometimes less than 20 miles an hour at different times 
between 1.50 and 2.20. 

We shall evidently get a closer approximation to the actual speed at 
some particular time, say 2 o’clock, by measuring the distance travelled 
between 1.55 and 2.5 and dividing by the time taken, i.e. by 10 minutes 
expressed in hours. 

ds 

We shall get even closer to the actual value of at 2 o’clock by finding 

the mean speed between 1.59 and 2.1, and closer still by finding the mean 
speed between i hr. — 59 mins. — 59 secs, and 2 hrs. — o min. — i sec., and 
so on. Thus we can get as near as we please to the actual speed at 
2 o’clock by taking the interval of time small enough. 

In mathematical language, we may say in general that the mean value of 
the rate of increase of y with respect to jt, in all the cases which we shall 
consider, approaches a definite limiting value as the total increase of x con- 
sidered is made smaller and smaller so as to include some definite value 
of.r. 

This limiting value defines the actual value of the rate of increase of y 
with respect to x for any particular value of and is denoted by the symbol 
dy 
dx 

Thus in the case (rt) above, the actual rate of growth at any age, say 

5j years, may be defined as the Itniit of the average rate of growth taken 
over an interval including the age 5J years, when that interval is made 
smaller and smaller. 

ds 

Similarly in case (^?), the actual value of at 2 o’clock may be defined as 

the limit of the average velocity taken over an interval, including 2 o’clock 
when this interval is made smaller and smaller. 


02. We may express the statements of the last paragraph as follows .- — 
If 5.r represents a definite increase in x and ^y the corresponding increase 
5y dy 

in j', then is the mean value of ^ throughout the interval hx. 

As Sjt is made smaller and smaller, so as always to include some 
particular value of -r, approaches a definite limiting value, which is the 

actual value of ^ for that value of x. We can make as near as we please 
dx 5jr ' 

dy 

to the actual value of by taking dx small enough. 

For example, in the case {a), 

when 5/ = I year between 5 and 6 
d/i = 44 00 - 41-03 = 2 97 
, S/i 

and — - 2 97 
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This is the mean value of for the year between 5 and 6 years of age. 

We saw that if 5/ were diminished, first to a week and then to an hour 
5/2 

we should get values of which would continually approach the actual 


St 


,dh 


value of ^ at some instant within the interval 5 /. 
at 


Similarly in the case St = 30 minutes = J hour, Ss = 10 miles, 


- = 20 miles per hour. 

5/ i 


ds 


This is the mean value lor the half-hour from 1.50 to 2.20. To get 
ds 

the actual value of at 2 o’clock, we continually diminish 5 /, first to 

10 minutes, then to 2 minutes, then to 2 seconds, and so on, so as always to 
include the instant 2 o’clock. 

Sy 

In some cases we find that the value of ^ is the same, whatever value of 

OJl’ 

Sx- is taken. 

In case {d)j for instance, it is found that, provided 5 W is not made too 
Si 

great, the value of is always the same, whatever value of 5 W is taken. 

The rate of increase of the length with respect to the tension is therefore 
said to be uniform, and ^ is equal to the actual value of for every 
value of W considered. 

Sy 

So also, in general, if ^ is the same for all values of SXj the rate of 

increase of y with respect to x is said to be uniform, and ~ for all 

^ Sx dx 

values of x considered. 

The cases considered in § 90 may be set down as follows : — 

(«) 


dt 


t yean 

k Inches. 

ih. 

J/. 

6 h 

6 t' 

12 . 

- S 4 ’ 99 \ 

. 1-92 . 


, 1-92 = 

13 • 

. s 6 - 9 i/ 

. . I . 





61 

69 ' 


t inches. 

it. 

69 . 

0 . 

. lO'OO'l 



100 . 

. 10-03/ ■ ' ■ 

. 003 . 

100 , 

. 0-0003 

(^) 





t hours. 

j- miles. 

is. 

6 t, 

rt 

If ■ 

2j . 

. . 12 \ 



. . 22/ ■ ■ 

. 10 . 

■ o '5 . 

. 20 = n 


de 


P ds 
dt 


The student should state the other cases considered in the same way. 


03. Example (i ). — The followhig values of s in feet show the distance of the ce?itre of 
gravity (oj measujed in a skeleton drawing') of a piece of mechanism from some point in 
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its straight path at the time t seconds from some era of reckoning. Find its mean 
velocity during the interval between each pair of measurements, 

(Board of Education Examination^ ^901.) 


f. 



U. 



O' 3090 

0-4931 

06799 

0- 8701 

1- 0643 
1-2631 

2-00 

2*02 

2-04 

2-06 

Z'OS 

2-10 

0-1841 

o-i868 

01902 

01942 

0-1988 

002 

0-02 

002 

002 

002 

9-205 

9’34 

951 

9-71 

9'94 

Mean values 

1- ds 
of — 
dt 

throughout 
^ each interval 


By subtracting each value of s from the following value we obtain the values of 
5 j- in the third column. Similarly the values of 5 / in the fourth column arc obtained 
by subtracting each value of t from the next value. 

Then each value of Ss represents the increase in j, or the distance moved during 
the corresponding interval of time dt. Therefore the mean rate of increase of s, or the 
mean velocity throughout each interval, is obtained by dividing each value of 5 j- by 
the corresponding value of 5 /. 

The results are placed in the fifth column. — is always equal to the exact value 
ds 

of the velocity — at some instant within the corresponding interval, and, if Bt is small 

enough, we may take ^ as an approximation to the actual velocity ^ at the middle 
of the interval (see § 87). 

Thus in the above example the velocity at time 2-05 secs, is 9’5i ft. per second. 

Example (2). — To show that^ with the data in example I, the mean velocity ^ 

approaches nearer atid nearer to the actual velocity when t = 2 ’05, as the mterval It is 
taken smaller and smaller ^ so as always to include the instant when t = 2 ’05. 

We calculate the values of — , first for the interval between the first and sixth 
at 

measurements, second for the interval between the second and fifth measurements, 
and so on. The calculations are given in the following table ; — 


ht. 


hs 

Ti 

O'lO 

0-9541 

9 S 4 I 

006 

0-5712 

9 S 20 

002 

0-1902 

9510 


Thus we see that as the interval ^t is made smaller and smaller the average 

velocity — approaches nearer to the value 9'5I, which we have taken as the velocity 
5 / 

when t = 2*05. 

Example (3). — In example 1 we have found a series of values of the velocity 
= V. The acceleration is the rate of increase of the velocity with respect to the time. 

Find the ?nean acceleration between each pair of values of the velocity. What is the 
probable acceleration at time ^ = 2’05 seconds. 
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We have from example l — 


/. 

V. 

iv. 

i/. 

iv. 

i/ 

2 00 

_ 

_ 


V 


201 

9-205 

— 

— 



2 '02 

— 

o'i 35 

0*02 

6-75 

Mean value of 

2 03 

934 

— 

— 


acceleration 

2 04 

— 

017 

002 

8-5 


2 -05 

951 

— 

— 


) - f// - dt’^ 

2 06 

— 

0'20 

0'02 

lO'O 

throughout 

2’07 

971 

— 

— 

- 

each interval 

2'o8 

— 

023 

002 

»|'S 


2 09 

9‘94 

— 

— 



210 




/ 



As explained in example i, we have lalcen the mean value of Lhe velocity as found 
for each interval in example I, as being equal to the exact value of the velocity at the 
middle of that interval. 



Values of t (seconc/sj 


Fig. 8i. 


Thus the value 9 ’34 of the mean velocity found in example i for the interval 
between ^ = 2'02 and / = 2'04 has been taken as the actual velocity when / = 2 ' 0 ^. 
Subtracting each value of v from the next, we obtain the values of 5 v given in the 

third column. Dividing by the value of 6^, we obtain the value — of the average 
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acceleration for each interval as given in the fifth column. As before, we have taken 
each value of the average acceleration to correspond to the middle of the correspond- 
ing interval of time. Thus we find that the mean acceleration between / = 2 03 and 
t — 2-05 is 8'5. We take this as the actual acceleration when t = 2 04. 

The acceleration when / = 2‘05 is approximately equal to the mean of the values 
when t = 2 '04 and 2 = 2 "06, i.£. the acceleration for t = 2 "05 is 9 '25. 

A probably more accurate value may be obtained by the graphic method of 
interpolation described on p. 80. 

riotting the values of the acceleration and the time, we oblain the curve (Fig. 81), 
From the curve we find that the acceleration when t = 2 ’05 is 9 '25. 

It may happen that the values of s and t arc not given with sufficient accuracy to 
give values of the acceleration which will lie on a regular curve when plotted. In 
this case we could draw the regular curve which seems to represent the values of the 
acceleration best on the whole, and take intermediate values of the acceleration from 
this curve. 

There are other more accurate methods of interpolation which the student is not 
yet in a position to understand, but the graphic method wdll usually be found to give 
values as accurate as the experimental results will allow. 


ciz-f . 

04 . The acceleration may also be written This denotes the 

dt ^ (it ^ 

result of performing the operation of finding the rate of increase with respect 
to / twice in succession. 

Similarly, in the general case, 

^(ix result of finding the rate of increase ofj with respect to x, 

denotes the result of finding the rale of increase of with respect 

to X. 


y . (i^ y 

dx^ denotes the result of finding the rate of increase of with respect 


to X, 


05 . Geometrical Representation. — If we take the two variables in any 
of the cases already considered as co-ordinates of a point, we may represent 
the rate of increase by a graphical method. 

In case {a\ p. 170, for instance, we may take values of the age i measured 
in years as abscissre, and values of the height h measured in inches as 
ordinates. 

Plot a point A (Fig. 82) wdiose abscissa is 5 and ordinate 41 '03, and 
a point B whose abscissa is 6 and ordinate 44 00. 

Then NB represents the increase in h which takes place, while t increases 
by the amount AN, or 

NB = AN = It 

Then the mean rate of increase of h with respect to t between ^ = 5 and 
/ = 6 is 


Ih ^ NB 
■5/ AN 


2-97 


This is the slope of the straight line AB to the axis of t when h and t arc 
measured on the same scale, as in the figure. 

If we measure NB and AN each on its proper scale, and use the numerical 

values obtained to find and if we agree to call this result the slope of 

N 
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AB, vvc may still say that ^ is the slope of AB, even if h and t are not plotted 
on the same scale. 

Similarly, if in case {h) we plot points A and B with values of population 
as ordinates and values of time in years as abscissae, the slope of AB will 

dV 

represent the mean rate of growth of population, i.e. the mean value 01 
between 1881 and 1891. 

We thus obtain the very important result that, if we are given two pairs 



of corresponding values of the independent variable x and the dependent 
variable y, and plot two points to represent them, then the value of or 

dy 

the mean value of the rate of increase ^ between A and B is the slope ol 
AB to the axis of x. 

The student should plot the cases given in Examples LIV., showing that 
the rate of increase in each case is given by the slope of a line. 


00 . Variable Rate of Increase — Geometrical Representation. — The 
following table gives the time taken by the projectile of a 38-ton gun to travel 
to various points throughout the first 8 ft. of the bore. 


j feet, travel through 
bore .... 

0 

01 

o ’5 

ro 

20 

30 

40 

t seconds, time of 
travel .... 

0000 

000143 

000273 

0 '00360 

0 '00490 

o’oo 598 j 

o'oo695 




Rate of Increase 


T79 



50 

60 

70 

80 

t 

o’oo785 

0 ’0087 1 

0 00953 

0’0I032 


Taking’ values of J as ordinates and values of / as abscissne, and plotting 
these values we obtain tlic curve OCA in Fig. 83. 

While t increases from o'ooi43 to o'oio32, s increases from o'l to 8. 



Fig. 03. 


. . ds 

Le, while 5/ is o’oo889, 5 j is 7'9, and the mean value of the velocity ^ 
throughout the interval considered is per second. 
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In Ihe figure 5j = NA, 5/ = SN, and the mean velocity throughout the 

NA 

interval SN is = slope of chord SA to the axis of t. 

Similarly, the mean velocity from o'ooi43 to / = 0 00871 is equal to 
the slope of the chord SB. 

Mean velocity from t = 0-00143 to / = 0-00695 is slope of chord SC. 

„ „ t — 0 00143 to / = 0 00490 „ ,, SD. 

Thus we sec that the mean velocity between any two definite instants is 
equal to the slope of the chord joining the two points on the curve 
corresponding to those instants. 

We have already seen (§ 92) that, as we diminish the interval S/, as above, 
the mean velocity approaches a definite limiting value, which is the actual 


value of when / = 0-00143 seconds. 

We may gradually diminish 5/ in the figure by making the point A move 
along the curve towards S, so that the chord SA passes through the positions 
SA, SB, SC, SD in succession. 

Thus, as 5/ is diminished and A approaches S, the chord SA produced 
continually approaches the tangent ST to the curve at S, and the chord may 
be made as near to ST as we please by taking A near enough to S. 

The tangent ST is thus the limiting position of the chord SA, and the 
slope of the tangent is the limiting value of the slope of the chord. But we 

have seen that the slope of the chord measures the mean velocity and the 

limiting value of is the value of at S. 

the slope of the tangent to the curve at S measures the actual velocity 
^ when t = 0-00143 second. 


07. In the general case, if we plot a curve to show the connection 

dy 

between two variables and the value of for any value of x is the slope 
of the tangent to the curve at the corresponding point. We call this the 
slope of the curve at that point. 

Note that the curve connecting and ;i- may be merely a curve obtained 
from experimental results, and the equation connecting _y and x need not be 
known. 

Note, also, that if the rate of increase is uniform, the slope of the curve is 
everywhere the same, and the tangent, the chords, and the curve in Fig. 83 
all coincide in one straight line. 

Sy 

Note that is an ordinary fraction, and means that is divided by 5jr, 


but does not mean that dy is divided by dx. ^ is not a fraction, but a 

symbol used to denote the rate of increase of y with respect io x. In our 

present notation dy and dx standing alone have no meaning, and ^ is only 

written in the form of a fraction because it is the limiting value towards which 
a fraction approaches. 

dy 

Also, in the expression ~^d \s not multiplied hy y oxhy x \ d standing by 
itself would have no meaning. 
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08. Hate of Decrease — Negative Hate of Increase. — It sometimes 
happens that, as the independent variable x becomes greater, the dependent 
variable y becomes less, so that the curve slopes downwards as x increases. 

If, for example, we plot the pressure and volume of a given quantity of a 
gas at constant temperature (see Fig. 52), p decreases as v increases, z.e. dp is 

negative when Sv is positive. The value of and therefore of ^ is now 

bv dv 

negative, and the curve slopes downwards as v increases. Thus a negative 
value of ^ denotes a rate of decrease, and is represented graphically by the 
case of a curve which slopes downwards to the axis of x as x increases. 


90a. Interpolation Formula for Hate of Increase.— To find the value 
of from a table of values of y and x when the values of x are equidistant 
we may proceed as shown in the following example : — 


X. 

y- 

hy. 


1 s-V- 

h'y. 

fi’j. 

Lr. 

1 10 

ISM 

1 JO 






II 5 

1703 


11 

t 




120 

1824 

137 

16 

9 

4 

1 


125 

1961 

162 

25 

14 

5 

1 

5 

130 

2123 

201 

39 

20 

6 



135 

2324 

260 

59 





140 

2584 








The column of second differences b-y is obtained by subtracting each value of by 
from the next, and so on. 

Then the value of for ;v -= 125 is given by the funnula 


dx 






where b,„y denotes the mean of the two values of by lying immediately above and 
below a horizontal line through the value 125 of a'. 

Thus we have, as accurately as is iDossiblc from the number of values given above, 
_ 1/137 H- 162 _ I 9 +J 4 4_ I . M- 


‘^y =d 

d^i-x-123 ’’y 


So also the value of for .v — i 
dx“ 


2 6 ■ 2 30 

- Mi 49'5 - i'9i7 +O OJ3) - 29-523. 




25 is give, by ~ (sv - Ify -1- 


where 5 *^ — 25 is the value on the horizontal line through the value 125 of x, 
student is not yet in a position to follow the proof of these formula;. 


The 


Examples.— LV. 


1. Talndatc the mean values of for the Intervals between each of the given 

dy 

values of w in the following. Wliat is the Value when x ~ l3'5o? 


X 

13-25 

13-35 

i 3’45 

13-55 

i 3 ' 6 S 

y 

1-52 

1-^3 

2-i6 

251 

1 2-88 
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dy 

2 . Tabulntc ihe values of ^ from the following. 


Plot curves showing the values 


dy 

of («)>', (b) for any value oi x throughout the above range. 


X 

167s 

17-27 

1776 

i8-22 

18-65 

y 

341 

3 '43 

3 45 

3 '47 

3 ’49 


dy 

What is the value of when x = 17 ’99? 

3 . j is the distance moved by a piece of mechanism in a straight line in Lime t. 
Tabulate the values of the velocity 


1. 

t. 

0-4502 

100 

0-6218 

1 -02 

07930 

1-04 

0-9639 

106 

11345 

I 08 

1-3048 

I 10 


4 . Tabulate the values of the velocity from the following data, s and i have the 
same meaning as in the last example. 


JT. 

t 

I-67G2 

I'02 

I '3078 

105 

09386 

108 

0-5688 

I’ll 

01983 

ri 4 


6. If the chronograph records of the time at which a shot Hying horizontally cuts 
three equidistant screens 150 ft. apart are o'4S907, o'5633l, o'G3S65 seconds, find 
the velocity of the shot at the middle screen. 

0 . Tabulate the values of from the following values of x and y : — 


X . 

J'- 

781 

152490 

783 

153272 

78s 

154056 

787 

154842 

789 

155630 

791 

156420 
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7 . Tabulate the values of ^and ^^from the following corresponding values of 
y and .r. What is the value of when = 7'2 ? 

dy cPy 

Plot three curves showing the values of (fl) y^ every value 

of X. Verify by measurement that the slope of (a) is equal to the ordinate of (('>»), and 
that the slope of [d) is equal to the ordinate of (£■). 


X. 

y- 

6-8 

11431 

70 

11-957 

72 

12-567 

7-4 

13 '305 

7-6 

14-215 

7-8 

* 5 ' 34 i 


8 . From the following list of corresponding values of y and jr, find the value of 

^■^when X = 4‘o : — 

ax^ 


X. 

y- 

3'5 1 

12’30I00 

37 

13-37300 

3-9 

1465024 

41 

1613376 

4-3 

17-82476 

4'5 

19*72460 


0. j feet is the distance moved in a straight line by a portion of a machine in 
lime f seconds. Find its acceleration when ( = 3'04. The force acting upon it is 
equal to its mass multiplied by its acceleration. Its weight is 400 lbs. The unit of 
mass is taken as 32’2 lbs. in order to obtain the force in pounds. Find the force acting 
upon it when i = 3 04. 


t. 

j. 

3 -02 

I 2534 

3 03 

I ’3859 

304 

1-5194 

3-05 

1-6540 

3 06 

1-7898 


10 . In the same way find the acceleration, when ^ = 6'I4, from the following 
data 
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t seconds. 

I reel. 

612 

4‘269I 

6 13 

4-3992 

6- 14 

4-5349 

615 

46765 

616 

4S243 


11 . j gl vc.s Llic distance at time t of the piston of an ciij^ine from some fixed point 
on its stroke, as measured on a large scale drawing. Construct a taldc to show the 
velocity and acceleration at any time between 3’ol and yii secs. Also plot two 
curves to show (^i) the value of s at any lime, {/i) the velocity at any lime, and verify 
by measurement that the ordinate of is equal to the slope of (ii). 


t seconds. 

5 feet. 

301 

o’oo65 

3 03 

00373 

305 

00922 

3 07 

o'i692 

3’09 

02663 

31^ 

o- 3 Si's 


12 . In the following table s is the distance in feet which the projectile of a gun 
travels along the bore in i seconds. 

Make a table showing the velocity v and the acceleration a for different values of 
s from o to 14 ft. 

IMot curves showing how 7/ and a depend uiion s assuming that each value of the 
speed corresponds to the middle point of the corresponding interval 5 .r. 


j reel. 

t sKConds. 

5 feet. 

/ seconds. 

O'O 

O' 00000 

70 

000953 

01 

0 00 143 

80 

0 '01032 

0 - 5 . 

000273 

90 

o'oi 109 

10 

000360 

100 

001184 

20 

0 '00490 

no 

001258 

30 

0 '00598 

120 

001331 

40 

0-00695 

130 

OOJ404 

50 

60 

0 '00785 
000871 

140 

001476 


It will be found that the above values of s arc not given with sufheient accuracy 
to obtain values of the acceleration lying exactly on a regular curve when plotted. 
Draw the curve representing the results best on the whole. 


13 . In the following table P is the population of Kngland and Wales in millions 
as enumerated at each decennial census. Make a table showing the average rate of 
increase of population per annum throughout each ten years. Plot curves to show the 
connection (rr) between the population and the lime [b) between the rate of growth of 
population and the time. 
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Year. 

iSoi 

1811 

1821 

1831 

1841 

1851 

IS6I 

1871 

IS81 

1891 

1901 

Population . 

8-89 

1016 

1200 

1416 

15-91 

i 7'93 

2007 

22-71 

2 S '97 

2900 

3253 


14 . The (able shows tlic average height of boys at different ages in Great Britain. 
Construct a table showing the average rate of growth in inches f)cr annum for every 
year of age between 4 and 21. Plot two curves showing (rt) the height at any age, 
\d) the rate of growth at any age. 


Age (years) . . 

4 

5 

6 

7 

8 

9 

10 

II 

12 

13 

Height (inches) . 

3846 

d 

4400 

4 S '97 

470s 

4970 

5 1 84 

53 'SOj 

5499 

5691 


Age (years) . . . 

14 

IS 

16 

17 

18 

19 

20 

21 

Height (inches) 

5933 

62 -24 

64 ' 3 i 

66 -24 

66-96 

6729 

67 52 

67 63 


{British Association Report, 1883.) 


16 . Tlie following table shows the average strength as measured by the drawing 
power of boys at dillercnt age.s. 

Make a table showing the rate of increase of strength per annum at all ages 
between ii and 19, Plot two curves as in the last example. 


Age (years) 

II 

12 

13 

14 

15 

16 

17 

18 

19 

Strength (lbs.) 

37’S 

3 S 7 

44‘2 

47 0 

52-2 

58-2 

0 

olb 

74 ' 2 

764 


] 0 . From the following data construct a table showing the rate of increase of 
weight of boys at any age between 10 and 20. Plot two curves as before. 


Age . . . 

10 

1 1 

1 2 

13 

*4 

15 

16 

17 

18 

19 

20 

Weight (lbs.) 

67 5 

720 

767 

S2-6 

92 'O 

102-7 

1190 

i 3 o '9 

* 37-4 

• 39 <> 

1433 


17 . The following is part of the record of a rough survey with a level. 

A number of stations are fixed along a road, so that each station is 5 ft. higher 
than the one before it. 
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No. of slaiiun. 


Distance to next station (yards). 


L 

2 

3 

4 

5 

6 

7 


30 

70 

27 

20 

23 

35 

30 


The stations arc in the same vertical plane. 

riot a curve to show the contour, i.e. the shape of a vertical section of the road 
between stations l and 7. Also plot a curve having as ordinate the slope of the road 
at any point, and as abscissa the distance along the road. 


10 . A body weighing 150 lbs. moves along a straight line, so that its velocity v at 
distance s from a fixed point on the line is given by the following table : — 


s feet . . , 

0 

1 

2 

3 

4 

5 

V ft. per second 

S’2 

6-5 

io'4 

16-9 

260 

377 


The kinetic energy is equal to where /// is the mass, and the force on the 

body is equal to the rate of increase of the kinetic energy with respect to the distance. 
Construct tables and plot curves showing the kinetic energy of the body and the force 
upon it throughout the above range of values of s. 


10. ^ is the entropy of i lb. of water at temperature F. Make a table to show 
the values of the mean rate of increase of 0 per degree rise in temperature for the 
intervals between each of the given values of (. 


e 

200 

210 

220 

230 

240 

250 

<P 

02949 

o'3ioi 

03251 

o '3399 

o’ 3 S 45 

0-3690 


riot a curve to show the value of ^ throughout the above range of temperature. 


20. p is the pressure in pounds per square inch of saturated steam at temperature 

e ° F. 

Make a table showing the values of throughout the given range of temperature, 


/ 

70 

75 

80 

8s 

90 

95 

100 

105 

110 

"5 

0 

3027 

307 ’4 

311-8 

3160 

3200 

323‘9 

327 6 

33 I-I 

334-5 

337-8 
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riot two curves showing the values of p and of ^ for any value of 0 ihroughout 
the above range. 

21 . The following are results of the experiments of Barloli and Slracciati to find 
the specific heat of water. Q is the quantity of heat required to raise the temperature 
of I grni. of water from 0° C. to 0 ° C. 

The specific heat j is the rate of increase of the quantity of heat per unit rise in 

temperature, i.g. s = Construct a table and a curve to show the specific heat of 

water at any temperature throughout the above range. What is the specific heat at 
temperatures of 5° and 7° respectively? 


0. 

Q. 

3 

301719 

4 

4’02i8o 

S 

5 02590 

6 

6 02946 

7 

7-03255 

8 

8-03512 


22 . From the tallies make out a list of the values of between 9 = 0'7i56 

ad 

radian and 0 = 0 8378 radian. Note that the value of ^ between any two 

values of 0 is equal to some value of cos 0 between the same values of 0. 

23 . Make out a list of values between 0 = o’fiySi radian, and 0 = 07854 

radian. Note that each is equal to a value of — sin 0 within the corresponding 
interval. 

24 . Make out a list of values of from 0 = 0 4363 radian to 0 = o’5236. 

25 . From the data given in Ex. XXXV. 14, plot a curve to show the rate of 
increase in the returns per^^I increase in the capital and labour expended for different 

values of the amount already invested in the farm, /.f. jilot and C. 

The farmer finds that he can get 5 per cent, for his money elsewhere with equal 
safely. IIow much will it be jirofitable to invest in the land? 

Note. — As .soon as ~ becomes less than the rate of profit which he could obtain 
rtC 

elsewhere, it is not worth his while to invest any more in the land. 
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90. Differential Coefficient of a Function. — We have shown how to find 
the rate of increase ofy with respect to from a list of corresponding values 
at small intervals. 

If^' is given as a function of jv by means of an equation, we can calculate 
the value of S_y corresponding to any value of 5.i from the equation, and thus 
obtain a formula for the rate of increase. 

The process will be understood from the following example : — 


Example. — Let y = be the function whose rate of increase with respect to x we 

require to find. 

If X increases by the amount Sxj so as to become x -p 5 .r, y becomes 
5 (a: + 8a) =3 5a- T 55a 


if hy denotes the corresponding increase in^, 

y -\-^y = S-v + 5 oa 
and since y ~ 5 a 
subtracting, Sy = 5 6a 

and ~ = 5 
6 a ^ 


Since this does not contain 5a, it is unaltered when 5a and dy are indefinitely 

(/y 

diminished to obtain the limiting value 


■ ^ = 
” iix 


5 


dy 

The value of ^ is called the differential coeBiciont of y with respect to a. 

The process of finding ^ is called differentiating^ with respect to x. 

If V is expressed as a function of a in tlic form F(a), avc may write its differential 
coefficient in the form where the symbol denotes the ojicration of 


differentiating with respect to x. 


In the same way denotes the result of performing the operation ^ twice in 

succession upon the function and is called the second differential coefficient of_y. 
ii'y 

^^^-is called the differential coefficient of y with respect to a, and denotes the 
result of performing the operation ^ n times in succession. 
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100. Geometrical Illustration. — Consider the g^eometric.il meaning of 
the process in the above example. 

The function / = is represented by the straight line OA, whose slope 
is 5. 

Let OB be any value of x and BC the corresponding 
value of /. Then, if x is increased to OD, / increases 
to DE. 

Thus, in the figure, BD = CF — 5a- and FE = 5/. 

Sr FC 

This is the mean rate of increase of / from C to E. 

For this case of the straight line it is evident that as D 
moves back to B, and F and E to C, the triangle EFC 
remains always the same shape, however small 5r may be. 


in the limit, as E moves to C, the value of 


5/ 

5^ 



remains equal to 5. 

5 is the value of the actual rate of increase of / at 
the point C or = 5. 

5/ 

Note that for a straight line / is the slope of the line, 

oar 

and is the same however large the interval CE is taken. 

(iy 

It follows that ^ is the slope of the line, and is the same for all values 
ofx. 

The same method evidently applies to any equation/ = ax where a is a 
constant. 

/. if y = ax, ^ = a 
ax 

Next consider a function of x, such as ^x + 2. Here the line representing 
y = 5^ + 2 is obtained from the straight line OA in the previous figure by 
increasing every value of / by 2 ; i.e. by moving the line parallel to itself 
upwards, through a distance of 2 units parallel to O/. 

VVe thus obtain the straight line PA' in the figure parallel to OA. If we 

proceed as before to find the triangle E'F'C', from which we obtain 

is equal in every respect to EFC. 
hx 


. 5/ E'F' , . , 

•■s. = F'C^ = 5'‘^ 


and -J- ^ for every point on PA' as it is for every point on OA ; or, 

otherwise, since the slope of PA' is the same as the slope of PA, the value of 

“ must be the same, for 
ax 


/ = 5jir + 2 and / = 

So also, in general, the effect of adding a constant b to ax is simply to 
move the line / = ax up through a distance b without altering its slope. 

Thus is not altered, and it follows that 
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Similarly, it follows that the addition of a constant c to any function of x 
moves the whole curve upwards through a distance but docs not alter the 
slope of the curve for any value of x. 

(iy 

Therefore the value of is not changed when y is increased by a 
constant, or 

s{FM + .).^|rwi 


If ^ is a constant it docs not change when x changes, and consequently 

its rate of increase is zero, or ~ = o. 

ax 

Geometrically, the equation y = c represents a straight line parallel to 
the axis of .r, and at a distance c from it, and the slope of this line is o. 

Note that if y = ax + then, since which is a constant, and 


dx 

all higher differential coefficients are zero. 


Examples. — LVI. 

DilTerentiate the following funclions of x. Also plot the straight lines which 
represent them, and verify that in each case the slope of the line is equal to the 
differential coefTicicnt. 


1 . yc. 

2. ^x. 3. — 2x. 

4. — Ja:. 

6 . 3 .jr + 2 . 

0. 4 ^ - 3 . 7. -3.r+ I. 

8. — 0‘6A--f2’I. 

9. — o'i 3 .r — 2 ' 5 . 

10. 0-253.V — 6’2I. 


Find the values of — 



11 . + 

12 . 

13. 

14. (3 

15. [c - 3 .V) ; 

16.£(.« + 5); 


where and c are constants. 

17. If Vt is the volume at temperature C. of a quantity of gas which occupies 
volume Vo at 0 ° C., and at the same pressure, then 

Vt = Vo(i + 000366/) 

What is the rate of increase of the volume per degree rise in temperature ? 
Illustrate by plotting V* and / for the case V„ = 100 . 

18. The current C amperes in a conductor of resistance R ohms, under an electro- 

g 

motive force E volts, is given by C = 

Find the rate of increase of the current with respect to the electro-motive 
force. 

10. If we find by experiment that the speed v of a falling body and the time t 
from rest are connected by a straight line law ; prove that the acceleration must be 
constant. 
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20. A point moves along a straight line so that its distance s from a fixed point 
on the line at time f is given by the equation 

j = 1-32 + 26/ 


Find its velocity and acceleration. 

21. The length /' of a stretched wire of unstretched length / is given by the 
formula 


r 


= / + 


AV 

AE 


where A and E are constants, and W is the stretching force. Find the rate at which 
the length increases per unit increase in the stretching force. 

22. The length / of a copper cable at temperature 0° F is given by the formula 

I = 1560 (i + o*ooi8(fl — 32)} 

What is the rate of increase of its length per degree rise in temperature? 


101. DifTerentiation of aAf2.--Next consider the function = rra* 

Let x increase to x + Sx. 

Then the new value of^ which we denote by 

y S_y =: a{x + = ax"^ + 2 ax^x + rz(S.i-)^ 

Also we have j' = ax"^. 

We have here a pair of values of x and the corresponding values of/, and 
we proceed to find 5 / by subtraction, as in the previous paragraph. 

/, subtracting 

5 / = 2 axSx + rr( 5 a‘)* 

/. = 2ax + a^x 

lx 

In the limit when l.v = o this becomes 

{/y 

= 2 ax 
ax 


102 . Geometrical Illustration. — We shall now illustrate the geometrical 
meaning of the above process as applied to the graphic representation of the 
equation / = ax^. 




Take the case where a = ^. 
Plot the curve / = iv\ 
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Consider the point A on the curve when x = OB = 2, and = BA = i. 
Let X increase to + 5 .t- = OC = 2'4, so that 5 jt- = BC = o‘4. 

We thus get the point D on the curve, and if AE be drawn parallel to 
O.r, ^_y = ED = o'44, 

Then the mean rate of increase of y with respect to throughout the 
interval 5 .r is 

Sx AE o'4 


This is equal to the slope of the line AD, and measures the mean slope of 
the curve from A to D. 

As Sx is diminished C moves back to B, and E and D to A, and 
^/y 

approaches its limiting value which is equal to the slope of the tangent 

to the curve at A. 

We find that 


when 5.1' = o'j, 

„ Ja- = 0-2, 

SJT = O-I, 

„ Sx 0 05, 

„ 54:- = O'OI, 


5 >' ^ 0 3:^5 
5.1' 03 

JK _ 0^2 1 

Sx 02 
Sy _ 01025 
5 .r 01 

5 ^' _ 0*0506 
5.1- 005 

Sy _ 0*010025 
Sx 00 1 


= 1-075 
= I 05 


= 1025 
1*0125 
= 1'0025 


Sy 

Thus may be made as near to the value i as we please by making Sx 
sufficiently small, and is never less than i. 

the value of ^ at A, which is the limit of as C approaches B, is 
equal to i. 

This agrees with the result of the last paragraph, where we found that, 
when y = = 2 x 4 x x = and when x = OB = 2 this becomes 

equal to i. 


103 . Differentiation of ax^. — The two cases y = ax and y = ax'^ have 
been very fully treated to enable the student to get a clear idea of the method 
of obtaining a formula for the rate of increase of a function. These are 
special cases of the more general class j' = ax'*. 

We shall now find the rate of increase of ax'". 

Let y = X” 

Then j/ + Sy = (x + Sx)'‘ 

= .1'"+ «jr"“i 5 jr+ ... terms of higher degree in 5 a- (see § 45) 

/. subtracting 

Sy = nx”-^Sx + terms of higher degree in Sx 

Sy 

+ terms containing 5 j: 
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In the limit when Sx becomes indefinitely small, it can be proved that the 
sum of all the terms containing Sx vanishes. 

\Vc thus get 


dx 


nx^-'^y or 


1 


In the same way, if a is any constant, it follows that 




As before, the addition of a constant to the value of j does not aficct the 
differential coefficient, or 

+ 3 ) = 7 i{ 7 x'-^ where 3 is a constant 


Example. — To verify numerically the ahtyve result for the differential coefficient of 
for the case when « = 3. 

By calculation we get the following values : — 


X- 



Ar. 

iv 

a-r' 

10001 

1000-2 

1 000300030 00 1 

1 000600 1 20 -OOS 

300090*007 

O’l 

3000900-07 

1000-3 

1000900270-027 

3ooi50’oi9 

■ 

o-i 

3001500-19 


Mean of above values of = 3001200’ 13 = probable value of ^ for x = looo'a. 
By the rule proved above for differentiating we get 
dy 

^ z= 3(1000-2)- = 3001200-12 for X = 1000-2 

This agrees with the numerical result obtained above to 8 significant figures. 

{fy 

The slight error in the second decimal place is due to the assumption that ^ is 
exactly equal to the mean value of as found above. 


Examples.— 

(I.) If ^ = 4.a'», = 4 X = 20x'. 

(,) uy=-. V-r, g = = J 

(3-) = 6 X /.«■* = 


X “ = n- 

x~ 


( 6 .) 


0 
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Examples. — LVII, 

/iy 

Write down the values of for the following cases : — 

y = x’. 2 . ji = x'. 3. y = 4 . > = 

6. > = i e.y = ” 7. y = 

Find the value of the following : — 

H. -^-yo). 12. 13. where C is a constant. 

14. 4- where a and 6 are constants. 


104. To differentiate the Sum of a Number of Terms. 

Let = «, + + 7^2 .. . where ?/„ . . . are functions of ;ir, which 

we can differentiate. 

Let ,r increase to jr + 5jr, 7 / 0 , . . . to + 5//j, 71 ^ + . . . 

and ^ to / + ^y. 

Then ^y — 5«i + + 6/^3 + . , , 

= + . . . 

Sx Sjr . Sj:- S.r 


and in the limit as nx and therefore 5/^,, 5/^2 • ■ ■ are indefinitely 

diminished, 

^ , dte^ du^ , 

dx dx dx dx 


the differential coefficient of the sum of a number of terms is equal to 
the sum of their differential coefficients, or the sum of a number of terms can 
be differentiated term by term. 


Examples. — 

(I.) ^ (3:1: - + fix' + Sx *) - 3 - lox + i8a’ + szx*. 

(2.) ^( 5 ‘3 “ = - 6-2 X + 4J. 

— - 9-3 jo c + 4J-. 


105. Velocity and Acceleration. 

Example. — A point moves along a straight line so that its dista?ice s feet from some 
fixed pohit on the line at time t seconds from so??ie definite instant is given by the 
formula 

/ = 4^* - 5^ + 3 

Find expressiofis for its velocity a?td a€cele7'ation at any time. Calculate the velocity at 
time 5 seconds. 



Differentiation 


195 


We have 


velocity = ^- = 8/ - 5 


velocity when / = 5 is 40 — 5 = 35 ft- per second 

To find the acceleration we have, if v be the velocity at time /, 

acceleration = rate of increase of velocity with respect to time 
</v 

and since w = 8^ — 5 
--8 

i.e. the acceleration is constant, and equal to 8 ft. per second per second. 


100. Example . — If Ihc pressure and volume of a gas are conuected ly the rdation 
= C, wlm-e 7 aud C are constants^ find the volumetric elasticity 
We have 

fiz^ = C| and p = ^ 

ilt> / - v-i\ _ 


ru ^ - z/ - 7;(-7 . Cv ^ ’) : 


— 7 . Cz' ^ — yp. 


Examples.— EVI ir. 

DilTcrentiate with respect to x. 

1 . — 2 a: + I. 2 . 2 — 5.r — 6 a^. 

3 . 4Jir® — 3^:^ + + 2 a" — .r — 3. 

4. 3^^^ — 2 1 A* 4- 6a^ — X. 5. 3A-^ — 2a “ -]r — a ®. 

Find the value of the following : — 

0 -j^i 3 + Sf + 6/’)- 

7 . [a bt -\r cP) where a^ and c are constants. 


/>'3 


9. ^ 7 ^ (i-3-v'=’ - + 3^'' ' - 


2^X - 2-5X 11, ^ 5- '+ - J.)- 


12, — (x^'^ — ® — Jl^0 0l3 2’l). 

flA' 


13. ifr, _ + 3 ^ . 14. _ e). 


,7U(^* “ “ V^)- 

®'£(''-?-7+3 + V^) 


18. 

dx\x* a“ a“ xJ 

20. - 3J-’ + 4 + !A)- 

22, .4 + ^_-3„.+ .s). 
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d - 3g* + 2Z - 5 
dz' 2“ 


24. -- ^^1+ - x ^ i + 15 

dx ■ ® 


25. 


du 


(iS.) 


27. 


, . 1 

^479ji oflAa' 


28 . Find Llie 1st, 2nd, 3rcl, 4lh, and 5th dilTerenlial coefficients of jt*. 
d^ 

20 . Show that (x") is a constant, and that any higher differential coefficient 


is zero. 

30 . From the following data verify the rule for dilTercntiating x“ : — 


X . 

jr". 

966 

933156 

967 

935089 

96S 

937024 

969 

938961 


31 . Calculate the values of 3a-" wdicn x has the values I2i-i, I2r2, 121 3, and 
thence verify numerically the rule for differentiating ax’^ for the rase when a = 3, 
II ~ 2. 

32. Verify the rule for differentiating a/x from the following : — 


X . 

/J X. 

966 

31 ’081 

967 

31 097 

968 

3 i’ii 3 

969 

31-129 

the rule for differentiating x from the following ; - 

X. 

nj X. 

406 

20-1494 

410 

20-2485 

414 

20-3470 

418 

20-4450 


Plot two curves showing {a) the value of \^x for any value of x, {d) the value of 
dJx 

dx value of x. Verify by measurement that the ordinate of {b) is equal to 

tlie slope of (fl). 

34 . From the following numbers tabulate the values of and compare with the 

result of differentiating^. Plot curves showing the values of y and ^for any value 
of X within this range. 



Differen tia tion 


197 


X. 


8-8i 

0-11351 

8-82 

0-11338 

8-83 

0-11325 

8-84 

0-IIJI2 

8-8<; 

0-11299 

8-S6 

011287 

'1 two curves showing (a) the value of (/») the value of — ^ 

the given range- 

. Do the same for 4/ — having the following values given : 



jr. 


91 

20-231 

92 

20-379 

93 

20-527 

94 

20-674 


30 . Calculate the values of for the cases when x = 1000, looi, and 1002. 
from your results find the mean rate of increase of jt* between each successive pair of 
Llie above values of .r, and compare with the result of differentiating^ x^. 

37 . Calculate the values of A for the cases x — 1000, rooi, and 1002 respec- 

Lively, andj as above, find the rate of increase of given intervals, and compare 

with the result obtained by differentiation. 


In the four following examples the curves should be drawn on a large scale 
between the given values : — 

38 . Draw the curve ^ = x" — ^x + 2 from ;r = 2’8 to x = 3 2, and measure its 
dope at the point where :r = 3. Compare this value with the value of ^ obtained by 


lifferentiation. 

Note. — This and the following examples will serve to give the student an idea of 
:he accuracy which he can attain in measuring the slope of a curve. 

39 . Draw the curve = 2 + 2 x — x^ from x = i’8 to x = 2 ’2. Find its slope at 

r = 2, and compare with the value of obtained by differentiation. 


40 . Draw the curves = x — ^from x = O' g to x = I'l. Find its slope at x i, 

ind compare with the value of ^ obtained by differentiation. 

41 . Draw the curve j = x-'^''^ + 2 x^'^ from x = o g to jc = I'l. Find its slope at 
r = I, and compare with the value of ^obtained by differentiation. 

42 . If a point moves along a straight line so that its distance s feet from one end 
t time ^ seconds always satisfies the equation j = 3’i — 5/* + 6^*, find its velocity 
nd acceleration at the end of 5 seconds. 

43 . Similarly, if r = ^, find the velocity and acceleration at the end of 6 seconds. 



Practical Mathematics 


I g8 

riot curves showing the values of (a) the distance moved, (^) the velocity, (c) the 
acceleration, at any time from / = i to / = 7. 

44 . The distance j feet travelled by a falling body from rest in time / seconds, 

neglecting the resistance of the air, is given approximately by the formula s = l6 l/“. 
Find an expression for its speed at any time. Plot the curve s = and by 

measuring its slope to the axis of ^ at the points ^ = i, ^ = 2, / = 3, / = 4, obtain the 
velocity after falling l, 2, 3 and 4 seconds respectively. Compare with the values 
found by differentiation. Also find the acceleration. 

45 . The distance! feet fallen by a stone in / seconds is given byj = — 

200/ + 5. Find expressions for the velocity and acceleration at any time. 

48 . A point moves in a straight line, so that its distance from a fixed point on the 
line at Lime ^ is given by the formula j* = a + Find formulae for its velocity 

and acceleration at any time. 

47 . A mass of 200 units moves along a straight line, so that its distance s from a 
fixed point on the line at time / is given by the equation 

s= 1-3 + 25/ + 4-2/2 

Let z/ be its velocity. Then its kinetic energy is and its momenluin is wv, 

where m is the mass. Find expressions for its kinetic energy and momentum at any 
Lime. 

40 . The pressure and volume of a gas at constant temperature are connected by 
the equation pv = C. Find an expression for the rate of increase of the pressure with 
respect to the volume. Plot the curve /» = l, and verify your result by measuring 
its slope at the point where z/ = l. 

40 . The volumetric elasticity of a fluid is equal to ^ = — If a gas expands 

at constant temperature, so as to obey the law pu ^ C, find an expression for the 
volumetric elasticity and show that e — p. 

60 . It was found from Rcgnault’s experiments that the total heat Q required to 
raise the temperature of i gram, of water from 0° C. to 0° C. between 0 = o and 
6 = 200 is given by the equation 

Q = 0 d- 2 X I0“* . e* + 3 X lo~^ 0* 


The specific heat at temperature d is the rale of increase of the quantity of heat per 
unit rise in temperature. Find a formula for the specific heat s of water at any 
lemneraturc, 

51 . It was found by Weber that the quantity Q of heat required to raise the 
temperature of unit mass of diamond from 0° C. to 0 ° C. was given by the equation 

Q = 0-09470 + 000049702 — 0000000120^ 

Find a formula for the specific heat j at any temperature, and plot curves to show the 
values of s and Q for all values of 0 between 0° and 200°. 

62 . This and the following examples refer to beams loaded in various ways 
(see pp. 97, 102). is the deflection at a distance x from a fixed point on the beam. 
W, 10 , I, and / are constant. 

r = ^ ' i-v^) 






63 . 


fuid '5:, ^ 

dx dx^' dx^' dx* 


find 

dx' dx' dx'' dx^' 


64 . 
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107. Differentiation of e*. 


If e is defined as in § 7, it can be shown that 

X'^ X"^ 

e - = I + :r + — + 


1.2 1.2.3 I. 2. 3. 4 


+ . . . 


where the sum of the series continually approaches a definite limiting value 
as the number of terms is indefinitely increased. 

It can be shown that such a series can be difTerentiated term by term, 
and that the result is the differential coefficient of the sum. 

Differentiating^ term by term, we find that 


' 1.2 I . 


4-1^ 


2.3 I. 2. 3. 4 

= 1 + X- -\ + + 

1.2 1.2.3 I. 2. 3. 4 

= 




+ 


Thus ^ is a function whose rate of increase with respect to x is equal to 
the function itself. 

This result shows that if we plot the curve y = the slope of the curve 
at any point is equal to the ordinate at that point. 


Example (i). — P/of the an-ve y = e^Jroni x — to x — 2^ mensure its slope at the 
points where x — 0*5, i, I ’5, and compare with the values of y. 

Example (2). — Plot the curve y — on a large scale from x — to x — I'oi, 
and measure its slope at the point x = i. 

The differential coefficient of ad'* may be obtained in the same way. 

We have 


ae^'^ = a + abx + a h a 

1.2 1.2.3 


Differentiating term by term, we get 

r{ae^*) = ab + ab , bx -k- aO — h . . 
(IX 1.2 


Note that the rate of increase of ae^* is proportional to the function 
itself. 


Examples. — 


(J-) ^(3f^*)=I2^* 


(2-) 


±ti 

dx 




dx 




We may extend this method to the differentiation of ; for, by the 
definition of a logarithm, 

a = “ and “ 

0 = a* . log, a 
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Example. — 


= 0742 X 21‘. 

Examples. — LIX. 

1 . Plot the curve y = from x — — \ Ioa-=+i; then by the result just 

proved the slope of this curve at any point should be equal to ^ = 2r^ = 2j. 

Verify this by measuring the slope at the points x = — 0 5, x — 0 25, and x = 07. 

2 . Tabulate the values of ^from the data given in the following table. Note 

that in each case the value of ^ is equal to some value of y within the corresponding 
interval. 


-T. 

e ^= y . 

1-50 

4 ‘48 1 69 

rsi 

452673 

1-52 

4 ’S 7223 

i '53 

4'6iSiS 

154 

4-66459 


Find the value of — 

3. ^^(26.->^-). 

0. 


4 . 


6 - 


7 . ;7-(.-“ + 5 ). 


11. 2 + 5 id’-z* _ 3^vi}, 


8 . 

10. “* 3^^}' 
rt, and c arc constants. 


12. If sinh jv = ^ 2 ’ ~ , show that ^(sinh x) — cosh x, and 


^^(cosli x) ~ sinh x. 

ID. £(4-8.).- 

10- 5-s)-. 


14 . £(2-3)-. 

17 I'V) --(^) 
ii-s 


15. “ (2-8s)« 


18. If j = + 5^3*, prove that = qj. 

19. Uy = find the value of — d-y. 

20. If j 1 = Ac!®' + find the value of — 5^+ 

21 . Tf^ = At?""!* + II«r~“a^, find the values of C and D so that 


™®y equal to o for all values of x. 
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22. U V = where Aj, Aj are the roots of the quadratic equation in A 

L\* + R\ +,4=0, 

Iv 


iPv 


dv 


prove that L K ' 


23. If a body is heated to a temperature 0,° and then allowed to cool by radiation, 
its temperature at time t seconds is fjiven by the equation B = where a is a 

constant. Prove that the rate of cooling in degrees per second is proportional to the 
temperature. 


24. If V is the dilTerence of potential at time t between the plates of a condenser 

dV V 

discharging through a resistance R, it can be shown that - = — Show lliat 


this equation is satisfied if V = kR where Vj is constant. What is the value of V 
when / = o ? 


108, Differentiation of sin x, 

Let^ sin x where x is measured in radians. 

Let X increase to x + Sjr, andj to/ + 5/. 

Then / + 8/ = sin {x + 8jr) 

= sin (.r + 5.i-) — sin x 


= 2 cos (x + ) sin — 

\ 2 ^ 2 


mean rate of increase of / is 


5/ 

Bx 




5.r 


Sx 

Bx 




Wc notice from the tables that as the angle is made smaller and 

smaller the values of sin and of become more and more nearly ec|iial. 

5ar 
sin — 

2 

It may be rigorously proved that the fraction becomes equal to i 


2 


Sx . 


in the limit, as the angle — is indefinitely diminished. 


>'■ ~ ( limit of when = 


dx \ 


Bx 


= o) 


100. Differentiation of cos x. 
Let / = cos X. 



202 


Practical Mathematics 


Let X increase to :t- + Sx, and j to^ + 87. 

Then 7 + 57 = cos (-r + 5 ;ir) 

57 -r; cos (x + S,r) — cos X 

= - 2 sin ( :r + ~J sin — 


5 .r 



2 


In the liinitj as cos Sx vanishes, this becomes 


= 

dx 


— sin X 


This result may also be obtained from the previous one by writing x 4 - 


for X. 


110. Example. — 7 o verify from the tables that — (sin jt) = cos x. 

dx 

Wc have. 


23 u 
23'" 1' 
23° 2' 





dy 

j = sin -r. 

ir. 


d.v’ 

0-3907311 

0-3909980 

0-3912666 

o’ooo266() 

1 l'— 0-0002909 

o’9i77 

0-0002686 

/ radian 

09234 


Mtaii value of 
dy 
xLx' 


\ 

I 


o'92o5 


is cciual to the mean value of throughout each interval of i' for which it is 
Bx ^ dx 

measured, and the mean of the two values of is approximately equal to the value 

of when x = 23° 1'. 
dx 

From the tables wc find that the value of cos 23° i' is o'9204. 

(sin x) = cos X for the value x = 23° 1' within the limits of accuracy of the 
above method. 

Note. — Sx must be expressed in radians because, in proving that ^ (sin = cos x^ 
it is assumed that x is measured in radians. 


111. Geometrical Illuatration. — Plot the curves 7 = sin x, ABC, and 
7 = cos or, A'B'C', measuring x in radians. 

Then the result of § 108 shows that the slope of the sine curve at any 
point P is ^iven by the corresponding ordinate NP' of the cosine cui^c. 

In particular, the slope of the sine curve at A is equal to AA' or unity. 
Note, however, that the slope is measured as in § 95. 

From A to B the sine curve becomes less and less steep, until at B the 
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slope is zero, corresponding to the point B' where the cosine curve cuts the 
axis of X. 

From B to C the sine curve slopes downwards and increases in stecpncsi 



until at C its slope is - i, corresponding to the point C' on the cosine curve, 
and so on. 

If we consider the slope of the cosine curve we see that, since the curve 

iiy 

slopes downwards from A' to B , must be negative, and pass from o at A 

to — I at B' as the ordinate of the sine curve changes from o at A to H- r 

at B. 

This agrees with the result = "* sin and gives a geometrical 

explanation of the minus sign. 

112. lly a similar method to that used to differentiate sin x and cos x 
we may show that 


Thus 


sin {bx c)} = ab cos {bx + c) 

cos {bx c)} = - ab sin {bx + c) 
d . 

-r sm 2jr = 2 cos 'ix 
dx 

sin { 2 x + i) = 2 cos (2;r + i) 

~ 3 sin {p.x + i) = 6 cos (2Jr + i) 

^ sin (i - ;ir) = - cos (i - a) 
d 

-j - cos 4Jr = — 4 sin 4jr 
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2 COS — 2) = — lo sin (sx - 2) 
^ cos (3 - 4-1-) = 4 sin (3 - 4.r) 


Examples. — LX. 
Diffcrcnliate the following with respect to x ; — 

I . sin 3-^. 2 . cos 2jr. 3 . sin \x. 

5 . co.s(-3x). 0 . 3sin(- J a). 

8. 2 sin (2JC — 4). 0.-3 cos (2 H- 3.1). 

II. — 2 cos (l — 3.r). 12. 6 sin (2 — 5.r). 

14 . 1002 sin (0 35 ijr 0-273). 

Eiiul the value of the following : — 


II \x. 4 . cos 

7 . 4 cos (- 2-35 a;). 
10, 5 sin (2-5 + 31A-). 
13 . COS (1 - -lx). 
15 . 2-56 cos (371 — i-52jr). 


10. a sin (fii -1- e). 


17 . A sin (// + a). 18 . A cos (// + o). 


10 . ■ {A sin -[- a) -\- li sin (c/ - a)}. 

21. ^^3 sin (1-03/4- 2-51). 


20 . A sin (0 4- c). 
22. sin (2r/i + g). 


23 . 1' rom the following values of x and sin x find the value of sin x fur x = 20'’ 

dx 

and verify tliat it i.s equal to co.s 20®. 

Note. — 5 a- inu.sl be measured in radians, i' -- 0-0002909 radian. 


the ca-sc x = 30° 


jr. 

sin X. 

19° .S 9 ' 

0-3417468 

20° 0' 

0-3420201 

20° i' 

03422935 

j following values of x and cos x verify that ^ cos 

jr. 

cos X. 

29° 59' 

0-S66I708 

30° 0' 

0-8660254 

30° I' 

0-8658799 


— — sin X for 


25 . Verify that — - cos X = — sin AT for the case x = 74°. 


73 ° 59' 
74 ° o' 
74 ° i' 


o- 27 ‘ 59 i 7 o 

0-2756374 

0-2753577 
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20 . Draw the portions of the curves 

y = sin X, and v = sin 3X 

between x = o' 1745 radian = 10° and x = o'349l radian = 20°, plotting tlie values 
of X in radians. Measure the slope of both curves when x = 0 26 18, radian = 15”, 
and compare the measured values of the slope with the values cos x and 3 cos 3X given 
by ditTerentialion, 

27 . Give the proof, as in § 108, that 

sin {bx c) = ab cos [bx + c) 

20 . Find the first eight dilferential coefficients of sin x and cos x. 

Find the value of — 

20 . a sin [qt + g). 80 . ~ 3 sin [2x 4- 4). 

31 . {i-2 sin (2'6 x — 4'i)). 

32 . If j = 4 sin 2^ -h 8 cos 2/, prove that s satisfies the 

33 . If^ = A sin {j\x -1- II), find the value of -j- 16^. 

d^y 

34 . U y = A sin («/ + ^)i find the value of + tt^y. 

36 . y = a sin pt -V h cos pt. Find the value of . 

Asin(//' + ^). (See § 37.) 

30 . If a piece of mechanism moves with a simple harmonic motion, its distance j 
from a fixed point on its path at lime t is given by the equation 

j = <2 sin {zirnt + ^), 

where n, g and n are constants. Find expressions for the velocity and acceleration at 
any time. Show that the acceleration is proportional to s. 

1 3 c 

37 . In the last example, take g — o,a — o'458 ft., 71 = , and plot curves to show 

(n) the distance j, (^) the velocity, (r) the acceleration at any time from f = o to 
/ = o'44 seconds. 

38 . A mass M moves in a straight line with a simple harmonic motion given by 
the equation s — a sin gty w'here s is the distance of its centre of gravity from the mid 
point of its path at time L If v is its velocity find expressions for its kinetic energy 
i Mz/*, and its momentum Mz/ at any lime f. The force on the body at any time is 
mea.sured by the mass multiplied by the acceleration. Find an expression for the 
force at any time, and show that it is equal to the rate of increase of the momentum 
with respect to the time. 

30 . A closed plane circuit of wire enclosing an area A square centimetres is 
rotating with angular velocity^ radians per second in a magnetic field of intensity H. 
If / is measured from the instant when the plane of the circuit is parallel to the field, 
the magnetic induction through the circuit is I = ATT sin gA 

The electromotive force V in the wire, expressed in volts, is the rate of increase of 
the magnetic induction per second multiplied by lO“®. Find an expression for the 

electromotive force at any time. In the case when A = 550 sq. cms., g = - 

II = 7500, plot a curve to show the electromotive force at any time from / = o to 
/ = 0 0545 secs. 

40 . The equation = 7/1'u occurs in the theory of the wliirling of shafts, th is 
a constant. Sliovv that this equation is satisfied by pulling 

u = + C cos rfix -h D sin ?/ix. 


equation + 4-'' = O- 


Express in the form 
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41. The equation 


(Pu Vu WL irx 

^ li + 8ET L “ ° 


occurs in finding the shape of a strut which carries a thrust at the end, and also a 
lateral load. Show that it is satisfied by putting 

JWL cos^ 


EI^-P 


All the letters except ti and x represent constants. 

42. If X = sin ^ + 3 sin 2/* + ^ sin 3^, find the value of ^ and 

43. If jc = 7- sin qi + , cos 2qt where x is the displacement at time t of the 

4/ 4/ 

piston of a steam-engine from the middle of its stroke, r = length of crank, I = length 
of connecting rod, find expressions for the velocity and acceleration. 

What are the values of the acceleration when / = <?, and - ? 

. ^ 

44. A point moves along a straight line so that its distance s from a fixed point 

on the line is given hy s = a sin (2ir/? + ^) + b sin + h) ; <7, b, and h are 
constants. Write down exprc.ssions for the velocity and acceleration at any time. 
Plot a curve to show the value of s for any value of t when a =. ~ o'6,^ = 0733, 

h = 0951,/= 


113. Differentiation of log jr. 

If j/ is a function of .r, and and S.v arc simultaneous increments of _y 
and X, then 

__ I 

Sx ^ 

This remains true as and Sar are made smaller and smaller, and 
(fy 

approaches the limiting value 

. rfy _ I 

dy 

Let y — loge X 
Then x — 

and = x 

dy 

■ = -L - i 

dx dx X 
dy 

It follows in the same way that 

^[Alog.(B, + C)|.j/S.5 
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where A, B, and C are constants. 

Since log-m x = 0-4343 have as a special case 




0-4343 

X 


We may verify this result numerically as follows : — 
From the tables we have 


X. 


hy. 

fi.r. 

^y. 

^ (mean). 

5 40 

5-41 

5 '42 

1-6863989 
1-6882491 
r 690095 S 

0-0018502 

0-0018467 

O’Ol 

O’OI 

0-18502 

1 0-18467 

0*18484 


We have by differentiation 

r) = = j.' , = 0-18484, for X = 5-41 

which a^rrees to 5 significant figures. 


Examples. -LX I. 


Find the value of the following : — 


2. {log. (4^ + 3))- 


8. 

11 . ^ (log, 3 ^+ 2 ). 


3- (log. + 3}- 


Jl {3 log, (5/ + 4)}- 0- {6 log..(7^ + 3)}- 


1 . ^-(log. 5 -^)- 

4, ~ {6 Iog,(l- 2J)}. 

7. (log,, S")- 
10 . (log, 3 -»f). 

12. Verify the result of differentiating log^ x from the following values; — 


8. ^5(Iog,.). 


X. 

logg X. 

8-6o 

2-1517622 

8 61 

2 -I 529243 

8-62 

2-1540851 

863 

2-1552445 


Plot two curves showing the values of [a) log. jr, [b) for the above values of 
and verify that the ordinate of b at any point measures the slope of a. 

13 . Find the value of ^ logj, x, when x = 4' 1735, from the following values, 
and compare with the result obtained by differentiating : — 
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.r. 

log 10 

4 ’i 734 

06204 900 


4' >735 

0*6205004 


4 ' 1 736 

0*6205108 



14 . riot the curves {a) y = logo -*■, U>) y = logjo x, between x = 2 and x = 2'5. 
Verify by measurement at three places on each curve that the slope of (^) is o’4343 of 
the slope of (a) for the same value of x. 

16 . Find the value of {logfl(.r + 2)}, when x = 6’23, from the following values, 
and compare with the result of differentiating : — 


10 . 

17. 




X. 

y = U' + 0- 

6*20 

2*1041341 

6*22 

2*1065720 

624 

2*1089998 

626 

2*1114243 

1 - — O' 695, find an expression for 


(it' 


l(ip = 0737 log,, + 2-875 . io-"(/= - 1096O + 0*648, find 


Examples. — LXII 

l^fisceUancous Ex(\nipl€s m Differentiation, 

Find the value of the following : — 

3 . + sin (3a: + 2)|. 4 . -^^(^- 2 - 33 j£ _j_ ^^7 cos {2X - l)}. 

5 . - 5 sin {^X + 4) + 6 cos {2X - i)). 

- ^ + 3 S=X _ ± + si„ ^2X + l)J. 

9 . ^’^^3*1//®® — 2-1 sin (i — 3«) — 5 cos (2 — 4*37/) + r9^®3 — S . y / u ], 

10 . /-=■“ + 1 ). 

11 . («“ — 3 ^=“ - jj- + — \^e'‘ + 3 ^"^" — <“). 

12 . i, — 3 s*n (2^ +0 + 4 cos (3/ — 2) + sin (i —4^ — 2 cos (i — i) 

+ 3 cos ( 0 - 7854 )). 



CHAPTER XII 


DIFFEREJVTIATION OF A PRODUCT, QUOTIENT, AND 
FUNCTION OF A FUNCTION 

114. Differentiation of a Product. 

Let y = Hv, wlicre u and v are functions of x which can be differentiated. 
Let X increase to x + 5.f, so that, in consequence, 

u becomes ii d- 

'V „ V -L 57/ 

y » y y^y 

Then_K + !>> = (« + + Sv) 

= 71V -h uSv 4- 7-5/^ + . iv 

and since y = kv 

subtracting-, we g^et, = ulv + v^u -L lii^v 

. Sy 57/ , ^ Sv 

• • = 7(-- + v~ -f 5//— 

5.r 5.r Sx Sx 

In the limit, when 5^ diminishes indefinitely, ^ become 

’ Sx Sx' Sx dx- dx' dx 

respectively, and the term 6//— becomes o x = o. 

, dy dv , du 
-dx^^dx^’^Ux 


Examples— (I. = jrV*. 


Take u = x^,v = \ 

, dy dv du ^ d , .. , d , 
= = (5-» + 3)->fV« 


(2 .) — Iffy = X* sin {2x + l). 

Take it = x*, v = sin (2jr + l) 
dy dv dn 

dx ” dx^ ^ dx 

= x"^{sin (2T + l)} -I- [sin (2jr + l)} X ^ ( r*) 

= 2jf‘ cos {2x h i) + sin (2jr + i) 

P 



210 


Practical Mathematics 


(3.) = 2 e^ sin (3x + l). 

Let u = 2 ^ ; V = sin (3^: + l). 

— 6<f^ cos (3JC + i) + 4^^ sin (3^: + i) 

i.\r, loE^-'-a). 

Take « = loge (jc -■ 3) ; V = = jr“ i. 

£ = log. (X - 3) £ • X- i +:t - J £ log, (^ - 3). 


= 3) + 

2x’* 


I 

a/x{x - 3) 


(5.) To prove the nde for differentiating by m earn of the rule for differentiating 

n product for the case wheji n is a positive 'ohole mnnber, 

dx 

It follows from the definition of a difTcrcntial coeflficicnt that i. 


Then 


d{x^ _ ^ ^ — 

dx ’ dx 

dx^ _ d{x X x"^) _ 
dx ” dx dx 


I 


dx , dx^ , , , 

+ X — - X- +2X . X - 


dx dx dx 


dx 

dx^ , , , , 

JT = jr> + 3X=> :r- ^x\ 


In the same way, it evidently follows that as we proceed to higher powers of x the 

effect of each addition of one to the power of x is to add — — i to the numerical 

coefficient, and to raise the power of the differential coefficient by unity, and therefore 
d(x^) 

if fr is a positive whole number — nx^ 


Examples,— LXIII. 


Find the value of — 


1. 


dx 


f cos X. 


d 
dx 

4 . 2 x) log, (j: 4 - l). 

0 7 sin djr cos 6 x. 

‘ ax 

0 — 15 cos 6 x cos 5^. 

■ dx 


10. Y- (3^+0 cos { 4 x - 5 ). 

dx 

12. ^ sin {ax + b) sin {ax + d). 

14 . ^ sin {ax + b) cos {cx + d). 
d 

dx ’ 


sill {x — I). 3 . sin (3 - 2 :r). 

6, — sin '\x cos 5^. 

7 . y- 10 sin 3.r sin yjf. 

0. ^sin (2.jr + i) cos (34: + 2). 

11 . sin (2jr + i) sin (24: 4 - 3). 

13 . ^ cos (njr 4- li) cos {bx + c). 

15 . 4r* sin x. 

dx 


17 . ^ :rV 

dx 


18 . 4 

dx 
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10. l( y = sin {x + B), find the value of ”, + 4^"*” 5^' 

20. li y = (A + Bjc)t“^, find the value of + 4 ^ + 4 y. 

21. If y = Af“* sin {/k/ 2 x + B), find the value of + 2 ^ + ay. 

ax- dx 

22. Ifi/ = Ar“sin (\/kX“^' " 

and t represent constants, show that 


T T*'*' j. « 


116. Differentiation of a Quotient. 

Let y — - where ti and v arc functions of x which can be differentiated. 
Then, if 5.i', 5//, 82 /, ly are simultaneous increments of and 


, t w + 5;/ 
^+*->' = v^az< 


y = 


Subtracting 




U + III — IIV — li^V 

Iv V {v + Sv)v 


Dividing by 5.r we get 


S// 52/ 

2/ « — 

5y _ 5ji^ 5.,r 

Sjt (2/ + 52 /)?/ 


In the limit, when 5a' diminishes indefinitely, ^ become 

’ 6 a- 5a 5jr di-'> //i ’ 


d7( dv 


r/a-’ r/a- r/a- 


if^u __ 

espcctively, and we get ^ ^ ^ 


Example (t). — To differentiate tan x. 


Let^ = tan x — 


sin X 
cos X 


I'hcre u = sin x and v = cos x. 


n 

V 


du 


dv 


Then = 


® <fx “ dx 


dx 


— X , c os ar — sin a- ( — sin x) 
cos* a 


cos* a + sin* x 
cos* X 


= sec* X 


This is an important result, and should be remembered. 
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Example ( 2). — Let y = where u - e^.v - sin jr. 

^ sin X V ' 

f/u ihf 
» v w - 

(ly ifx tix sin jt . cos x 

Then / - = .-i 

dx V- sin* X 

_ ^ sin X — cos X 

sin* X 

ExampT-F. ( 3). — To verify the rule for differentiating a quotient for the ease 
y -- r, — where u — x^. v — x~. 

Jif V ’ 

dn dv 

Then dx _ x"^ . Ox'^ — .v" . 2x — 

dx iP- A* 

13ut wc may also lake ^ = jr‘, and Z. — 4 a’’ by the previous method for 
tlifTerentialing a". 


Exam ples. -l.X I V. 


Find the value of the following : — 


d cos 3 jr. 
Jx 


dj\^^ y* 
<(sec^-). 

-U ' \ 

r/Aylog„ x) 

11. If sinh X - 


4. 

7. 

10 


- e~ 


2. 

d 

sin ( I - 3£); 

3. 




dx 

X 


./a\ 

Cs/xf 

5, 


^sin A \ 

0. 

d 

/cos x\ 


r/A* 

^^log^Arj- 


dx 

) 

8. 

d 

dx 

(coscc a). 

0. 

d 

dx 

(cot a). 


^.T.|_^-x sinh A- , , 

cosh X = , and tanh x ~ -- — . 1 md the 

2 cosh X 


value of 7- (tanh a). 
dx 


12, Show that (a loge a — a) = logc x. This result is important. 

13. Prove the rule for cliffercntialing a” for the case where n is a negative whole 
number by using the rule for differentiating a cpiotient. 


14. 

d 

dx 

2 sin ( 2 A — 3) 

15. 

d 

dx ' 

sin (3A — 1 ) 
cos ( 2 A -\- 3) 

10 . 

d r-2.t 

dx ■ COS ( 2 a + 3)' 


d 

2e^^ 

18. 


^-3 

19. 

d sin 2 A 

1 1. 

dx' 

log.(A - !)■ 

dx 


dx ' logc (a — 3 ) ■ 

20 

d 


21 . 

d 

log^ (a - 4) 



dx' 

cos (2.r — l)’ 

dx 

' cos (3 I A + 7)' 




110, Function of a Function. — We may require to differentiate such a 
function as sin (a'*) where we already know how to differentiate the functions 
sin u and xf separately. 

Let^' = F(zr) where w is a function, y(A-), of x and F and f arc functions, 
which we can differentiate. 

Let X increase by the increment 5,r, and at the same time let u increase 
by hi and y by ly. 
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Then ^ x by algebra, since ^ and ^ are algebraical fractions. 
5.1- 5/^ 5jr ^ * 5« 54.- ** 

Now let 5.r and consequently 5// and Sf be indefinitely diminished. 

, ... Sy Bu , dy dy , du , 

Ihen, in the IiniiL j ^ , -- become / , and rcsncctivcly. 

’ ^ 54- 5//’ 54- dx^ du' dx * 


dx du dx 

Note that, since and longer fractions, this does 7iot follow 

at once by cancelling du. 


Kxampt.e (i ). — Let y — sin (4^). 

Tills is a sine of a fourtli power and both of these are functions which wc can 
already differentiate. 

Let u = x* ; thcnji/ = sin u 

dy dy du r/(sin 7 i) ^ dx' , x 3 i 1 

= -7^ X - - = -i X -r-= (cos u) X AX^ — AX^ C 05 X*. 
dx du dx du dx / t t 

Example {2). -y = lo^t x). 

Let sin x — u ; then y = log, « 

dv dy du i/(loge«) f/(sin.r) i cos x 

-f = X = — r - X - X CO.S 4 - =r col X. 

dx du dx du dx u sin x 

Example ( 3 ).— ZtV y - [i - x)". 

Let u = i — X \ then y — 


similarly T. = an{ax -1- bY ~ ^ where a and b arc any constants. 


X — 3 

Example U).—y = 

We must here combine the various methods of this chapter. 
^-3 


Let 


Vzx+ I 


= w ; then y = log w 


dy dy div i ^ dw 

and ^ ^ X ^ ^ 

dx dw dx w dx 

To find let z«/ = ^ where « = x — 3 , v = ^2x + l. 

du dv 
dw 

Then -j-= - „ 

dx 

d 


Vzx + I - (x - 3 ) ^-fj2X -I- I 
2X + I 

- 3 

— Vzx 4- _l ^gee example 3 ) 


^2X + I 


. -^ + 4 

{2X + I)* 


2X + I 
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/. substituting and simplifying 


dy _ X + 4 

dx (jr - 3)(2jr + l) 


liXAMl’LE (5 ). — To find an expression for the slope of the tangent to a circle at any 
point. 

Take the centre of the circle as origin of rectangular co-ordinates. Let the 

radius = </, and let x andy be the co- 
ordinates of any point P on the circle, 

Then -f = a* ; y = if a} — 

iiy 

We require to find 

Let u — — x"^ \ then y — f u, 

and the slope of the tangent to the 
circle at P is 

dy dy ^ du _ dfu ^ - x*) 

dx du dx du dx 

A - ^ 

2 V u f or — y 



Note that in the figure, tan NPO, and slope of PT = — tan NTP. 

Thus the above result proves that NPO = NTP, and therefore NPT = NOP, 
and OPT is a right angle, or the tangent to a circle is perpendicular to the radius at 
the point of contact. 


1 EXAMPLE (6). — OP is a crank of length 0, revolving with constant angular velocity 
ft’, in a counter-clockiuise direction. Py is a con?iecting- 7 'od of letigth 1 . Q moves 
backwards a?id fonvards i?t the straight line OQ. OR is perpendicular to OQ, PN 

to OR, afid PM to OQ. 



^rove that PR represents on some scale the angular velocity of the connecting-rod 

Let POQ = B, PQO = <p. 

Then PM = a sin = / sin 
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DitTcrenliate both sides of this cqiialion with respect to /. 


~[a sin 0) = r7^(sin0)X 
(/ sm 0) = 


dt = “ \it 


I cos 


l{<p 

'di 


Now is the angular velocity of the connccting-rod PQ, and ^ is the angular 
velocity of the crank OP, and is constant and equal to &i. 


u a cos 6 = 1 cos <p j- 

d<p __ a cos 0 
dt ~ I cos (p 


Now PR = 


PN 

cos NPR 


O M 

cos <P 


d<p 
'' dt 


= T. PR 


cos 6 
a - 
cos ip 


i.e. PR is proportional to the angular velocity of the connecting-rod PQ. 


Examples. — LX V. 


Find the value of— 


1. 

-j.{2-xy. 

2. 

d 

dx ' 

I 

' I — 

4. 

d I 

dx' 2 — 3x' 

6. 

dx 


7. 

d i____ 

dx a/s - 2 -^ 

0. 

d 

dx 

aJzx 

10. 

- H-5- 

11. 

d 

dx 

aJ ax 

13. 

^ • log. (3 - 4^)- 

14. 

d 

dx 

. I0& 


8 . - . — — 

X dx 2 + 3jf 

0- ^-s^2x +17 

’+^x-T. 0 . 

’ -i- fx + C. 12. log, ( 2 JC + l). 

(I - x). 15. ^^I„g,; (.V* - 2.* + S) 


10. ^ • log. {2x’ — 3JC + 4). 17. log, {ax- + 6x + c). 

18. We have logo (jc* + or — 12) = log„ (.ar — 3) + log^ [x + 4). Differentiate both 
bides of this equation separately, and verify that the result is tlie same in both cases. 


Differentiate with respect to x— 

10. Sin’x. 20. Sinx^ 

23. 24. («*)’. 

27. 28. Cos (^*). 

31. Log. sin (3x + 2). 

34. — \ — . 35. Sin™ X cos" X. 

cos’ X 

37. Show that — r . ■*" = 

d{x + a) 


21. Log. (x’). 

25. Sin“ X. 

20. Log, (tfO- 
32. Log tan x. 

36. Show that 


22. (log, x)>. 

20. Logs cos X. 
30. Cos’ (2x — i). 
33. Sin’ X cos’ .r. 


(Put X + fl = z, and x =z — a.) 


38. Find ^ log, ax, where a is any constant. 
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Find the value of — 


30- ^ log, {x 4- Jx^ + fl*). 

-T d , 2jr -I- 3 
41. . log. — ^ -5. 

<I J X + 2 


^ * 1 ™ -if “ ® 

dx ' Ta X + j' 

42. log„ 

m/2X - 3 

43. Prove that OR in Fig. fig represents on some scale the linear velocity of the 
point Q. 



CHAPTER XIII 


CALCULATIO.V OF SMALL COKKECT/ONS 


117, Let A and B be two neighbouring points on a curve representing j' as 
a function of jr. Let ^j) be the co- 
ordinates of A, and (a-j + fijr, _y, + 5y) the 
co-ordinates of B. 

Then, if AN and NB are parallel to the 
axes of X and AN = Sji', NB — 

Sy . 

Then is the slope of the chord AB. 

It appears evident from the figure, and 
can also be proved analytically, that AB 
is parallel to the tangent to the curve at 
some point C between A and B. 

Now measures the slope of the tan- 
gent to the curve. 

Sy 

= slope of chord AB = value of 
C between A and B. 

(iy (ly 

■'* where the value of is taken fur some value of .v between 

x^ and x^ -1- 5^'. 

If Sx is sufficiently small, we may take the value of ^ at A instead of at 

C in the above equation, with an error which is, in general, small compared 
with Sx. 

Thus, if a small variation Sx occurs in the value of x, the corresponding 

variation in y is ~Sx. 

dx 



Example (i). — The radius of a circle is found by nieasurement to be J‘26 inches^ 
and the area is calculated from this value. 

If there may be an error of 2 per cent, in the observed value of the radius^ what is the 
possible er7'or in the calculated value of the area I 

Let X = the radius, y the area ; 

then y = 


But if there is an error 5jr in the observed value of jr, it has just been shown that 

the consequent error in y is Sy = ^ Sx = 2irxSx. 

dx 
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And the percentage error \ny is 


loo. hy 

~ y 


TfX^ . loo 

— V = 4 per cent. 

25 . ^ * 


Example (2). — An electrical resistance y is measured by balancing it against a 
known resistance u by means of a slide wire bridge. I — x and x are the resistances of 
the proportional arms of the bridge corresponding to y afid u respectively. 

It is required to find the error in the value obtained for due to a k?iow?i small error 

a in the value of x. 


It is known that 


y 

(ii 

y 


/. ^y 


l-x I 

— I 

X X 


Ito 


dy /w 

dx 


\\c have 6jr — 


percentage error in^ = 100 


hy 

y 


i 

X 

x{l - x) 


100 . a 


lixAMTLE (3). — The iUtgle K of a triangle is found by measurement to be 63^, and 
the area is calculated by the formula J be sin A. 

I 'ind the percentage error in the calculated value of the area^ due to a?i error of 1° in 
the observed value of A. 

Let S = the area. 


Then S = i sin A 

S.S ^ ‘‘f- 5 A = i #<• cos A . 8A 
dK 

percentage error in S = 100 -^ = 100 cot A . BA 
Now BA — 1° = o'oi75 radian 

percentage error in the area = luo X col 63*^ x 0 0175 = 0*89 per cent. 


Example (4). — An error equal to 1 in the fourth decimal place is made in obtain- 
ing the logat ithrn of a number as the result of a calculation with four-figure log tables. 
To find the consequent error in the number. 

Let x he the logarithm obtained, and y its antilogarilhin. Then we require to 
find the error in^' due to an error of o'oooi in x. 

We have — 


logiojK 
dx 
dy ■ 


Bj: = . 5 ^ : 


« . S V 

y 


• y Bjc 

Sy - - — - — 


0-4343 4343 


when 9 x = O’oooi, 


Thus the dilTercnce in a number corresponding to a difference of i in the fourth 
decimal place of its log is of the number. This enables us to calculate the table 
of differences for antilogarithms. 


Examples. — LXVI. 

1 . The radius of a sphere is found by measurement to be 5 Find, by the 

methods of this chapter, the error caused in the calculated volume by an error of 
I per cent, in the measured value of the radius. 

2 . An error of o'l° is made in measuring the value of an angle 9 . What is the 
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consequent error in the value of the sine of the angle ? Estimate the numerical value 
of this error (i) when 0 is small, (2) when B is nearly 89°. 

3 . The side <z of a triangle is calculated from the formula a* = < 5 ^ + c* - idc cos A. 
Obtain expressions for the error in the value of a, consequent upon a known small 
error, (1) in the value of the angle A, (2) in the value of the side c. 

4 . The value of the acceleration due to gravity, is found to be 32*2 by calcula- 


tion from the formula T = 




where T is the time of a complete oscillation of a 


pendulum of length 1 . What will be the calculated value of g- if the value of T is 
measured i per cent, too large ? 

6. If V cubic feet is the volume of water displaced by a ship when drawing h feet 
of water, and if for a certain vessel V = 1200//^ ®, find an expression for the change 
produced in V, at any given draught hy by a change of 1 inch in h. Hence find an 
expression for the cross-sectional area A at the water-line for any value of //. 

0 . If jP is the reading of a tangent galvanometer when a currently passes through 
it, then j/ = C tan jr where C is a constant. Find the percentage error in the 
estimated value of the current due to an error of 1® in the observed value of j, 
(l) when X — 20° ; (2) when jr — 45° ; (3) when x = 70°. 



CITAPTER XIV 


EXPANSION OF CEP'J'AIN FUNCTIONS IN SERIES 

118. In Cli.'iptcr VI II. it was seen that when the values of two variables y 
and X give j)()ints lying on a regular curve when plotted, and the equation 
to this curve docs not seem to take any simple form, the law connecting y 
and X can be found in the form 

y ~ a ■{- bx ex' A- dx^ + . . ■ 

We found that the coefficients a, etc., are in general smaller and 

smaller as the scries is continued to higher powers of a-, and that we can 
usually obtain as close an approximation as we please to the actual law con- 
necting _y and X, by taking a sufficient number of terms. 

Wlicn y is given as a function of .r, it is often possible to find an 
equivalent scries of the above form, by which the value of the function can 
be calculated. 


119. Sin X and cos x. 

Examplh: (i). — To fwd a series for sin x in ascending foivers of x. 

Assume that there is such a series. 

Let sin x — a -\- bx cx^ -p dx^ + (i) 


Since this equation is assumed to be true for any value of jr, we may substitute 
X = o. 


\Vc get o = a + o + o + . . . 


<7 = 0, the sum of all the remaining terms vanishing since we have assumed 
that the sum of the scries is not infinite, however many terms are taken. 

Differentiate both sides of the equation (i). 

cos X = b 2cx -p 3fl’ar* + ( 2 ) 


Wc here assume that an infinite scries can be differentiated term by term, and that 
the result is the differential coefficient of the sum. 

Tutting jf = o in equation ( 2 ), we get 

i=^d-o + o,., 
b = i 


Differentiating both sides of equation ( 2 ), we get 


- sin j: = 2.r-P2.3.fl^.a'+3.4.f.arM- . .. 


Putting j: = o, we get 


O — 2t C 0 
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Differentiating again, and putting x = o, we get 


d = 


I 


Similarly, we may find the values of the constants <r, y, . . . to as many terms 
as we jilcase by diircicnliating any number of times, and substituting x = o after 
differentiation. 

Wc find that the coefficients of all the even powers of x vanish, and that the 
series is 


sin ;r = jf — 


ar* 

i . 2 . 3 + I . 2 . 3 . 4T 5 


_ .r' 

1.2.3. 4: 5. 6. 7 


+ . . . 


We may use lhi.s scries to calculate tbe value of .sin .v when x is known. 

It is, of course, assumed in the differentiation of the above series that .r 
is measured in radians. 


E.xami’I.e (2). — S/ww in the same 7 vay that 


cos X — 


xy x^ 

1.2+ 1.2 . 3:4 


I . 2 . 3 . 4 . 5 . (I 


E.\’AMri,K (3). — To cahnlate the value of sin 10” correct to four decimal places. 
\\\! have 10° = 0*1745 radian 


in the .scries 

.sin X — X 


1.2.3 ■*“ r.2. 


_ 

3 " 4 - 5 ’ 


we must take x = o' 1745. 

It i.s most convenient to arrange the work as follows, .so lliat each term can he 
calculated from the preceding: — 


Positive Nct^alive 

Icnn.s. Icrjiis, 

^ = o'i745 = 0-1745 

;ir“ = 0-030.44 

X X V" 

-0-1745X0*005073 = 0*000884 

- 3 o 

X‘ x^ 

_ _ w X o'ooii;22 —0*0000013 

I. 2. 3. 4 . 5 1.2.3 20 1-2.3 

^ ^ X = ^ X 0*00072 = O'OOOOOOlO 

I. 2 . 3. 4. 5. 6 . 7 1.2.34. 5 42 I. 2. 3. 4 . 5 


I . 2 . ■ 


/, sin 10® =01745 -0*00088 

= 0*1736 

to four decimal places. 

Wc find from the tables that sin 10° = 0*1736. We see that the succc.ssivc terms 
in the series for sin x get smaller and .smaller. Wo have omitted all terms beyond 

— as.suming that (heir .sum Avill not affect tlic fonrlb decimal place ; 

I . 2 . 3 . 4 . 5 . 6 . 7’ ^ 

I his may be formally proved. 


Examples.- LXVII. 


1 . Calculate the value of cos lo®, correct to four decimal places, and compare 
with the fables, 

2 . Calculate the value of sin 5® correct to four decimal places, and compare with 
the tables. 
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3 . Calculate the value of sin 20° correct to four decimal places, and compare with 
the tables. ^ 

Note that as the angle becomes larger we require to take more terms of the series 
to obtain a value of the sine correct to any desired degree of accuracy, and that as x 
becomes smaller and smaller sin x becomes more and more nearly equal to x. 


120. Log. (1 + X). 


Exampi.e (i). — 7 o find a series for log^ (i +.*■). 

Assume loge (l x) = a bx + dx^ + + . , , 

Putting jr = o we have a = log* (i) =0. 

Differentiating with respect to x we have 

~ i>-\- 2^a* + . . . 

Substituting x — o we have b — i. 

Din'erenliating again, we get 

^ j _j_ — 2f ~j~ 2 . '^dx -|- 3 ■ “b • p • 

Substituting j: o we have c = — 

Differentiating again, 

Tr-S ■ • • 

Substituting j: — o, we have d = 

Similarly, e = — and so on, and the series is 


1 / I A I X* x^ 

2345 


It can be shown that the assumptions involved in this jiroof are permissible when 
X is numerically less than i. 


ICxAMi'LE (2). — 7 b calculate log-^^ l '05 correct to four decwial places. 
We shall first find log,(i-o5) by putting x — 0‘05 in the above series. 


. / X (005)’ 1 (005)^ 

loB.( I 05) = °'0S - — 2 + ' - - 


Positive terms. 

0*05 


O'0025 _ 

2 ^ 


o’oooo 4 i 7 


Negative terms. 
0'00I25 


x ^ 0000125 

3 3 

X* 0'OOOOOG25 _ 

4 "" 4 ^ 

log«(i + x ) = 0-05004 
= 0-04879 

loBi. I 05 ^ o' 04879 X o'4343 
0-0212 


0-00000156 

00012516 


The value given in the tables is 0*0212 to four decimal places. 


Wc do not here consider the question of how far the assumptions involved 
In the proofs of the series of this chapter are allowable. The student may 
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satisfy himself by numerical examples, like the above, that the results 
obtained are correct for the series which we treat of here. 

At the present stage, he will not meet with any series where these 
assumptions cannot be allowed. 


Examples. — I.XVITI. 


1 . Calculate log,o I'oi, logu I'l, log,o l'2, logm 13, correct to four places of 
decimals, and compare with the tables. 

Note that more terms are required as x becomes larger. 

2 . If X = - we have 

n 

log {1 + x) - log = log (« + l) - log n 

Thus if log fi is known we can calculate log (// + i) by using the series for 
log (i + x). Calculate log,o 3 having given that logio 2 = o'30lo. 

3 . An important property of the function in its physical applications is that its 
rate of increase with respect to x is equal to the function itself (p. 1 99). If we define 

as a function of x such that ^ is always equal to^, show tliat if there is a series for 
y in ascending powers of x it must be 


;/ = 1+ X + -- + - + 

^ ! . 2 ^ I . 2 . 3 


given that y = i when x = o. 

Note that this is the scries for ^ given on p. 199. 


4 . We liavc 


' +:<■ + 1 
.V — I 

' “ I 


Hence prove that 




log^, X — 2 
and calculate log,, 2 and log,, 3. 

121. Exponential Values of Circular Functions. 
We have shown that 

sin X = X + — , . 

1.2.3 1-2. 3 . 4 

A- 2 ^ x* 

cos X = I — + ... 

1.2 I .2.3.4 

Comparing these series with the scries 


= I + X -\ — + + - + 

1.2 1.2.3 I. 2. 3. 4 I. 2. 3. 4. 5 


+ 


we see that it appears probable that there is some close relation between the 
exponential function ^ and the circular functions sin x and cos x. The 
difficulty is that the signs are alternately positive and negative in the scries 
for sin x and cos x, while they are all positive in the series for e^. 

To remove this difficulty we may introduce the imaginary quantity i. 
If we use this quantity as if it were real in algebraical work, of which the 
result is real and can be tested, we find that the result is correct. It is usual 
to write V — i = l so that = — i, = — i x z = — = (— 1)2 = + 

= /, and so on, all even powers of t being real. 
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If we substitute /.r for a- in the series for we ^et 


, . .1 /.I ' .1 

i -\ IX- - - - + - - - - 

1.2 r.2.31.2.3.- 


+ ■ 


i • 3 • 4 ■ 5 


("i - “ -I- - + / (a- - - . ■ . ) 

V 1-2 1 . 2 . 3. 4 J \ 1 . 2.3 ^ 1 . 2 . 3. 4 / 


= cos A- + / sin A- 


Similarly = cos a- — / sin jr. 
From these equations wc fj^et 


e*^ + e- 


EXAMPhU. — By means of these expressions for cos x ind sin a, show that sin 
2jf = 2 sin X cos X. 


121a. Complex numbers. — A number of the form a + /d where a and 
/j are any real numbers is called a complex numl:)er. 

wSince = p cos « 4- /p sin a, we may express any complex number in 

the form by choosing- p and a so that p cos a = a, p sin a = <^, ?>. so that 

p - V 4- tan a — ^ (p. 42). 

a 

FxAMri.K. — To express 3 4 - 7 ^ i*' form 

We have p — 7’6i6, « = 66‘8^ = ri6G radian (Ex. 2, p. 42) ; 

/. 34-7/= 

We arc thus enabled to perform various arithmetical operations with 
complex numbers. The complete theory must be deferred to a later stage, 
but the student may note the following example : — 

Example. — E valualc V^ 4- 7/. 

We have as above V3 + 7/ = V — V 7 ’6 

= 2'76 (cos 0-3^3 -1- / sin o'5S3), taking the positive value of the square rool, 
= 276 (cos 33" 24' 4 - / sin 33'’ 24') = 276 (0-8348 4- /■ 0-5505) 

= 2-301 4 - 1-52/ 

The student should verify by multiplication that the square of this 
expression is 3 4 - 7 /. 



CHAPTER XV 


MAXIMA AND MINIMA 


(I.) Graphic Method. 

122. The following^ table gives the density and the volume in cubic 
centimetres of i grm. of water at temperatures ranging from o° C. to 
ioo° C. 


/“C. 

Densiiy. 

Volume of I g^rm. in c.c. 

0 

0-999874 

1-000127 

1 

0-999930 

1-000070 

2 

0-999970 

I 000030 

3 

0-999993 

I 000007 

4 

I -000000 

I 000000 

5 

0999992 

I 000008 

6 

0-999969 

I 000032 

7 

0-999931 

1000069 

8 

0-999878 

I’OOOI 22 


We see that as t increases from o° C., the density increases until / = 4 ° C., 
and then diminishes, while the volume decreases until / = 4 ° C. and then 
increases. 



Temperature. Degrees. Cent. 


Fig. gi. 


Q 
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Plotting the curves D and V (Fig. 91) to represent the density and 
volume as functions of the temperature, we see that for the value 4° C. of / 
there is a point on D which is further from the axis of / than any point on the 
curve in its immediate neighbourhood. Similarly, for the same value of / 
there is a point on V which is nearer to the axis of / than any point on the 
curve in its immediate neighbourhood. We express this by saying that for 
the value 4° C. of / there is a maximum value i ’000000 of the density and a 
minimum value i 000000 of the volume. 

If and X are two quantities connected in such a way that as x increases 
there is a value of x for which _y stops increasing and begins to decrease, 
that value of / is called a maximum value. 

If there is a value of x for which as x increases / stops decreasing and 
begins to incirease, that value of / is called a minimum value. 

When the values of / and x are found by experiment, as in the above 
example, we can sometimes detect the maximum and minimum values 
without plotting the curve, but the method of plotting has the following 
advantages : — 

(1) When the maximum or minimum value is between two tabulated 
values the shape of the curve in the neighbourhood may indicate the position 
of the maximum or minimum value. 

(2) It shows by the slope of the curve, near the maximum or minimum 
value, whether / approaches that value rapidly or slowly, and consequently 
what error will be made by taking a value of Xj which is slightly greater or 
less than the true value. 

123 . Instead of having a tabulated list of values of / and jr, found by 
experiment, we may have / expressed as a function of x by an equation. 

If we plot a curve having values of / as ordinates, and values of x as 
abscissae, we can find the maximum or minimum values by inspection of the 
curve. 

Example ( i ), — To divide 16 into ttvo farts so that their froduct is a maximum. 



Fig. 9a. 


Plot a curve for which values of one of the parts are abscissae, and ralues of the 
product are ordinates. We see that the maximum product is 64, given by the point 
for which the two parts are each equal to 8. 
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Example (2). — Whm is the sum of a number and the square of its reciprocal a 
minimum / 

Let X be the number. Then we require a minimum value of - j: + 

Plotting the curve to represent this equation, we see that is a minimum, 
where x — r26. 

The student should plot the curve. 

Example (3). — Find the maxvnum and minimum values of — 6a;' f gx + 5. 
Plot the curve — 6 jc* + gjr + 5. 



Fig. 93. 


We see that there is a maximum value 9 where x - i, and a minimum value 5 
where a: = 3. 

Note that the maximum value of ^is not the greatest possible value, but merely 
the greatest in the immediate neighbourhood on the curve ; there arc, of course, 
greater values when x is very large. Similarly, the minimum value 5 of is not the 
least possible value. 

Example (4). — Find the maximum and minimum values ofy — ^ sin t J sin 3/ 
between t — o and t — is. 

The curve reprcscnling y as a function of t has been drawn in big. 63. 

Wc see that for the first half undulation, from ^ = o to / = tt, there are two 
maximum values I’S, where t — o '837 radian and where t—i 204 ratlians, and a 
minimum value r5, where / = l’57 radians. 

Example (5).—^ there are n voltaic cells each of EAIF e volts and internal 
resistance r ohms^ and if x cells are arranged in series and - roavs in parallel^ the 
current that the battery will send through an extei nal resistance R is given by 

^ amperes 

R 

n 

If there are 20 cells, e ^ \’g volts, r - 0 2 ohms, R ■- 0-25 ohms; ho 7 v many cells 
must be in series to give, the greatest possible current J 

I'qx 

We have, substituting, C = +"o'2S 
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r>y calculation wc find the following corresponding values of C and x : — 


X 


20 

10 

i 

4 

7 

5 

6 

C 

7 ' 3 i 

H ‘93 

15-2 

18-52 

17 '97 

19 

1 

I8-6S 


We first calculate the positions of a few points to get a general idea of the shape 
of the curve, and then calculate values closer together in the neighbourhood of the 
maximum. 



Fig. 94 

Plotting the above values of C and r, we get the curve. Fig. 94. 

From llic curve wc see that the greatest current of 19 ainpcius is obtained when 
5 colls arc in series. 

Wo may here note an advantage of the graphic method. We may wish to know, 
not only how many cells in .series will give the maximum current, but also whether 
it will make more difference to liave too many cells in series, or loo few. 

A.s the curve falls away from the maximum much more rapidly when x is 
diminished from the value 5 than it docs when x is increased, we can sec that it will 
make more difl'ercnce if tlierc are too few cells in series than it will if there arc too 
many, as compared with the arrangement which gives the maximum current. 

Tliis method is valid, although there are only a few jioints on the above curve 
w'hich correspond to any po.ssibic physical arrangement. 


Examples. — LX IX. 

1 . I'ind a number such that the sum of the number and its reciprocal is a 
minimum. 

2 . The square of a number is added to 54 times the reciprocal of the number. 
Find Llic number so that the result may be a minimum. 

3 . Divide I into two parts so that twice the cube of one part together with 3 times 
the other part shall be a minimum. 

4 . A straight line 10 inches long is to be divided into two parts so that the cube 
of the length of one part together with three limes the square of the length of the 
other part shall be a minimum. What are the lengths of the two parts ? 

6. The log of a number to base 10 is subtracted from the square of the number. 
For what number is the result a minimum? 
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6. Find the values of x for which the expression 2.1^ — 2i.v- 1- 60a 1- 5 is a 
ninximum or iniiiimuin. 

7 . h ind the values of x for which the expression .1^ — 3.1- — 9.V -1- S is a 
maxiniuni or minimum. 

0 . Find a value of x behveen o and I '5 for which the expression 5 624 — 
o 7935jr — I '2 1 cos .r is a minimum. In calcnlatiiij^ lake x in radians. 

9 . Find a value of 0 between o and n for which the expression rsin ^ ^6 is 

a maximum for the case when r — o'5, / = 3‘5. 

10 . An open tank is to be constructed of sheet iron with a square base and 
vertical sides so as to conlain 4 cubic ft. of water. Find the witltli anil depth so that 
the least possible quantity of sheet iron may be used. 

11 . A circular filter paper is of diameter ii cms. It is required to fold it into a 
cone. Find the lieij^ht and cubic contents of this cone so that the latter may be the 
jjrcatest possible. 

12. An open cyliiidriral can is to be made to contain 255 cubic ins. I’lot a curve 
to show the total area of tin plate that will be used for diflerent values of the diameter 
of the base. Find the ratio of the heirdit to the diameter of the base so that the least 
possible quantity of material may be used. 

13 . A rectaiiijular sheet of tin 24 ins. by iS ins. has four equal .squarts cut out 
at the corncr.s, and the sides are then turned up so as to form a rectangular box. 
What must be the size of the squares cut out so that the cubical contents of the 
box may be as great as po.ssiblc ? 

14 . Describe a circle of radius 3 ins. Inscribe rectangles in this, having their 
sides in various ratios. I'lot the areas of the rectangles and the length of one side. 
Show that the greatest rectangle which can he inscribed in the circle is a sc^uare. 

15 . It is known that the weight of coal in tons consumed per hour in a certain 
vessel is 0*3 + o'ooiz'^ where v is the speed in knots. The wages, iiUcrcsl on cost of 
vessel, etc., arc represented by the value of I ton of coal per hour. What value of v 
makes the total cost of a voyage of looo nautical miles a miniinum ? 

(board of Education Examination, 1902.) 

10 . The strength of a rectangular beam of given length, loaded and supported in 
a given way, is proportional to the breadth of its cross-section multiplied by the square 
of the depth. 

F'ind the breadth and depth of the cross-section of the strongest rectangular beam 
which can be cut out of a cylindrical tree trunk l foot in diameter. 

Take various values of the breadth, and measure the corresponding depth of the 
beam from a figure drawn to scale. Plot a curve to show the corre.sponding values of 
the strength. Then find more exactly by calculation the values of the breadih, depth, 
and strength, near the case of maximum strength ; and plot the corresponding portion 
of the curve on a larger scale- 

17 . The stiffness of a beam varies as the breadth and the cube of the depth. 
Find in the same way as in the last example the breadth which gives maximum 
stiffness. 

18 . As in example 5 worked out in full above, find the maximum current and the 
number of cells in series when there are 48 cells each of E.M.F. l'4 volt and 3 ohms 
resistance, and the external resistance is 16 ohms. 

19 . A battery of internal resistance rand E.M.F. e sends a current through an 
external resistance R. The power given to the external circuit is 


W = 7 




(K + r)* 


U f = 3'3, and r = i'5, with what value of R will the greatest power be given to 
the external circuit. 

20 . The power given to an external circuit by a generator of internal resistance r, 
and E.M.F. when the current is C, is W = Cr — C~r. Find for what current this 
is a maximum for the case when ^ = 20 volts, r = i '8 ohms. 

21. A and B are two points on the same side of a plane mirror CD. A, B, C, and 
D are in a plane perpendicular to the surface of the mirror. A ray of light starts from 
A, is reflected by the mirror at P, and passes to B. Plot a curve to show the total 
length of the path of the ray of light for different positions of P in CD, and show by 
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means of Ihis curve that the path is the shortest possible when AP and PB inake 
equal angles with the mirror. AN, BM are perpendicular to CD. In your figure 
take AN = 25 units, BM = 15, MN = 30, Draw the figure on squared paper, 
and erect ordinates from each supposed position of P in CD to represent the total 
length of the path of the ray corresponding to that posiliem. 

22 . Light passes from a point A in air to a point B in glass. A and B are in a 
plane pcrjieiidieular to the surface of the glass, cutting the surface in a straight line 
CD. A ray of light passes througli the air with a velocity of 300,000 kins, per 
second, and through glass with a velocity of 182,000 kms. per second, crossing CD at 
the point P. 

I’lot a curve to show the Lime taken by the light to pass from A to B for difTerent 
positions of P in CD. 

AN and BM arc perjjcndicul.irs drawn from A and B to CD. Take AN = 10 cnis., 
BM = 15 cms., MN = 20 cms. Verify that the least possible lime is occupied by the 
ray of liglit in [jassing from A to B when sin PAN : sin PBM = velocity in air ; 
velocity in glass. 

23 . A weight W is being pulled along a rough horizontal surface by means of 
a rope inclined at an angle Q to the surface. The pull required is equal to 

uW 

^ — ^ where u is the coeHicient of friction. Find the angle for which the 

cos -h /x sin 0 ^ 

pull required is a minimum in the case where /i = 0 6. 

24 . A certain patented article costs u. 6 d. to make. The following table gives 
the number sold at different prices : — 


I’licc. . . 

2.r. 0./. 

2J. 6(/. 

3J. Ot/. 

3.. (yd. 

qj. od. 

4 .S. 6 d. 

No. sold 

3600 

3100 

2640 

20S0 

1300 

700 


Find the price at which it must be sold so that the total profit maybe a maximum. 


124 . (II.) Maxima and Minima by Differentiation. — The maxima 
and minima values of a function may be found by means of the differential 
calculus. 

Consider the curve, Fig. 93, p. 227, representing the function^ = 

+ 9-1^ + 5 - 

Imagine a point (jr, y) to move along the curve in the direction of 
increasing x. Then, as the point passes through the maximum P, y stops 

(fy 

increasing and begins to diminish, i.e. which measures the rate of 

increase of y^ changes from positive to negative by passing through the 
value o. 

Similarly, “ = o at the minimum Q, changing from negative to positive. 


dy 

Otherwise, we have seen that ^measures the slope of the tangent to 


curve measured with respect to the axis of x. At the points P and Q the 

dy 

tangent is parallel to O.v, and its slope is zero, i.e. ^ = o. 

We thus get the following method to find the maximum and minimum 
values of ^ when expressed as a function of x. 

Find Then the equation ^ = o gives values of x for which 7 is a 
maximum or a minimum. 

To distinguish between maximum and minimum values: Suppose a 
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point (xj y) to move along^ the curve in the direction of increasing .r, through 

dy 

a maximum such as P, where ^ = o- Then the tangent to the curve drawn 

through this moving point is turning round the point in the same direction as 
the hands of a clock, and the angle which this tangent makes with Ox is 
decreasing. 

Therefore ^ is decreasing, and which measures the rate of increase 
dy 

of IS negative. Similarly at a minimum, such as Q, the tangent is 
turning in the opposite direction to the hands of a clock, the angle which it 
makes with Ox is increasing, and therefore ^ is increasing and is 
positive. 

Thus, to tell whether a value of x, found by putting ^ = o, gives a 

. . . . . . dy 

maximum or a minimum, dififerentiatc again the expression for so as to 

d'^y 

get and substitute the value of x found. 

If the result is neg^ative^ is a maximum, if it is positive j is a minimum 
for that value of x. 

d^y 

In the special case, when = o, is neither a maximum nor a minimum, 

but this case need not be considered at the present stage. 

We shall now consider some of the examples already solved by the 
graphic method in § 123. 

Example (i). — To divide 16 mto two parts so that their prodiut is a maximum. 

Let X be one part, then 10 — is the other part, and their product — x {16 ^ x) 
= i6x — x^. 

4'=l6-2;c 

dx 

For a maxitnum or minimum ^ = o 
dx 

16 — 2X = o, X = Z 

Also = — 2, and since this is negative for all values of x, y can only have a 
maximum value. 

I iTy 

Comparing this result with the curve Fig. 92, we see that the condition that is 

negative expresses that the slope is always decreasing as we pass along the curve in 
the direction of increasing x. 

Example (2). — For what number is the sum of the number and the square of its 
reciprocal a minimum ? 

As before y = x + \ 

, - 1 . 
dx~ x' 
dy 

For a maximum or minimum value -f- '=-^ 

dx 

I - ^ = o, J = * 26 

wliich is thr same as the value found from the curve. 
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Example (3). — To find the maximum and minimum values oj 


y = 6x- + 9 ^ + 5 

dy 

£ = 3.*= - I2jr + 9 


for a maximum or minimum value 

— I 2j: + 9 = o 

jr = 3 or I 

Also = 6;r — 12 

d'y 

For X = is positive, and therefore y is a minimum. 

d-y 

For X = I, is negative, and therefore is a maximum. 

Substituting the values 3 and i for a*, we get 5 as the minimum, and 9 as the 
maximum, value of;t'. 

Tlicsc results agree with those already obtained by plotting. 

In this case wc might have distinguished between the maximum and minimum 
values by substitution, but the above method is more general. 


Ilx AMPLE (4). — IVe shall use the method of this j^arn^ra/f/i to find the arrangement 
of a number of cells to give the maximum current with the data given in example 5, 
A 227. 


We have C = 


rgjr 




O'OIO:^ + 0'25 . 0 25 

o oi;r + - ' 

X 


The value of this fraction will be a maximum when its denominator is a 
minimum. 

025 

X 

0’25 


/. for a minimum value 


Let y — o'oijr d- 


dy 

-f = 001 — 
ax 


0'25 

001 = o 


X- — 25, and ^ = 5 


i.e. there arc 5 cells in .scries, and C = 19, as we find by the graphic method. 

It is evident from the physical conditions that this value of C is a maximum and 
not a minimum. 

Example (5). — 7'he following case occurs in studying the flow of air through a 
small opening. 

- 1 + ” 

For what value of x is x^ — x 1 a maximum^ 7 being l'4. Plot the values near 
the maximum value. (Board of Education Examination, 1902,) 


a j ^ 1 a 2 4 w 12 
We have jp = xT - jc = x:' - x'^ = 


dx 


10 ft 

— 



10 — \^x 


») 
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For a maximum or minimum value of j', = o 

2 

X = o, or 10 — I2JI ' = o 
The case jr = o is evidently not a maximum value. 


When 10 — 


2x^ = o, 



0-528 


We know from physical reasons that this value of x rjives a maximum value of^. 
The student should satisfy himself that this is so by [dotting the value of y for 
X = 0-528, and for two values of x respectively a little greater and a little less 
than 0-528. 


Examples. — LXX. 

Find the values of x for which the following expressions have their maximum and 
minimum values : — 

1. 2A^ — I3A- + 24 A' 4- 18. 2. 2a:’' — QA^ — 2.pi- +12. 

3 . jc* — 12 a^ + 28 a + 40. 4 . 3a‘ — i6a'’ — Gx - + 48.V + 17. 

Work Examples LXIX., with the exception of numbers 21, 22, and 24, by the 
method of this chapter. 

6. It was shown in example 2, p. 218, that in measuring an electrical resistance 
by means of a bridge wire the percentage error in the result due to a given small error 
in the position of the sliding key is proportional to — where x is the variable 

distance of the key from one end of the wire, and I the length of the wire. 

Show that the percentage error is a minimum when the proportional arms are 
equal, i.e. when the key is in the middle of the bridge wire. 

Plot a curve to illustrate your result, taking / = 120 cms., w = 5 ohms, and x 
varying from o to 120 cms. 

6 . In measuring an electric current by means of a tangent galvanometer, the 
percentage error due to a given small error in the reading is proportional to 

tan X + — ^ — . Show that this is a minimum when x = 
l.an X 
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126. We have already shown how to find the rate of increase of various 
functions of a variable. 

We often require to perform the converse operation, i.e. having given the 
rate of increase of a function to find the function. The function of x whose 
rate of increase is equal toy, is called the indefinite integral of^ with respect 
to jr, and is denoted by the symbol jydx. 

For example, we know that the rate of increase of jr® with respect to x is 
and therefore the integral of with respect to x is Jt®, or jtx^dx = ;r®. 

The. two equations ^ ^ J 6 x^dx = a® are two different ways 

of expressing the same thing. 

We know that = 3^, and J^^^dx = 

We know that ^{sin {2x + i)) = 2 cos [2x + i), J2 cos { 2 x + i)dx 

= sin (2x +1). 

In the same way it follows 

Jx^dx = ix* 

because x^ is the result of differentiating 
So also 

j€^dx = 

Jcos {2x + i)dx = ^ sin (zjt + i) 

Thus we see that every result in differentiation gives a corresponding 
result in integration. 


Examples.— LXXI. 


Find the values of the following expressions, and prove by differentiation that 
your results are correct : — 


1. 2. jx^Jx. 3. Jx*dx. 

6. J^e^^dx. 0. Je^^dx. 7. Jy^"dx. 

0 , Jcos xdx. 10 . J3 cos (3x + i)dx. 

12. J2 cos (3jr + i)dx. 13. Ja cos {dx + c)dx. 

15. jsin xdx. 10. J2 sin [2x — 2)dx. 

18. J5 sin (2-r — 3)</jr. 19. Ja sin {dx + c)dx. 


4 . jx^dx. 

8. Jae^*dx. 

11. Jcos (3ar + ijflTjif. 
14. J(^sinx)dx. 
17. Jsin (2x ^ ^}dx. 

20. ^ioB(,+ S). 



Indefinite integrals 


235 


21 . 

22 . 


A+i 

/f- 


dx, which is usually written 


23 . 




Kdx 


f— • 

}^ + s 


120 . In working through the above examples the student has obtained 
number of standard integrals corresponding to the differential coefficients 
previously obtained. We may here collect them for reference. 


jx”dx = “ipY except when « — — i 
jae'^d.v = 

ja sin {bx + c)dx — — r <^0^ 


ja cos {bx + c)dx = ^ sin {bx + c) 

/ Adx . . . 

= A. loif. (x + b) 


127. Arbitrary Constant. 

We have ^4.’ = 7 x\ + S) = 7 A “ 3) = 7-*^. 

Thus jjx^dx = 4r^, or x"^ + 5, or x"^ — 6, or, in general, + C 

where C is any constant, because all expressions of the form sd + Q have the 
same differential coefficient yjf®. 

In the same way, each of the Integrals in the above list is intermediate to 
the extent of an arbitrary constant. Thus the full expression for fx”dx is 

1- C. We usually omit the constant, but it sometimes has to be taken 

n + i 

into account. 


128 . Examples. — 


Jzx^-^dx = =. 1’ 


— I ■2x2 ®. 


— fv-^^'^dv = 


7/- 0-37 _ 


27 


J2 sin (600/ + 0-5236)1// = - g^cos (600/ + 0 5236). 

= - 0 0033 cos (600/ + 0-5236) 

Jy 2 cos (20 - 1 7)^/0 = I '6 sin (20 - 1-7). 


rex^dx = 


^m+l 

m + I 
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ja sin {bt + cx)iii = — ^ cos {b{ + cx), 
j a sin [bt + cx)i^x = — - cos [bi + cx). 

The symbols dx ami dt in the last two examples show whether x or t is considered as 
variable. 

Exami’LE . — Find J/>dv hazdn^ given that pv'^^ — C. 

We liavc p = 

v" 

We have already shown that a SLiin or difference can be differentiated 
term by term. It follows that a sum or difference can be intcg^nitcd term by 
term. Thus — 

/(5 l - - 3 l' + = 5,1-3 - + 2X 

j{a sill (W -1- t) + /./ + ^ tos {/>i + c) + + gt 


Exam i’ les . — I .X XII. 


Evaluate the following : — 


1 . lx\lx. 

5. / X dx. 

0. 

13. 

*’■ /.-• 

21 . 


2 , Ix'^dx. 


*• ji- 

e. Sx' »jx. 

1- 


10 . jjx. 

11 . jedx. 

12 . jtd'du. 

14. 

J 

>'>• /* 

10 . f^iddu. 

“■ /;:■ 

19. f 

j 111 *< 

- j;!- 

22 . jet'-dt. 

23. Jzd^dx. 

24. j^dx. 


25. 


20. /r 36 «’“^' 2 i't/y. 


27. ^ae 'id ait. 


28. /sin (a: — 3 ) dx. 29. /cos (x — 2)dx. 30. /z cos (l - x)dx. 

31. udu. 32. J 3 cos^ dy. 33. cos ( 3 X + 2)dx, 

34. /3 sin (2x — i)dx. 35. /i’3 sin (27/ - i- 57 o 8 )fiV. 

36. /i -3 sin ( 2-50 + (i)dB. 37. / 2'3 cos (i - 2 iB)d 8 . 

38. j A sin (ztt/V + e)dt. 39. JA r cos {I'^t + e)dt. 

40. j ity'^dx when y = mx^ and also when y‘ = 4 t 7 x. 

41. J mx^dy where m and x = by. 

42. Jrt sin {bt + cx)dx where t = ^x 2 , 


43. f /i^ ^ where /j, z% 7 are constants. 
J 

45. jx^ydx when^ = mx + c. 


44. jxydx when y =-- bx -i- c. 
40. jpdv when pv^ — C. 
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47. jpdv when pv* = C 

(l) when s = 137 , ( 2 ) when / = i, ( 3 ) when s = o' 8 . 

4®- where A = tj -, and j/ = mx. 

49. If ^ = 3 -t’ + 2 ;r — I, find^. 60. If ^ = 2 sin 2x H- 4 , find 

61. ^ + 5. fin'll- 

dy I 

62. ^ ^ + I'2a* + sin (3,r + l) + 2 6 , find>'. 


Evaluate the following : — 

53. J(^.r^ — 2x + 4 )dx. 64. J( 4 ^^ — 3 /“ + 2 f — l)rf/. 

55. f(3/- + 4 / - 5 )f*. 60. J'(.v^ + 3 .V - 4^13 _ 2)dx. 

67. j-(j> - - 3 -ij* - ? - 5 ).*. 68 . j-(/' > - + i^/7+ f)<*. 

69. J( 5 «* — a sin (c + d//) + 3 cos (a + r//) + 

60. j^6a .sin {i - y/) - ^ 

61. jTrj'‘X(/x given x^ +>'" = 

62. If^ = — 3 ?^^ y find and Jj'du. 

63. lf;^^=*’ + S, find and y. 

64. ff find tlie equation connecting / and r. 

65. If y is the deflection at distance x from the fixed end of a uniform beam of 
length /, fixed at one end and loaded with a weight W at the other ; then, if we 
neglect the weight of the beam 


d^y 

dx^ 


W 

(/— )iri 


E and I arc constants depending on the material and shape of the beam. It is known 
dv 

that the deflection y and slope are zero at the fixed end where .r = o. Find an 


cxpic.s.sion [or y in term.s of jr. 

Note. — The arbitrary constanl.s of integration may be found from the given 
conditions at the fixed end. 

66 . For a beam carrying a uniformly distributed load 7V per unit length, and 
fixed at one end, 


dy 

dx‘ 




Find^ in terms of jc. 


67. Find the equation to a curve whose slope at any point is equal to the value of 
for that point. Verify by plotling the curve from the equation for the case when 
the curve passe.s through the point (i, 2 ) and measuring the slope. 
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120. An Area as the Limit of a Sum. 

Let AB be a portion of a curve representing^^ as a function of r, AM and 
BN the extreme ordinates, and let OM = ON = b. 

Then, to find the area ABNM by the mean ordinate method, we divide 

the interval MN into any number 
of parts and thus divide the figure 
into strips. Although it is not 
essential, we shall take the strips 
as being of equal width. Let 5a- 
be the width of one of the strips. 
Then we multiply the width 5.r of 
each strip by the ordinate y at its 
mid-point, and thus obtain an ap- 
proximation to the whole area 
ABNM as the sum of a number of 
terms ylx from x ~ a to x ■= b. 
We denote this sum by the sym- 
bol 

method of finding areas we found 
that we got more and more accurate results as w^e divided MN into a greater 
and greater number of intervals Sx^ and consequently diminished the size 
of 5r. 

The result can be made as accurate as we please by dividing MN up with 
siilTicicnt fineness into equal intervals Sx, 

We express this in mathematical language by saying that the sum 
Sj/5jr approaches a definite limiting value as Sx approaches the value o. 
This limiting value defines the true area of the figure ABNM. 



In working examples on the graphic 


130. Definite Integral as the Limit of a Sum.— We use the symbol 

y(fx to denote the limit of the sum 2 y^^' 5jr approaches the value o. 

If we have given a series of corresponding values of y and x between 

x = a and x = by we may find the approximate value of I y^x as follows ; — 

Plot a curve from the given values of y and x. Then the area enclosed 
by this cui*ve, the axis of Xy and the ordinates at x = a and = 3 is equal to 

j ydXy and may be found approximately by any of the practical methods for 

finding areas. 

j ydx is called the definite integral of y with respect to x between the 
limits a and b. 


/: 
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The connection between the definite integral and the indefinite integral 
already treated, will be shown in the following chapter. 

Note. — The student may find some difficulty in understanding the reasoning of 
these two paragraphs ; but he will probably find the difficulty removed in the follow- 
ing worked examples. In reading these he should draw all figures for himself, and 
verify all measurements and calculations. 

Example (i). — The foibwing are corresponding values of y and x. Find the value 

of j 


X 

I 

2 

2’7 

3-8 

47 

SI 

57 

6 

y 

0 


289 

32 

2-8s 

223 

17 

1 


Plotting the given values of x and j/, we get the curve, Fig. 96. 



The area enclosed by this curve, the axis of ar, and the limiting ordinates at .r = 1 
and X = 6 is found to be il'3. 


We have shown that 




equal to this area, 



ydx= ii’3 


Example (2). — The following are corresponding values of x and y. Find the value , 
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X 

2 

3 


4'3 

53 

64 

8 

y 

0-77 

1-2 

I 26 

I'iS 

0-8 

033 

01 

Try 

1-86 

452 

4'99 

4’38 

2 ’02 

034 

003 



Ky calculation we find the values of irr given in the third line. 

Plotting iry" and ar wc get the curve (Fig. 97 )- 

The area under this curve is found by Simpson’s rule to be 13 S51 


J irydx — 1 3 ’85 


Examples. — LX XIII. 

rn-2 

1 . The following are corresponding values of and jt. Find the value of / ydx. 

J 1-2 


X 

1-2 

16 

i '9 

z ‘5 

3 'S 

42 

4'9 

5-9 

62 

y 

5-00 j 

4-24 

3-80 

3 34 

3 06 

314 

3 ’34 

375 

391 
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2 . 


X 

4 

6 

8 

10 

y 

64 

214 

50S 

991 


Find the values of 



'Jx and 



3 . 


X 

I 

3 

6 

8 

1 

10 

y 

5 

29 

215 

509 

99 S 


p r\ ra ra no 

Find the values of J j yJx^ j ytixj j yJxy J ydx. 

Plot a curve to show the value of J yJx for any value of the upper limit x from 
X = l to X — 10. 


The following arc corresponding values of v and .r ; — 


X 

2 ’So 

357 

4 *3 

4'77 

5-31 

5-90 

y 

8-365 

9'445 

io‘i6o 

I0'920 

11-520 

12 145 


Find the values of the following integrals : — 


4. f y'^dx. 

5. 

/'BO 

7. J yx^dx. 

8. 



xydx. 


e. 


{rzi- + 2'3.v - 3) dx. 



xy^dx. 


131, Work done by a Variable Force. — We know that if a constant 
force F moves a body through a distance s in its own direction the work 
done is equal to Fj. 

Consider now a body, such as the piston of a steam-engine, which is 
pushed forwards by a force which varies gradually throughout the stroke. 

As the force is not the same in two successive portions of the stroke, we 
cannot now find the work done by multiplying the force by the total distance 
moved. 

If, however, wc suppose the force, instead of changing gradually, to 
change by short steps ; in other words, if we divide the stroke s into a 
number of small portions each equal to 5 j, and suppose the force during each 
step to remain constant and equal to its actual value F at some point of 
that step, then the work done in moving through any step Ss is F'Sj. 

We obtain an approximation to the value of the work done in the whole 

K 
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stroke by adding together the values of Fffj for all the steps ; i.e. if and 
are the distances of the piston from some fixed point on the line of its motion 

at the beginning and end of the stroke, F5 j is approximately equal to 

the work done in the stroke from Jj to ^ 2 - 

As in finding an irregular area, we get a more and more accurate result 
by imagining the stroke cut up into smaller and smaller steps, and we may 
say as before that the work done in the stroke from to J 2 , when the force F 

is variable, is the limit which s'* FSj approaches as approaches the 
value o. 


I 


Now we have used the symbol j * F^j- to denote the limit of the sum 


the work done 


Yds 


We may find the value of this integral by plotting a curve in which the 
ordinate and abscissa are corresponding values of F and s from j = jj to 

s = The area under this curve then gives the value of j ^ Yds, which 

is equal to the work done. 

This is the principle of the use of the indicator diagram of a steam or 
gas engine to find the work done in the stroke and the average pressure. 
J3y mechanical means the engine is made to trace automatically the curve 
showing the value of the pressure in the cylinder at different parts of the 
stroke. 

From the area of this diagram the work done during the stroke can be 
found. 

Similarly, if the connection between the force F and the time t is given, 
FW is the impulse or gain in momentum during the short interval of time It, 

and / Ydt is the total gain in momentum between the times and 


Example (i).— P is the resnUafit pressure on the pistofi oj a steam-engine at distance 
s from the beginning of the stroke. Find the 7 vork done as the piston moves forwards 
through the stroke of 20". 


s inches 

0 

• 

4 

6 

8 

II-5 

15 

19 

20 

P lbs. 

38000 

3S500 1 

38500 

35500 

27500 1 

19000 

15700 

1 1000 

3850 


r20 

Work done = / Yds ft. lbs. 


Plotting P and j we get the curve BC (Fig. 98). 

The area ABCD is found to be 494600. 

Yds - 494600 
po 

and the work done — J “ 4 1200 it. lbs. 
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Fig. 98. 


Example (2 ). — A car weighs 10 tons. It is drawn by the full P Ihs.^ varydng in 
the following 7 vny^ t being the time in seconds from starting. 


p 

1020 

980 

882 

720 

702 

650 

713 

722 

805 

/ 

0 

2 

5 

8 

10 

*3 

16 

>9 

22 


The retarding force of friction is constant^ and equal to 410 lbs, Fmd the speed oj 
the car at the time 22 seconds from rest, 

(Board of Education Examination in Applied Mechanics, 1902.) 


A force of 410 lbs. is required to overcome the friction. The remaining force 
P — 410 is available for getting up the speed of the car. 

The total impulse or gain of momentum from rest is equal to I (P — 410);'// 

J 0 

Plotting the values of P — 410 and t, we get the curve shown in the figure. 

Note that, although we require the whole area between the curve and ihe axis for 
which P — 410 = o, we need not include the whole of this area in the figure. In 
finding the area we may reckon the whole ordinates from the axis P — 410 — o, 
although only their upper portions are actually shown in the figure ; e.g. at the 
point A we reckon the ordinate in calculating the area to be 472. 
rn 

The value of J (P — 410)1// is found by Simpson’s Rule to be 8100. 

This is the momentum at 22 seconds from rest. 


Mass of car 
speed 


22400 

32-2 

. momentum 
mass 


8100 X 32^ 
22400 


= 1 1 '7 ft. per sec. 
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Notf:. -AVc use the system of engineering units in wlilch 32'2 lbs. is taken as the 
unit of mass. 



Fig. qg. 


Exampits.— LXXTV. 

1. P lbs. is Ibc resultant pressure on the piston of an engine at tlistance j from 
the beginning of its stroke. 

Find the work done as s increases from o to lo. 


r 

23000 

23000 j 

15500 

S400 

5500 

3700 

s 

0 

»'4 

4 

6 

8 

_ 

10 


2. / i.s the ])rL’Ss-iirc of a gas at volume v. The work done in c.xi)ansion from 
volume to volume t'j is / “ Find the Avork done as the gas expands from 

^ "i 

volume I to volume Q. 



i 1 

200 

1 

57 

22 

12-6 

7‘2 

V 

0-8 

2 

4 

6 

9 
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3 . p is the pressure of a qiianlily of steam at volume v. 



6S7 

313 

ig S 

*4 3 

**■5 

V 

2 

4 

6 


10 


Find the worU done as the steam expands from volume 2 to volume 10. 

4 . From the following data find the work done in expansion from volume 4 to 
volume 10. 


4 

5 

6 

8 

717 

496 

38 -S 

3*5 


5 . A force moves a body along a straight line in its oun direction. Fis the value 
of the force at a distance s from the starting-point. 

Find the work done in moving the body a distance of 1 S5 ft. 


F lbs. 

7 

go 

207 

2go 

225 

iSo 

s feet 

0 

0-25 

05 

o-g 

12 

*•5 


6. I’ is llie resultant force at lime t on a portion of a machine which moves along 
a straight line. Its weight is 270 lbs. If it Juis a velocity of 2 ft. per second at 
Lime = o, what is its velocity at time t — 0 3 seconds. 


t seconds 

0 

005 

01 

0 I2S 

015 

020 

025 

03 

Plbs. 

0 

307 

428 

440 


330 

i 

i 

i 

0 


7. V is the speed of a car at time i from rest. 


/ seconds . 

0 

5 

10 

*5 

20 

25 

30 

V ft. per sec. 

0 

37 

7-5 

10-85 

I 2 - 9 S 

*3 7 

*4 


Find the distance s travelled from rest in 30 seconds 

/■»o 



Also find the distance travelled from rest in i6’5 seconds. 
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8. The following table gives the acceleration a of the reciprocating parts of a 
large gas-engine for different values of the time t. The velocity gained between times 

. P* 

and /a IS I adt. The velocity is o when / = o. Find the velocity (i) when 
■' *1 

t = 0 0S7 seconds, (2) when / = o' 1 333 seconds. 


/ seconds . 

0 

00167 

0-0333 

00500 

00667 

OOS33 

O' 1000 

0-1167 

O'* 333 

rt ft. per sec. 
per sec. . 

4532 

4295 

3621 

261 9 

'43 S 

24- I 

-82'S 

-167-5 

— 226O 


0 . The sheaving force across a beam at a point A is 300 lbs. w is the load per 
foot at a distance x feet froni A. The shearing force at a distance x from A is 

obtained by subtracting J wdx from the shearing force at A. Find the shearing 

force (i) 6 5 ft. from A, (2) 3 ft. from A. 


X 

0 

1 

2 

3 

41 

4*6 

5'3 

5-S 


w 

10 

10 

11 '75 

*7 

22*4 

232 

22 

I9I 

10'4 


10 . If j is the specific heat of a body at temperature 0°, the total heat given to 

unit mass of the body in raising its temi:)eralure from 0, to is I sdff. The follow- 

ing table give.s the specific heat of water at temperature 0. Find the total heat 
required to raise the temperature of a gram of water from 0° C. to 20° C. 


HP c. 

j. 

0 

I 00664 

2 

■ 00543 

4 

1 00435 

6 

I 00331 

8 

1 00233 

10 

1 '00149 

1 2 

I 00078 

*5 

I'OOOOO 

16 

0-99983 

iS 

0-99959 

20 

0-99947 


11 . Find the total heat required to raise the temperature of a gram of water from 
4*^ to 31°. Tlic values of s up to 20° are given in example 10. Beyond 20° we 
have — 
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ti^C. 

s. 

22 

0-99955 

24 

099983 

25 

i'oooo5 

26 

I 00031 

28 

I '00098 

31 

1-00241 


132. Definite Integral of a Function. — Instead of having corresponding 
values of y and x given in a tabulated list, v e may have j, expressed as a 
function of x. From this we may calculate a series of values of y and 
proceed as before. 

In general, if F(jr) is any function of x which can be represented by a curve 
between the limits a and b of .r, we can find the value of j ¥{x)dx by a graphic 
method. 


Example {\).—Find the value of J x^dx. 

Calculate the values of for a number of values of x between 2 and 3. 


X 

2 0 

2'2 

2*4 

2*6 

2*8 

30 

X* 

80 

10*65 

13*82 

17-58 

21*95 

27-0 


From these values plot the curve ^ = x^ from = 2 to jr = 3. 
We get the curve AB. 



Fig. 100. 


X 
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The value of j jtVj: is then given by the area ABCD enclosed by this curve, the 
ordinates al its extremities, and the axis of x. This area is found to be i6'24. 

/. j jtWjr = i 6’24 

Examtle ( 2 ). — FiHif the value of j sin* Bile. 

J 0 


Calculate the values of siii^ 9 for a number of values of 9 between o and 

2 

taking 9 in radians. 


9 degrees . 

0 

18 1 36 

54 1 

72 

90 

9 radians . 

0 

o'3i42 06283 

0-9425 

1-2566 

1-5708 

sin 0 

0 

i 

03090 05878 

0S090 

0-9511 

10 

sin’ e . . 

0 

00955 1 0*345 

0654 

0-904 

1-0 


Plotting sin'0 and we gel the curve shown. 



By Simpson’s Rule the area between this curve and the axis of 9 is found to 
be o'785. 

sin^ede = 0785 

Note that, although it is convenient to take 9 in degrees when plotting the curve, 
we measure 9 in radians when finding the area. 
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Example (3)-"—/'/ finding the perimeter of an ellipse of major axis 2 and 

eccentricity 0'5, wt require to find the value of the expression j 2 _ q-2^ siqZ ^dip. 

J 0 

To find the value of this integral by a graphic method. 

Plot the curve =^/i — 0 25 siii^ <p between the limits ^ = o and —^ = 1-5708. 
Set down the work as follows : — 


0 r.idia.iis. 

1 sill 0. 

00 

00 

05236 

05 

1-5708 

10 

I '0472 

0S66 

o7«54 

07071 

0-3491 

0342 

1-2566 

0951 

0-1745 

01736 


sill’ 0. 

0*^5 sin’ t/. 

00 

00 

025 

o'o625 

10 

O' 25 

075 

01875 

0-5 

O' 125 

O' 11696 

0’02924 

o '9044 

0-2261 

0'0302 

000755 


o'25 sill" 0. 

Vi -0 25 siii*0 

1 'O 

10 

o' 937 S 

o'968 

0-75 

0-866 

0-8125 

o' 9 oi 4 

0-875 

09353 

0-97076 

0-985 

07739 

0-88 

0-99245 

0996 



On plotting these values we get the curve shown. 

The area enclosed by this curve, the line> = o, and the ordinates for which p = o 
and pt = I '5708 = ^ is found to be I '47. 

yW 

/ V I “ 0-25 sin* pdp= I -47 

Example (4). — A gas expands so as to follow the law pv = C. When the volume is 
I cub. ft. the pressure is 2116 lbs. per square foot. Ftsid the work done as the gas 
expafids to fill a volume of 3 cub. ft. 
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We know that the work done in expanding from volume Vi to volume Vj is 

Q 

We have /z/ = C, and therefore p = 

To find C we have, when v — l, / = 2116. 

C = 2116, and p — 

Calculating values of we get — 


V 

• 

1-25 

'■5 

2 

2'S 

3 

p 

2116 

1690 

I4II 

1058 

84 

705 


Plot ling these values we get the curve shown. 



Fig. 103. 
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The area untlcr lliis curve ii found to be 2321. 


/. work done = pdv = 2321 ft. -lbs. 


Examples. — LXXV. 

Find the value of the following integrals by a graphic method : 

1. V.,,. , r* . i'.i 


J 

X^dx. 

1 

2. 

ryx 

3 . 

3 

e^^dx. 

0 

6. 

n dx 

0. 

'“252 

8. 

/■» 

J Xfd 9 — dx. 

0. 


2. I “hin^ dd 8 . 


I - 


3 . I ‘ sin 0 1/0. 

J 0 

0. I s/4 — X- Jx. 

J 0 

0 . j 

J oVl — A"' 

A)ar27 

. I V* — o 25 sin“ 


14 . A quantity of steam expands so as to follow the law/z/®® — 8000, where v is 

the volume at pressure p. Find the work done as the steam expands from volume l 
to volume 10. , 

15 . A quantity of air expands so as to follow the law /z/* « = C. p - 21100 
when V = I. Find the work done in expansion from volume 2 to volume 5. 

10 , In a paper by Ford Ivclvin, on motion in an clastic solid, it was required 


to find the 


value of f (p - i)rVr, when the following values were given 

J 0 


O'OO 

002 

o'04 

o'oG 

ooS 

O'lO 

0’20 

o'3o 

040 

0 

0 

o'6o 

070 

080 

090 

i-oo 

loll 

7 S -5 

64-4 

49-6 

395 

31-8 

ii-S 

500 

2 ’46 

I ’34 

0’82 

o ’53 

0-38 

036 

1 'OO 


Find the value of this integral. 


133. Variable liiinit of Integration. 

Consider the definite integral j ydx^ where the lower limit a is fixed 

and the upper limit x starts from the value <i and gradually increases. 

Let AB be the curve representing ^ as a function of x. 

Let OM = a and ON = the upper limit x. 

Then /; ydx^ which we shall denote by I, is equal to the area ABNM, 

and, as the upper limit x increases, N starts at M and moves along O-r 
through the positions N, N', N", while B moves along the curve AB. At the 
same time the value of I continually increases in the case shown in the 
figure. 

Thus for every value ON of 2: there is a definite value of I equal to the 
area ABNM, and I is a function of r. When N moves to N' an amount 
equal to BB'N'N is added to I, and so on- 
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If at various points on Ojt wc erect ordinates to represent on some con- 
venient scale the value of the area under the curve AB from AM to the 



respective poinlS| we obtain a curve representing^ the definite integral I as a 
function of .r. 

In the figure the curve MCC'C'" is drawn so that any ordinate N'C' 
represents the area AB'N'M between AM and C'N' on some convenient 
scale. 

This curve represents I, or j ydx as a function of a-. 


KxAMrLE ( 1 ). — Plot a cun.>£ trprfsenitnj^ J Pdx hj h function of x from x — 2 
Letl = 


to X = 6. 


We have alrcridy (example i, p. 247) fuund the value of I when x — 3. We must 
now find the value of 1 for other values of x between 2 and 6, and plot a curve in 
which the ordinates shall represent the values of I, and the abscissae the coriesponding 
values of x. 

First draw the curve y = x^ from a — 2 to -r — 6. d’his is the curve AB (Fig. 105). 
To get the curve CD representing I, proceed as follows. Divide the area into any 
number of strips of equal width. In the figure we have taken 8 strips each of 
width o’5. 

r 

When X — 1 — j x^dx = 0 C is on the required curve 

When X — 2 5, I — J Pdx — area ACFE 

= CF X (ordinate of curve AE at point x — 2 25) 

= 0 5 X 11-4 = 57 

Set off FG equal to 5'7 scale for I. Then G is a point on the required 

curve. 

To get the value of I when j: = 3, add the area of the next strip EFHK, which 
is o'5 X 20'8 = io'4. This gives the point L on the curve CD. Similarly, successive 
points on the curve CD are obtained by adding in succession the areas of the strips 
into which the arc.i under the curve Ao is divided. 
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Finally, ihc ordinate at D represents the whole area ABMC, which is equal to 

-0 

j^dx. 

a 

The scales on which I and x are represented need not be the same. Ihc student 



should form an estimate of the greatest value of I that will lie required before choosing 
the scale on wliieh I is to he represented. 

The area of each strip is equal to its base multiplied by its mean height, and may 
be represented by that height if a suitable scale be chosen for t. Thus the addition 
of the areas of successive strips may be very rapidly performed with a pair of dividers^ 
by marking off lengths equal to the mean heights of the successive strips. 

In the above example the width of each strip is 0 ' 5 , and its area is therefore 
numerically equal to one-half its mean height. VVe choose the .scale of I so that the 
mean height may represent the area, we take the scale for I equal to twice the 
scale for Thus the curve CD maybe rapidly constructed with dividers. The area 
of the first strip AEFC is 5'7, and 5'7 on the scale for I is equal to the ordinate il '4 
at the mid point of CF on the scale for and the point G is obtained by marking 
off, on the ordinate FE, a length cqiud to the ordinate to AB at the mid point of CF. 
Similarly, L is obtained by adding to this length on the ordinate HK a length equal 
to the ordinate to AB at the mid point of FH, and so on. 


Example (2). — /I car weighs 10 tons^ and is drawn by the pull P Ibs.^ varying in 
the following way, t being the time in seconds from starting. 




Values of (P-410) Iba. 
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p 

1020 

980 

882 

720 

702 

650 

713 

722 

“ 

Ln 

i 

0 

2 

5 

j 

8 

10 

»3 

16 

19 

22 


The n'tariHvg force of ftictiojt is cojistant and equal 410 lbs. Plot T — 4 lo avd 
the time /j and from this obtain a curve sho 7 ving s feed and time. 

(Hoard of Education Examination in Applied Mechanic-*;, 1902.) 



Values of distance travelled s. ft 
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e have already seen (p. 243) that the momentum of the car when t — 22 seconds 
is - 4lo)rf/, and its speed when t— 22 seconds is equal to its momentum 

divided by its mass = / (P — 410)^// = 0'00I437 1 (P — 4io)i// feet per 
22400 Jo Jo 

second. 

In the same way, its speed at any time t seconds from starting is 


0-001437 




410)^/ 


and we shall first plot a curve showing the speed as a function of t. 

The curve showing P — 410 and t has already been plotted (p. 244), and is here 
reproduced. 

Divide the area under this curve into strips by ordinates drawn as in the figure. 
The width of the first strip is 1-5, and its mean height, reckoned from the axis 
P — 410 = o, which is not shown in the figure, is 595. 


/: 


(P - 4 io)aV = I -5 X 595 = 892'5 


and the speed at the end of 1-5 seconds is 0-001437 x 892 5 = 129 ft. per second. 

Accordingly we plot the point Q, whose ordinate is 1-29, on a suitable scale to 
represent the speed when ^ = 1-5. Similarly the ordinate at R which represents the 
speed at the end of 3 seconds from rest is obt.nined by adding to the ordinate of Q a 
length equal to the area of the second strip mul^lied by 0 001437. 

Proceeding thus we obtain the curve QRST, which gives the speed at any time, 
the final speed being li 7 ft. per second, as in example 2, p. 2^3. 


Examples.— LXXVI. 


1 . Plot a curve showing the value of J x^dx for all values of x from x = o 
to A- = 5- 


/> 


2 . Plot 




ix for all values of x from x = I to x -- 10. 


3 . Plot j (i + x^)dx from x = i to x = 10. From your curve read off the 
value of the integral when x = 4. 

4 . Plot J (3x^ + 2x — 4)t/x from x = o to x — 6. 


5 . Plot I sin 0 d 0 from = o to = -■ 

2 


J."' 

r 

I - , from X = O'l to X = 3. 

Joi X 

/■* dx 

I -y— — - from X = o to X = 0-9. 

y oVi --r" 

0. Plot J where J/ = x* + 2x + l, from x = I to x = 2. 


0. Plot 
7. Plot 


9 . The following table gives the pull P at the drawbar of an electromotor at time 
/ seconds from starting : — 
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P lbs. . . 

1 150 

1450 

1320 

I 3 S« 

1040 

1300 

1150 

1370 

1120 

750 

t seconds . 

0 

12-5 

25 

375 

43 

SO 

55 

62-5 

75 

83 


Derhict 300 lbs. for friclion, air resistance, etc., which are taken as constant, and 
plot a curve to show the value of P — 3CXI for any value of / from o to S3. The train 
weighs 21 tons. Obtain a curve to show the speed at any time from ^ — o !o 
/ = S3 secs. 


10 . P is the resultant pressure on the piston of a bull engine when the weight has 
been raised to a height A feet. The work done in raising the weight to the height h is 
P 

I Vt/h ft. -lbs. Plot a curve to show the work done in raising the weight to any 

J □ 

height from o to 8 ft. 


h feet 

u 

05 

I 

15 

2 

3 

4 

5 

6 

7 

P lbs. 

1 10 

1 

1 10 

1 10 

1 10 

100 

73 

54 

44 

38 

1 

34 

1 


11 . The following table gives the drawbar pull exerted by an electric locomotive 
at distance s from rest : — 


P lbs. 

930 

1000 

930 

835 

1000 

1225 

N 

- 

1300 

1230 

1000 

800 

650 

a feet 

0 

*5 

30 

45 

80 

no 

160 

180 

200 

227 

260 

300 


The work done in drawing the train from rest to a distance j is I Pffj. Plot a 

J 0 

curve to show the work done for any value of s from o to 300 ft. 

Kxamples 9 and il are adapted from a paper by P. V. MacMahnn, in the 
iLlccfrician for June, 1899, p. 227, where the student will find additional material for 
examples. The data refer to the City and S. I.ondon Railway. 


19 . A body weighing 1610 lbs. is lifted vertically by a rope, there being a damped 
spring balance to indicate Ibe pulling force F lbs, of the rope. When the body had 
been liftcil .r feet from its position of rest, the pulling force was recorded automatically 
as follows : — 


JT 

0 

1 1 

20 

34 

45 

55 

66 

76 

F 

4010 

39*5 

3763 

3532 

j 3366 

320S 

j 3100 

3007 


Draw a curve showing the probable value of the velocity 7/ feet per second for all 
values of x up to 80. 

Note. — The resultant upward force on the body is F — 1610 lbs. The work done 
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in increasing the kinetic energy of the body is equal io j {F — l 6 io)(/x. Since the 

body starts from rest this is also equal to the kinetic energy where m is the 

mass of the body = — — , Thus the value of v can be obtained for any value of r. 

32 2 

(Board of Education Examination in Applied Mechanics.) 


13. The following table gives the force E producing the acceleration of the 
reciprocating parts weighing 2080 lbs. of a 400 II.P. Crossley gas-engine at intervals 
of ijijj second. 


t seconds 

0 

00167 

0 'O 333 

o‘o5oo 

0*0667 

0-0833 

O’ 1000 

F lbs. . 

29270 

27740 

23390 

16920 

92S7 

1560 

- S 3 -t 9 









t seconds 

01 167 

01333 

0'I500 

01667 

oiS ’)3 

O ’ 2000 


F lbs. . 

— 10S20 

— 14640 

— 16920 

— iSo|o 

- iS.|So 

— 1S5S0 



Construct a curve to show the velocity at any lime from / = o to / — o'2 second. 
Given, velocity = o when i = o. 

14. The following table gives the resultant turning moment M excited on the 
crank of a 500 II.P. Crossley gas-engine for different values of the angle 0 through 

which the crank turns. It can be shown that I MJO vanes as the square of tlie 

J 0 

angular velocity u for any value of so that an ordinate equal to this integral will 
represent on a suitable scale. 

Construct a curve to show how the angular velocity co varies for different values 
of 0 . The scale for a> need not be shown. 


0 degrees . 

0 

14 

28 

46 

^2 

1 

100 

1 

I So 

218 

243 

270 

302 

327 

350 

355 

360 

M ft.-lbs.l 
pcr.sq. in. > 
of piston ) 

-41 

34 

109 

129 

|ns 

io 9 j 

59 

-41 

-91 

-107 

-91 



-41 

31 

-41 

j -43 

-41 


Note, — Since the scale of the resulting curve is not determined, 0 ma3^be taken in 
degrees. 

Examples 13, 14 arc adapted from a paper by Mr. Humphrey 
Institute Mechanical Jingmeers^ J^^n., 1901, p. O7), where a number of curves are 
given. 


134. Construction of Curves from a given Law of Slope. 

With the same notation as before (§ 133), let x increase by a small amount 
lx, so that N moves through a short distance NN'. 

Then I is increased by the area BB'N'N, which is equal to NN' multiplied 
by a value ST of y between NB and N'B'. 

i>. 5 l = ST X lx 


c 
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To find ^ we must 
dx 


find the limiting value of — as S:i' approaches the 


value o. 

In this case N' moves back to N 


and B' to B, and thus ST, which must 



always lie between NB and N'B\ moves b»ack to and ultimately coincides 
with NB. 

<■> 

Now the ordinate of the curve MCC is equal to the value of I, and 

therefore measures the slope of the curve MCC'. 

Thus equation (r) states that the slope of the curve MCC' is equal to the 
ordinate of the curve AB, and we have shown how to construct the 
curve MCC' when its law of slope is given by the ordinate of the curve AB. 
P'or example, in example i, p. 252, we showed how to draw the curve CD, 

representing [ when its law of slope ^ was given by the 

] a dx 

curve AB. 

In example 2, p. 255, we showed how to draw a curve, representing 

/ (P — 4io)«y/, when its slope P — 410 at any point was given on a suitable 
scale by the curve A. 

Example (i). — The follmoing table gives the value of the slope a certain 

cuj^e for different values of x : — 


X 

12 

19 

27 

♦ 

52 

6 

iy 

dx 

0-55 

ri 

I '4 

0‘S2 

04 

o ’65 


Construct the curve between x = l '2 and j = 6, having given that y = 2 when 

X - 1 - 2 . 

There arc evidently an Infinite number of curves having the given law of slope, for 
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if one be constructed it may be supposed moved in a direction parallel to the axis of 
y without changing its shape, and thus we may obtain as many more curves as wc 
please, all having the same law of slope. We require to choose that particular curve 
in which y — 2, when x -r. 1-2. 



dy 

First construct the curve A, Fig. 108, whose ordinates represent values of given 
in the talde. 

From this obtain, by the method of p. 251, the curve B, whose ordinate for any 
value of X is equal to the area under the curve A from x — i‘2 to that value of x. 

This gives the value of j ^^ydx which, as has been shown above, is equal to 

the value of y in the required curve if measured from a suitable point. We then 
adjust the scale for y so that jj/ = 2 when x = l’2, and B is the required curve. 

ExA-MPI.f. (2). — In example 2, p. 254, we obtained a ciu-ve giving the value of the 
speed V of a car at any time between o and 22 seconds from starting. To construct a 
cufue to show the distafice s moved by the car from rest at any time between o and 
22 seconds. 

We know that ^ ^ind therefore the velocity curve already obtained represents 

the slope at any value of t of the required curve representing r. 

We therefore obtain the s curve from the v curve by plotting the values of vdt 

in the same W'ay as the velocity curve was obtained from the curve A representing the 
force, and therefore also the acceleration. The initial value of s is evidently zero. 

The resulting curve VW is given in Fig. 106. 
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Example. — EXXVII. 


1 . The following table gives the slope of a certain curve for various values of jr. 
It is known that ^ = 3'5 when x = 2 . Construct the curve between x = 2 and 
X = 8 '5. From your curve read off the values of y when x = ^ and when x = 8. 


Value of X . 

2 

23 

26 

3 

36 

4-3 

5 

Slope of curve 

0 

048 

OQ 

0 

I ’025 


097 

044 









Value of X . 

S -14 

s'90 

63 

6-9 

7 ‘S 

8-1 

8-5 

Slope of curve 

0 

- 0-47 

— o'So 

- 0*93 

— 08 

- o '4 

0 


2 . Let y~x^. riot the curve on a large scale from x = 0 to .r = 3. 

riot also y ~ 2 x from x = o to = 3. Then, since = 2 x, the ordinate of the 

second curve measures the slope of the first for any value of x. Measure the area 
between the second curve and the axis of x from x = o to :r = 3, and verify that it is 
equal to the ordinate of the first curve at .ac = 3. 

3 . A curve is such that its slope at any point is equal to twice the abscissa at that point. 
Construct the curve. It is given that the curve passes through the point (l, 2). 

4 . The slope of a curve at any point is equal to 2:r — i, where x is the abscissa of 
that point. Construct the curve, having given that^ = 8 wdien :r = 3. 

6. Construct a curve in which the relation between_y and ;ir is such that the equation 


4 

ax 


+ 3 .T - 4 = o 


is satisfied at every point of the curve. It is given that^ = o when :ir = o. 

0 . The following table gives the speed v in feet ]ier second of a train in the City 
and .South London Electric Railway at time r seconds from starting. Plot a curve to 
show the speed at any instant from / = o to / = 174 seconds. 

If s is the distance moved in t seconds we know that *' = ^^Tid therefore the 

ordinate of the speed curve gives the slope of the distance curve for any value of t. 
Hence construct a curve to show the distance s travelled at any time / from / = o to 
t “■ 174 seconds. 


t seconds 

0 

25 

30 

40 

50 

70 

V ft. per sec. 

0 

I 2'45 

1465 

18-31 

> 9 ' 3 S 

20-96 


i seconds 

90 

105 

125 

145 

160 

>74 


V ft. per see. 

18-90 

17-87 

19-42 

20-51 

16-1 

0 



7 . From the data given in example 7, p. 245, construct a curve to show the 
distance travelled by the car from rest at f = o to any time from o to 30 secs. From 
TOur curve read oil the distance travelled in 16'^ secs. 
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8 . In the following table v is the velocity of the projectile in the bore of a gun at 
time i seconds from the beginning of the explosion : — 


t seconds . 

0 '00490 

0-00598 

o'oo695 

000785 

000871 

0-00953 

0-01032 

c^ 

0 

0 

b 

0011S4 

r/ft. per sec. 

869 

987 

1074 

1142 

1195 

1242 

1277 

1309 

« 33 S 


riot a curve to show the distance j described by the shot for all values of t from 
0 00490 to 0'01 i 84, having given that j = 2 ft. when t — 0 00490. 

9 . a is the acceleration of an electric tramcar at time t from starting. 


a ft. per sec. per sec. 

2-4 

3-25 

352 

345 

3-21 

2-63 

170 

1-12 

O’ 64 

0-27 

0 

t seconds .... 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 


Find its velocity {a) after 3 secs, from starling, {d) after 7 secs, from starling, 
(f) after 10 sees, from starting. Construct a curve to show the velocity at any time 
from / = o to / = 10 secs. 

10. From the curve of velocities obtained in example 9, find the distance travelled 
by the car (rz) in 3 secs., (d) in 7 secs., (^’) in 10 secs, from starting. Construct a curve 
to show the distance travelled from starting at any time from ^ = o to ^ = 10 secs. 

11 . P is the pull in pounds exerted by an electric locomotive at time i seconds 
from starting. Take the tractive resistance as constant and equal to 881 lbs. Then 
the acceleration is proportional to P — 881, and it is found that the acceleration is 
1 '46 ft. per second per second when P = 5750 lbs. Plot curves to show (n) the accelera- 
tion, (^) the velocity, (r) the distance passed over, at any time from o to 130 seconds. 


P 

712s 

6100 

5690 

5625 

5650 

5725 

5750 

881 constant 

0 

t 

0 

2 

5 

8 

10 

14 

16 

16 to 114 

114 to 130 


(Adapted from P. V. MacMahon, Electrician^ June 16, 1899.) 


12. P is the pressure on the base of the projectile of a gun at time / seconds from 
the beginning of the explosion. 


Time of travel, seconds. 

F tons. 

O'OOOOO 

2000'0 

000143 

2221-3 

000273 

33205 

0-00360 

2060 '6 

0 00490 

1394-1 

0-00598 

1095-0 

0-00695 

908-8 

0-00785 

746-4 

0-00871 

668-3 

0-00953 

592-8 

0-01032 

499-4 

o'oiio9 

421-9 

001184 

355-6 
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'J'lic vvcii^'ht of the projectile is 78 lbs. 

Assuming tlint the sides of bore and the air in front exert no retarding force on 
the projectile, the acceleration is obtained by dividing P in lbs. by the mass 

Plot curves to show the acceleration, velocity and distance travelled at any instant 
throughout (he period considered. 

It will be found that the given values do not lie exactly on a regular curve when 
plotted. A more reliable result will be obtained by drawing a smooth curve, lying 
as evenly as [)o.ssible among the plotted points than by making the curve pass exactly 
through the points plotted from the given data. 


13. The following table gives the acceleration n of the reciprocating parts of a 
500 n.P. Crosslcy gas-engine for dilTercnt values of the time /. Construct a curve to 
show the velocity at any time from / = o to / = o’48, given that the velocity is zero 
when 1 = 6 . 


/ seconds .... 

0 

0‘02 

0'04 

o'o6 

ooS 

010 

0-12 

a ft. per sec. per see. 

2587 

24s '4 

2077 

151-4 

8475 

16-78 

— 44 60 

t seconds , , , . 

o'4S 

o ’46 

0-44 

0-42 

0-40 

0-38 

036 


t seconds .... 

0-14 

o'i6 

o’iS 

0*20 

0-22 

0-24 


a ft. per sec. per see. 

- 94 03 

- 1293 

- ISI '4 

- 163-1 

- I63-I 

- 169-5 


t seconds .... 

034 

032 

0*30 

0-28 

0-26 

024 



From / — 0 24 to / = 0*48, a passes back through the same values as from / = o to 
t = 0-24. 

14 . I| is the magnetic induction through a coil of an induction motor at time t. 

The values of arc observed and given in the following table. Construct a curve 

to show the induction Ij for all values of t throughout the period considered. Take 
1 , = o when f = o. 


t sees. 

0 

0-05 

O'lO 

0-15 

0-20 

0-25 

0-30 

o '35 

0-40 

0-45 

0-50 

"''1 1 . 

1-2S6 

I ’233 

0-949 

’■774 

0-556 

O' 108 

0’026 

-0-420 

— 0S64 

- 1-049 

-1-286 


15 . The following table gives particulars of another test of the same motor as in 
the last example. Construct a curve to show the induction I| for all values of / as 
before, taking Ij = o when / = o. 
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( secs. 

0 

o'o5 

O’lO 

ois 

0‘20 

025 

0*30 

o '35 

o’4o 

o '45 

O’ 50 

volts 

dt 

2 44 

2-34 

rSS 

151 

105 

0-25 

-059 

- I -28 

- 1-63 

— 2 'Ol 

- 2 44 


10. A horizontal bar, 12 ins. long, is hxcd at one end, and is loaded in such a 
way that the weight w per unit length at various points is given by the following table. 
jc is the distance from the free end. 


X inches . . 

0 

4 

s 

10 

II 

w lbs. per in. 

4 

1 

1 

i i 

8-3 

I2'2 

20 


Plot a curve to show the value of w at any point. Note that the load varies 
continuously. The expression “weight per unit length’^ does not imply that the 
load is uniform for a unit length of the bar at any place. 

It is known that w = where s is the shearing force at distance x from the free 
end, also j = o at the free end. 

Construct a curve to show the value of j at any point. What is the shearing force 
at the fixed end ? 


17. Ill the last example, if M is the bending moment, then s = at distance x 

from the free end. Construct a curve to show the bending moment at any point. 
M = o at the free end. 

10. A beam 10 ft. long is loaded in the manner given in the following table, rv 
and X have the same meanings as in examples 16, 17. Plot curves to show (i) the 
load per unit length, (2) the shearing force, (3) the bending moment at any point. 
What is the shearing force at the fixed end ? 


X 

0 

I 

2 

3 

4 

S 

6 

7 

8 

9 

10 

w 

2 

25 

37 

5-5 

77 

• 

97 

1 1 '2 

122 

II-8 

102 



7’2 


10. A horizontal bar 10 ins. long is fixed at one end. The other end carries a 
weight of 1000 lbs. The bar is also uniformly loaded with 200 lbs. per inch through- 
out its length. Plot a curve to show the shearing force at any point. 

Note that s = 1000 when x — o. What is the shearing force at the fixed end ? 

20. Plot a curve to show the bending moment at any point of the bar. M = o 
at = o. What is the bending moment at the fixed end ? 

21. Let J/ inches be the downward displacement of a point on the bar at a distance 
X inches from the free end. Then it is known that at any point the slope of the bar 


_ ^0/ _ p M 


iii + C 


where M is the bending moment, E and I are constants depending on the material 
and shape of the bar, and C is the slope of the beam where x = o. 

In this case, for a wrought-iron bar of rectangular section 3 ins. wide by 4 ins. 

deep, E = 25 X 10", I = 16, and ^ = o at the fixed end where x = 10. 

Construct a curve having as its ordinate the slope of the bar at any point. 
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Note, — It is not necessary to know C. Construct the curve as thou^jh C were 
zero, and afterwards move the scale for ^ so that the slope is shown as o at the 
fixed end where x = lo. 

22. Construct a curve to show the displacement y of each point in the bar. The 
curve obtained in example 21 gives the law of slope of the required curve, and the 
required curve can therefore be constructed. 

Note. — The displacement is evidently o at the fixed end^ and the scale for y must 
therefore be moved so as to give this value. What is the displacement at the 
free end ? 



CHAPTER XVIII 


DEFINITE INTEGRALS 


135. Connection between Deilnite and Indeilnite Integrals. 

We have now shown that if I is the definite integral j ydx 

then - y 
ax 

But the indefinite integral jydxh’AS been defined as that function of x 
whose differential coefficient is equal to j'. 

the definite integral j ydx^ as defined in the last chapter, is identical 

with tlie indefinite integral Jydx a.s defined in Chapter XVI. 

It is to be remembered, however, that the indefinite integral may have 
an added arbitrary constant. 

The exact connection between these two ways of defining an integral will 
be made clearer by the following examples ; — 


Example. — Suppose it is given that, for a certain curve between x — a and x = b, 

~ ^ — 2Xj and thaty = o when x = a. 

ax 

To find the curve we may proceed in two ways. 

I. We may plot the curve A B, whose ordinate is equal to 4 Jr* — 2x for every 
value of X between a and b. This gives the law of slope of the required curve, which 
may now be obtained by plotting areas, as in the examples of the last chapter. 

/ *dy 

^dx = I — 2x)dXt 

and the final ordinate at iT = ^ is equal to ^ — 2x)dx, 

In the figure we have taken a = 2, b = Z, and CD is the curve obtained by this 
method. 

dy 

II. But when ^ is given by the expression — 2x^ y may be obtained from 

this by indefinite integration, as in Chapter XVI. 
for the required curve 

, = = - 2x)dx = -x^ + C 


where C is some constant. 

We must choose C so that = o when x = a. 
Substituting, we have o = + C 

C = - (*«■ - a’) 

1 for any value of x 

f = (Ja’ - a') 
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In particular when x — b 

y ^ - b^) - (Jri* - a^) 

We have thus obtained an expression for the ordinate of the required eurve for any 
value of X between x = a and x = b, and the curve may be plotted directly from this 
expression. We find by substitution that in the case taken above, where a = 2, 
b = the values of y obtained from this equation are equal to the corresponding 
ordinates of the curve CD in the figure ; 

taking X -- S3 y=^ (SS" - 5 “) - - 2 *') = 1357 



Fig. 109. 


Thus we have found two different expressions for the ordinate of CD— one a definite 
integral, defined as in the last chapter, and the other an indefinite integral, 
equating these two expressions, we get 

- lx),/x = j.iH' - - {y - a’) 

In the special case where x = b, we get 

J\y - 2x)Jx = (|i’ - #») - [y - a') 

— (value of indefinite integral (Jjc" — j:^)whenx is put equal to b after integration) 

— (value of indefinite integral when x is put equal to a after integration]. 
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130. Evaluation of a Definite Integral. 

The same reasoning evidently holds good when ^ is given equal to any 

function F(jr) of x of which the indefinite integral is known. 

If/(.v) is the indefinite integral of F(-x-), we have in general 

j''v{xyx =/{b) -/{a) 


The right-hand side of this equation is written 



This gives a method of calculating the value of the definite integral of any 
function when the indefinite integral is known. 

To calculate tlie value of \ ydx. 


First find the indefinite integral fydx. Find the value of this 
when X is equal to the upper limit 6, and from the result subtract its 
value when x is equal to the lower limit a. 

Example (i). — 

The value of this integral as found by the graphic method, p. 247, was i6'24. 


Example (2). — 


/: 




[!.!!»][ = WO - 


e^) 


— 10810 


Example (3). — Find the area between the curve y — sin x and the axis cf x from 
X = 0 to X — I '5708 radian = 90°. Also find the mean value of sin x between 0 and 
one right angle. 


We have 




— cos o) = o -h I 


I 


The curve y = s\n x is shown in Fig. 5S. 

The student should verify the above result, that the area between o and - is l, by 
actual measurement. 

The mean value of sin x is the height of a rectangle on the same base, having an 
area equal to that between the portion of the curve considered and the axis of x. 

If h is the mean value, we have 


h X I 5708 = area = 1 
h = 0 637 

Example (4). — To fifid I pdv having given that fv = 2116. 


'f. 

j pdv — j ^^~dv = 1^2116 loguT/J^ 

= 2116 (log,3 - log.i) 

S 2116 X 2-3026 X 0-4771 = 2321 
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On page 251 we obtained the value 2321 by the graphic method. 

Example (5). — 

S/H * 01/0 = iju ~~ 20)^9 

= ij^0 - i sm 20j^ 

= I - i siu Tr = ^ = 0-7854 

The value of this integral found by the graphic method was 0-785, p. 248. 

Example ( 6). — Calculate the area enclosed by the curve y — ax'\ the ordinate at 
X — b and the portion of the axis of x between the origin and the point x — b. 


Area = j ydx = I ax^dx 

Jo Jo 
n + lJo“ n + I 


Examples. — LXXVIII. 
Evaluate the following definite integrals : — 


1 

6 

0 

13. 

16 

19 

22 


• />-' 

//*• 

f>ifx 

■ 

r 

J as 


. I \Jxdx. 

J 0 


3. xdx. 

7. J 2 fjxdx. 






x^'^dx. 






e^dx. 


■/. 


14 

17 

20 . 


OB 

x-^^dx, 

23 
- 0-8 


/ 

/■- 0-8 

. I e^dx, 
J -1-8 


23 




f^dx 

24. 


4. JVx. 

I. j {x^-zx- + 3)i/x. 

no 

1. I j^ yx. 

■ /:- 
'■ Ir"- 


21. J" 

26. J t-txjx. 


20. 


27. 

J’ i‘-^dx. 

20. 

1 1 ;> »*■ 

29. 

fsoi 

30. 

1 sin xdx. 

31. 

riwu 

j cos xdx. 

j B 


h 

J 

r i-B7()8 


n-4ia7 


r47124 


rowse 

32. 

1 sin xdx. 

33. 

1 COS xdx. 

34. 

/ cos xdx. 


J 0-0100 


J 21017 


J □ 


ro-7BBi 



37. 

fir 

35. 

1 sin xdx. 

30. 

1 cos ^xdx. 

1 COS ixdx. 


J 0 


J 0 


J n 

38. 

rir 

1 ^ sin ixdxo 

39. 

j cos ^xdx. 

40. 

1 '^sin (2x — i] 


lo 


; 0 


J 9 
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41. 


44. 


40. 

48. 

61. 

64. 

67. 


I:-' 


sin {2x + i){/x. 42 


ro maa 

I sni(o -50 + O' 1 745)1/0. 


' 0*8143 
i 

^sin {2ir/t + 


J 1 ^ 

P ^/.r 


49. 

62 

65 

68 


J“2sin (i — 4x)(/x. 43. sin 2BdB. 

fvm9 / / \ 

45. / cos( 13614 - - V//. 

J 0 1920 \ / 

r 

47. 

Jl V 

. j ^{i-x)-<./x. 

r 

■ ii^+2' 

Piooo 

■ 7 2^^" 


. f 

J» V 

f* dx 

‘ ja2^ + *■ 

dx 


sin (^/ — ^dt. 

60. 

63. 

66 . 


69. Plot the straight liiic^ = + l from jc = o to jt = 4. Verify by integration 

that the area of the figure formed by this straight line, the axes of .* and and the 
ordinate at j: = 4, is equal to the length of the base multiplied by the arithmetic mean 
of the lengths of the two parallel sides. 

00. Find the area enclosed by the curve y = 3^^*, the axis of x, and the ordinate 
at j: = 5. What is the mean value of_y? 

01. Find the area enclosed by the curve y = 2iJ x from jr = o to jp = i, the axis 
of Xy and the ordinate at jp = i. Verify by plotting and approximate measurement 
of the area. 

02. Find the area between the curve ^ = 5.T — 4 — .r* and the axis of x from 
:c = I to xp = 4. Plot on a large scale, and verify by measurement. 

03. Find the area between the curve ^ = jp® — 3.3P + 2 and the axis of x from 
x = I to jc = 2. Verify by plotting and measurement. Note the geometrical meaning 
of a negative value of the definite integral. 

64. Find the area between the curve = 8je — from = o to ^ = 2, and the 
axis of jr. Verify by plotting and measurement. 

65. Find the area Iietwecn the curve y — sin 2x and the axis of x from jp = o to 

TT 

X — - 

2 


00. We know that 



.dx = logeX. 


This gives a graphic method of calculating 


logarithms. Plot on a large scale the curve ^ and from this construct by the 

graphic method the curve y = j hy 3-1 various points that Ihe 

ordinate of this curve is equal to log^^ = 2 '303 log,p:r. 

07. Find the area between the curve y = 2<?^* and the axis of x from .r = o to 
X — 2. 

00. Find the area between the curves = J^and the axis of x-from x = i lo x = 2 . 


09. Find the area between the curve y = sin ^x and the axis of x from .r = o to 
X = o '5236 radians. 

70. A quantity of gas expands so as to satisfy the law />v = C. Find the work 
done in expansion from i; = i cub. ft. to v = 10 cub. ft. Given p — 700 lbs. per 
square foot when v — \ cub. ft. 

71. A quantity of steam expands so as to satisfy the law pv^ '^^ — C. Find the 
work done in expansion from z/ = 3 to w = 10. Given P = 8000 lbs. per square foot 
when V = i cub. ft. 



270 


Practical Mathematics 


72. Find the work done in the expansion of a quantity of steam from 2 cub. ft. at 
4000 lbs, per square foot pressure to 8 cub. ft. The steam exj^ands so as to satisfy the 
law = C. 

73 . A point starts from rest and moves along a straight line so that its velocity 
vfeet per second is always numerically equal to one-third of the time in seconds which 
it has taken since starting. How far will it move in 4 secs, from rest? 

74 . A body of mass 10 units moves in a straight line so that the force acting on 
it at time ^ is 

F = - 3/* -f 2/ + I 

The acceleration is obtained by dividing the force by the mass. Find an expression 
for it.s velocity v at any time, having given that v = o when / = o. Calculate the 
velocity when t = 0'5 and when ? = i. 

75. Plot a curve to show the acceleration of the body in example 74 at any time 
from / = o to ? = I, and from this obtain by the graphic method the curve showing 
the velocity at any time. Compare with the calculated velocities for i — o'5 and ? — 1, 
and estimate the percentage error of your results obtained by the graphic method. 

76 . The shearing force S at any distance x from the free end of the bar in 
example 19, p. 263, is given by the formula 

S =: 200J1: 1- 1000 


Obtain an expression for the bending moment in terms of jr, and apply it to calculate 
the bending moment at the fixed end. Compare with the result obtained by the 
graphic method. 

77 . Obtain an expression for the slope of the bar in example 21, p. 263, at any 
point. 

78 . From the expression for ^ obtained in the last example, find an expression 

for the displacement y at any point of the beam. Given y — O when x = lo. 
Calculate the v.iliie of y when x — and compare with the results obtained by the 
giapbic method. 

70 , — If =s log,^-^~ + — 0*695, foTinulK for 




137. SimpBon’a Rule. — We may now prove Simpson^s rule for finding 
an area. 

n .C Let_yi, three successive ecjuiclistant 

ordinates drawn to a curve and meeting it in 
A, B, and C. Let h be the distance between two 
successive ordinates. 

Take the foot of the middle ordinate as origin, 
}/z and assume, as on p. 140 , that the portion ABC 

y] of the curve can be represented with sufficient 

accuracy by the equation 

-h 0 +}^ y = a^bx + c^ 

Fig. 110. where b, and c are constants to be determined. 

To find the constants we have the condition 
that the curve passes through the three known points A, B, and C. 

MPi,x=-h,y=y^, 

substituting,^! = a - bh -\r ch- (i) 

At B, ;ir = o,^ =>^ 2 , 

= (2) 

At C, JT = h,y=yt, 

y^ = a + bk + ch!^ ( 3 ) 
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Adding (i) and (3) we get 

+ 2 cK ^ = 2J/2 + 

ch^=yi±y.^-y, 

2 

Now the area enclosed by the curve ABC, the ordinates and J'j, and 
the axis of x is 

/ +* /■+* 

ydx = I (a + fix + ^.r^)dx 

= lah + 

= +yi+yi- 2/2) 

= ^(>'1 + y > + 4 y 2 ) (4) 

This is Simpson’s rule for the case when there are 3 ordinates. 

We get the form of Simpson’s rule for any odd number of ordinates by 
making use of the result (4) to find the area between the ist and 3rd 
ordinates, the 3rd and 5th, the 5th and 7th, and so on, and then adding the 
results. 

For example, if there are n ordinates, the result (4) gives 
Area = jfy, + 4^2 +>'a +y, + 4^4 +y, +^. + 4 >'« +y^ +><, + 4 i'b +>'9 +y, + 4/, » +^n) 

= j{j'i +J'u + 2(j'a + y,t + y, + y,) + +yt+y,+y> +>', 0 )) 

In the same way Simpson’s rule evidently follows for any odd number of 
ordinates. 

Since we take the spaces between the ordinates two at a time in obtaining 
this rule, it is evident that it does not apply unless there is an even number 
of spaces, and therefore an odd number of ordinates. 

In finding the area of a figure, such as the section of a ship (Fig. 8o), 
we may increase the accuracy of our result by inserting intermediate 
ordinates where the curve is steepest. We may, for example, divide the area 
to be considered, in the first instance, into six spaces by seven equidistant 
ordinates, and then insert intermediate ordinates in the middle of the spaces 
at the two ends, as in the values given in the example, p. 165. We must 

substitute ^ for h in the corresponding parts of the expression for the area. 
We get 

h 

Area = - + zy^ + ^y, +y, + 4^, +j/, +y^ + 4^^ +y^ + + zy, + iy,] 

= + 2J'2 + + 4/4 + 2^6 + 4^9 + lij'T + V'l + 

In the same way we may insert intermediate ordinates at any part of 
curve, provided the total number of ordinates is odd. 
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138. In Chapter IX. we have shown how to find the mean value of one 

variable with respect to another. 



Fig. hi. 


If we plot a curve AB, Fig. Iii, 
representing the variable as a 
function of then the mean value 
of y with respect to x is the height 
of a rectangle standing on the base 
MN of the same area as the area 
ABNM between the curve and the 
axis of X, 

But the area enclosed by the 
curve AB, the axis of ar, and the 
ordinates at ^ and x = 3 is 

equal to j ydx, and the base MN 

is equal to ^ — r?. 



the mean value of y 
between x = a and ^ is 



b — a 


Thus, if we know and can 
integrate the expression for y 
in terms of Jf, the mean value 
of/ can be calculated. 

Example (i). — Fhid the mean 
value of 3 from x = o to x = 4. 

In the figure, OP is the curve 
y = from ar = O to :r = 4. 

The area OPM = J ^^xdx 

mean value of 3v/^ = 
(height of a rectangle of area 16 
and base 4) = 4. 


Fig. iia. 
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Example (2). — t/ie mean value of sin x. 

Here the curve is of a regular wave form, so that if we consider a complete period 
there is as much of the area positive as negative, and the mean value over a complete 
period is zero. 

We may get the mean numerical value of sin x by considering half a period from 
X = o to X = x radians. 

Area = 1 sin xJx = 2 
J 0 

base = IT 
2 

mean value = “ = o’637 

This was obtained by the graphic method in example lo, p. 167. 


Examplk (3). — Piml the average pressure in example 12, /, 167, by integration. 
We have pv = 100 


TOO 


The average pressure = 


/: 




= 1 2 5 10 - 2) 

= '2'5 (log. 5) = 2011 


Example (4 ). — /n a simple periodic motiofi the distance s from a fixed point on the 
path at time t is given by the equation s — a sift nt. Find the mean values of the 

velocity and acceleration f?vm t = o to t = 

ds 

We have velocity = — an cos nt 


mean velocity = 


■loci tv = 


an cos nt dt 


=z — sin nt^ 


acceleration = — — an'^- sin nt 

dt- 


mean acceleration — 


/:v 


afi^ sin ni)dt 


This is the time average of the acceleration \ to find the space average of the 
acceleration we have 

Acceleration = — arP sin nt — — n'^s 


Also as t increases from o to , j increases from o to a. 
2 n 
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/. mean acceleration = 


/; 


n's . ds 


a 


= _ ^ f-T = - " - 

a La Jo 2 

= half the value of the acceleration when j has its maximum 
value a. 


139. Boot Mean Square Values. — In taking measurements of alter- 
nating electric currents and electro-motive forces, instruments arc used of 
which the readings depend upon the “ Root Mean Square ” of the value of 
the current or electro-motive force. 

If i is the current regarded as a function of the time /, the root mean 
square value of i is the square root of the mean value of taken over one 
period or any exact multiple of one period. 

The alDbreviation R.M.S. is often used for root mean square. 

ExAMn.F.. — Find the R.M.S. value of the current i — lOO sin ir/, where i ajttps. 
is the current at time t secofids. 

i goes through a complete period when 240ir/ increases by 2ir, i.e. when I20^ 
increases by l, and / increases by second, 
mean value of i for one period 

loo^ sin^ 240 Tr tdt 


120 

= 120 X 10^ X 1 

= 6x lo*[/- 

“ 6 X io“ X 



— cos 4 ^ovt)dt 


sin 4So7r^nf26 
4So7r Jo 
0 — ^ X loo* 


.'. R.M.S. value = ^/.V x loo* — ^ 

V 2 

Note that this is equal to the maximum value of the current divided by /f 2 . 
Similarly it can be shown in general that the R.M.S. value of A sin// is— 

V 2 


Examples. — LXXIX. 


Find the mean values of the following : 
1. ar* between a: = o and x = 2 . 

3 , jr-2 between x = i and x = 2 . 

6 . between x = — i and x = o, 

7. between x = — 2 and jr = + 3. 

9 . A sin X between x ~ o and x = -■ 

2 

10 . If a body falls vertically from rest 
given by the equation v = 32'2/. F'ind ih 
{b) for the first six seconds of its motion. 


2. x^ between .r = o and x = 3. 

4 . between jt = o and x = 2. 

0. ^ between x = — ^ and .r = 4- J. 
8 . between x = o and jt = J. 

its velocity v at the end of t seconds is 
! average velocity («) for the first second, 


11. Find the mean value of sin pt from / = o to / = 

12. Find the mean value of cos // from / = o to / = 


P' 

IT 
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Find the mean values of the following expressions in which p and q arc whole 
numbers : — 

13 . (A sin / 0 (V sin //) from ^ = o to / = 2ir. 

14 . (A sin / 0 (V sin qt) from t = o to ^ = 27 r. 

16 . (A cos //)(co5 qi) from / = o to / = 2ir. 

10. V cub. ft. is the volume of a quantity of gas at pressure / lbs. per square inch. 
If the gas expands so as to follow the law />v = loOj find the average pressure between 
volumes i cub. ft. and 3 cub. ft. 

17 . A quantity of steam expands so as to follow the law /r/® ® = 200, p being 
measured in lbs. to the square inch. Find the average pressure lietween volumes 
2 and 4. 

10 . A quantity of steam expands so as to follow the law = 4000 p being 

measured in lbs. to the square foot. Find the mean pressure from 7^ = i to r/ = 10. 

19 . A spring oscillate.s so that the force F lbs. which it exerts on a weight at the 
end of time / seconds is given by the equation F = 2 sin 3/. Find the mean value of 

the force from / = o to / — 

20 . A particle moves along the axis of x so that (he force upon it at a distance x 
from the origin is equal to ax where a is a constant. Find the mean value of the force 
as X increases from o to s. 

21 . The electric current C in a conductor at time t is given by the equation 
C “ 4 sin 200/. Find the mean value of C throughout the following intervals 
of time : — 

(1) / o to / = 0 031416 secs. = - QQ. 

(2) / = 2*5 to / = 2-531416 secs. 

(3) / = o to / = 0-015708 .secs. — 

22 . The voltage V at time / in an alternating current circuit is equal to 100 sin 

300 /. The current is equal to 2 sin (300/ — a) amps. The power in watts is the 
mean value of the product of the current and the voltage. Find the power (i) when 
a = o, (2) when a = 45° = 0-7854 radian, (3) when a — 90° = radian. 

23 . Trove that if C = C, .sin qt and V = Vj sin {qt — a) then the mean value of 
CV = ^ CoV„ cos ti. 

Find the R.lSf.S. values of the following : — 

24 . 2 sin 3/. 25 . 5 cos 2/. 26 . 3 sin (2/+ i). 

27 . sin pt. 20 . cos //. 20 . A sin (// + a). 

30 . An alternating E.M.F. of e volts is given by the equation e — 100 sin 1000/, 
where / is the time in seconds. Find the lv.M..S. value of and verify by the graphic 
method. 

31 . Tf f = p + a sin qt^ where E, R, <7, and q are constants, find the R.M.S. 
value of J. 

32 . Find the R.M.S. value of A sin pt b B sin qt. A, B, /, and q arc constants. 

33 . Find the R.M.S. value of A sin (//+ a) + B sin {qt + / 9 ). A, B, /», a and 
B arc con.slants. 



CHAPTER XX 

VECTOR ALGEBRA -ADDITION OF VECTORS 

140. Scalar and Vector Quantities. — Consider the point A in the figure 
as capable of being moved about the paper. 

We shall speak of the operation of moving the point A from one position 
to another as a displacement of A. In order to give complete directions for 
any displacement of the point A, we must evidently 
specify (i) the distance through which the point A is 
to be moved ; ( 2 ) the direction of that motion. 

Thus we cannot say that we perform the same 
operation in moving A to B as in moving A to C, 
because, although the distances AB and AC arc 
equal, the directions of the two displacements are 
not tlie same. 

Also, the displacement of A to D is not the same 
operation as the displacement of A to B, because, 
though the directions of the two displacements are 
the same, the distances arc different. Thus a displacement is a different 
kind of magniUide from such quantities as the area of a figure, the mass of a 
body, the work done by a force, the temperature of a body, the electrical 
resistance of a conductor, etc. 

The area of a body is completely known when we know how many units 
of area it contains : the work clone by a force is completely known when we 
know the number of foot-pounds by which it is measured, and so on. 

We find that any one of the latter class of quantities can be expressed 
by a single arithmetical number. 

On the other hand, we find that there is a class of quantities such as 
velocity, acceleration, force, momentum, impulse, electric current, etc., which 
resemble a displacement in that we require to know not only the numerical 
magnitude, but also the direction in order to describe them completely. 

Quantities which can be completely described by means of an arithmetical 
number expressing the number of times they contain a singde unit are called 
scalar quantities. 

Quantities which have direction as well as numerical magnitude, and can 
only be completely specified by stating both size or numerical magnitude 
ami direction^ are called vector quantities. 

The numerical magnitude of a vector, such as, for example, the number 
of feet or centimetres in a displacement, is sometimes called its tensor, and 
the direction is sometimes called the ort of the vector. 

We shall speak of the size and direction of the vector. 

All kinds of vectors can be completely represented by displacement 
vectors, the length of the displacement representing the size, and its direction 
representing the direction of the vector. 

In what follows we shall speak with direct reference to displacement 
vectors ; these will be represented by straight lines, an arrow-head being 


B 


D. 


Fig. 113. 



Vector Algebra — Addition of Vectors 


277 


used to show the direction of the displacement along* the straight line which 
represents it ; we shall speak of the straight line itself as a vector, regarding 
the operation of drawing it as a displacement. 

Thus in the figure, AB represents a displacement from 
A to B, CD a displacement from C to D. BA is used to 
denote a displacement from B to A. 

In this book we shall follow Mr. Heaviside in using 
clarendon type to denote that a letter is intended to repre- 
sent a vector ; thus a means a certain vector having a 
definite size and direction. 

a means a number used as in ordinary arithmetic and 
algebra, expressing the size of the vector a, and has no 
reference to direction. 

In written work it will be found convenient to under- 
line a letter when it represents a vector. Thus, in his own 
work, the student should underline all letters which would be printed in 
clarendon type on the system followed in this book. 

141. Specification of Vectors. — We shall employ the following method 
of specifying the size and direction of vectors in a plane. 





A 

0 - ^ 

Fig. hs* 



X 


Suppose a base line OX to be drawn from left to right, as in specifying the 
rectangular co-ordinates of a point on a plane. T.hen the direction of any 
vector is specified by the angle which it makes with OX. The angle is 
understood to be positive, i.e. it is the angle through which OX would have 
to be turned about O, in a'direction opposite to the motion of the hands of 
a clock in order to make its direction the same as that of the vector. 

The angle expressing the direction is written after and below the number 
expressing the size of the vector. ■ 

Thus, 3570 represents a vector of size 3 units, whose direction makes an 
angle of 57° with OX. This is represented by the straight line AB in 

^'ig- ”5- 

The straight line CD represents the vector 4i2o». 

Note that attention must be paid to the direction of the arrow head on 
the straight line representing the vector, and this must always be inserted ; 
e,i^, it might seem that EF makes an angle of 45° with OX, but OX could only 
be brought to the direction EF by a positive rotation of 315°, and the 
symbol for the vector EF is 2'53i6°- 

We might also specify the directions of vectors by reference to the points 
of the compass, representing these on the paper as they are usually 

represented on a map. oxt cc 

Thus AB in Fig. 1 15 is a vector of 3 units in a direction 57 N. ol h.. ti- 

is a vector of 2'5 units in a direction S.E. 
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Exami’les. — LXXX. 

Draw straight lines to represent the following vectors, and specify the direction of 
each by reference to the points of the compass : — 

I- 5 ^720* 2. 3'4iS 4"' 5 ^211°' 2'32I0“* 3 4jaP* 


142 . Equal Vectors. — Two vectors are said to be equal when they 
have the same sign and direction, although their positions may be different. 

Thus two equal vectors are repre- 
^ ^ sented by equal and parallel stra[ght 

^ ^ o lines, and the equation 


a = b 

Q ^ Q in vector algebra means that the straight 

lines representing a and b arc not only 
Fjg. 116. of equal length but are also parallel. 

It follows by elementary geometry 
that with this meaning of the sign “ = ” if a = 6 and c = 6, then a = c. 

Thus the sign “ = in vector algebra obeys the same law as in ordinary 
scalar algebra. 


143 . Addition of Vectors. — Consider the case of a yacht sailing against 
the wind from a point A to a point B, the distance AB being 7 miles in a 
direction due E. 

Then, when the vessel reaches B, there is evidently a sense in which we 
may say that she has sailed 7 miles in an easterly direction, although, owing 



B 


Fig. 117. 


to the necessity of tacking, the straight line AB does not represent her 
actual course, which is represented by a, 6, c, d, e, / in the hgiire. 

Then, although the vessel has undergone a scries of displacements 
a, 6, c, (/, e, /, her “ nett” displacement is the vector g from A to B. 

A single displacement equal to g would have carried her from her 
starting-point to the point where her course ended. 

In vector algebra the vector g is said to be the sum of the vectors 
Qj b, c, d, €, f, and the sign + is used to express this kind of addition. 

Thus the equation 

a + b+c + d + e+f-^g 

means that if we draw a straight line to represent the vector a, and from the 
end of this a straight line to represent 6, and so on ; then g is the vector 
represented by a straight line drawn from the beginning of n to the end of/. 

Note that the sign “ + ” betw^ecn two vectors is not a direction to add 
their numerical magnitudes together. 

Examfi.E. — To find the value of 3,,'. + 42533 + 33500. 

Draw the straight lines AB = 3 ^ 00 , BC = 42550 , CD = 33300 as in Fig. 118 . 
Join AD. 
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Then by measurement we find that the length of AD is 4’S5, and that it makes an angle 
of 330° with OXj 

/. the required vector sum is 3400 + 4.330 + 3^300 = 4'853 jo° 

We should of course get a very different result if the sign + in the above equation had 
the same meaning as in arithmetic. 


144. Zero. — Note in particular that the sum of a number of displace- 
ment vectors which form a closed figure is zero, for the point which is 
supposed to undergo the displace- 
ments comes back to its starting 
position, and its nett displacement 
is zero. 

Example. — To find the value of 

3^00 + 4i>33D + 33300 + 4' 85,300. 


These arc represented by the straight 
lines AB, BC, CD, DA in Fig. 118, so 
that when the tracing point has undergone 
the above four displacements in succes- 
sion it has returned to A, and its nett 
displacement has been the same as if 
it had not been displaced at all, i.e. 

3,00 + 42330 + 33800 + 4‘8Si3oo = o. This 

defines the meaning of the symbol *‘o” in vector algebra. 
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146. Conipoaition of Velocities, Accelerations, etc. — We here take it 
as self-evident that displacement vectors are added by the method explained 
above. 

A velocity is the rate of change of a displacement with respect to the 
time, and therefore this method of addition also holds good for velocities. 

If a point has several simultaneous velocities in different directions, their 
vector sum is the resultant velocity of the point. In the same way it follows, 
since an acceleration is the rale of change of a velocity vector with respect to 
the time, that this method of addition also holds good for accelerations. 
.Since a force is measured by the acceleration which it lends to cause, it 
follows that the same method also holds good for force vectors. Other 
vectors quantities, such as Momenlum, Impulse, Magnetic Induction, etc., can 
be derived from displacement or force vectors by nuiltijilying them by scalar 
quantities, and thus the same law of addition holds for all vector quantities. 

We see that the law of vector addition includes, as special cases, the pro- 
positions known as the Parallelogram of Velocities, tlie Parallelogram of 
Accelerations, the Parallelogram of Forces, etc. In particular, the statement 
that when a number of vectors taken in order form a closed figure their 
sum is zero, is equivalent to the polygon of velocities when the vectors are 
velocities, and to the polygon of forces when they are forces. 


Examples. - LX XXI. 

In the following cxnnqiles give the angular measurements in the results correct to 
one-half of a degree. Find the following vector sums : — 

330° "h 5 i 35°' 330° "h 5 i 33° 443°' 7a7° d' 9 7o° H' SzBO^' 

4. 8'OI„0 + 9'4,o 80 + 7'9S230- 328° + Sl53° + 4:00°' 

6. SllO + ^Ol08O F 5 340° + 5n3° “b 471"- 

8. figo 4- 4,380 + 8 jj250 + 7boO' 9. 7oo + 3 >joo + 3i8oo + 82700 + 41010- 

10. A ship sails the following course: 3 miles in direction N.E., then 3 miles in 
direction 30° S. of £., then 5 miles in direction due N., then 2 miles in direction 
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30° S. of E. At the end of her course how far, and in what direction, does the 
vessel lie from her slartinjj point ? 

11 . The following forces act at a point. Find the numerical magnitude and 
direction of their resultant. 

15 Ihs. making an angle of 48” with 
20 ,, 162° ,, 

33 .. .. 202° „ 

14 .. .. 300” „ 

12 . Find the resultant of the following forces : — 

11; lbs. making an angle of 25° with ox 
12 „ ,, 141° ,, ox 

10 ,, ,, 250° ,, ox 

13 . A cricket ball is travelling in a direction AB with a momentum of 125 units. 
It receives a blow in a direction BC, which gives to it a momentum of 100 units. 
"J'he angle ABC is 42°. In what direction will it move after the blow? What is 
the numerical magnitude of its momentum after the blow? 

Note. — The momentum of a body is equal to its mass multiplied by its velocity, 
and has therefore the same direction as the velocity. The final momentum is the 
vector sum of the momentum before the blow, and the momentum given to the ball 
by the blow. 

146 . Rules governing the Use of the Sign “ +.” 
l.et a and b be any two vectors. 

Construct a parallelogram ABCD, so that AB = DC = a and AD = 
BC = b. 

Then a + 6 = AB + BC = AC 
and also 6 + a = AD + DC = AC 
a + 6 = 6 + a 

t.e. the sum of two vectors docs not depend on the order in which they are 
taken. 

This is the Commutative Law of Addition. We already know that 



Fig. 119. Fig. lao. 


it holds for ordinary arithmetical addition, and we have here shown that it is 
also true wdien the sign + has the special meaning given to it in vector 
addition. 

Brackets are used as in ordinary algebra to indicate that the terms which 
they contain arc to be taken together. Thus, in the expression (a + 6) + c, 
the bracket indicates that a + 6 is considered as one vector to which the 
vector c is added. 

If a, b, c, d, e, / are vectors, as shown in Fig. 120, the expression (a + 6) + c 
denotes of + c, which is equal to e, and is the same as a + 6 + c. 

Similarly, a + (6+c)-a+/=e = a + 6 + c. 

/. a + (6 + 0) = a + 6 + c = /a + 6) + 0 


cw: 

ox 

ox 

ox 
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Similarly, in adding together any number of vectors we may take any two 
or more together in a bracket without altering the sum. 

This is the Associative Law of Addition. We have here shown that 
it holds for vector addition as well as for arithmetical addition. 

To show that the commutative law holds for more than two vectors, we 
have 

a + b + c = a + (b-\-c) 

— {b +c) + a by the commutative law for two vectors 
= 6 + c "t" a 

Similarly, we can show that 

a-\-b+c--b + a + c = c-\-a-^b^ etc. 

And that the commutative law holds for the addition of any number of 
vectors. 


Examples. — LXXXIl. 

1. Starting at the same point o, find by construction on the same paper the 
following vector sums. Verify that they arc all equal. 

S is"' 5oo + 3300° + 7 <i 0 a 
SoO “b 343° “b 7 boO "b 3300° 

Saoo'^ “b 5 oa "b 7 do° ”b 345 '’ 

7bo” “b 3300° “b So" "b 34*°* 

2. a 3= 4jon, b = 2'7iioo, c = 3’3ii°» ^ ~ 3*72oo"’ 

Find by three separate constructions the values of 

(a + 6), (c + d) and (a + 6) + (c + d). 

Find in the same way the values of 

(a + c), (6 + d) and (a + c) + {b + d), and of (c + r/ + a) and (c + + a) + fi- 

Verify that (a + 6) -b (c + d) = ( a + c) + (6 d (/) = (c + of + n) + 6, 

3. Find the values of 

26350 + 37,, 3" + 41 

2100 

and 263 go “b 4^230° ”b 37ii3" 
and verify that they are the same. 

147. Use of the Sign “ — 

The sign “ - " before a 
vector indicates that its direc- 
tion is reversed. 

For example, — a is a vector 
of the same numerical magni- 
tude as the vector + rr, but in 
the opposite direction. 

— 5fij)0 is a vector of 5 units 
in a direction opposite to that 
of the vector 5^80. 

Evidently it is the same as a positive vector 5.24[,n. 

If a and b are two displacement vectors, a — 6 is the nett displacement of 
a point which is moved along the vector a, and then for a distance ^ in a 
direction opposite to that of the vector 6. 

In the figure c = a — 6. 
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if a = and 6 = Sgb" 

Then - 6 = 

and a — b = = 720" “J" 524i»" 

Thus, in any expression a vector with the — sign before it may always be 
replaced by an equal and opposite vector with the + sign before it. 

It follows that the laws shown, in § 146, to hold for the + sign, also hold 
for the — sign. 

Note in particular that 

-(a + 6 + c + </+e+/) = ~a-6-c-(/-e-/ 

For in Fig. 117 the expression on the right-hand side of this equation would 
be represented by reversing all the arrow-heads, and would represent the 
case where the ship sails back over the same courses from B to A. 

Evidently the resulting nett displacement is 

-y = -(a + 6 + c-|-t/ + e+ /) 

In ordinary algebra, if it is given that a = 6 and c = </, we take it as self- 
evident that a + c = 6 + t/. 

Consider the corresponding case when a, b, c, d are displacement vectors. 



If a and b are equal displacements, and also c and 0^, it is evident that the 
double displacement a + c has the same effect in changing the position of 
a point as the double displacement b d ; i.e, 

a + c — 6 + t/ 

Note that this is equivalent to the proposition (Euclid I., 4) that two 
triangles are equal when two sides and the included angle of one are 
respectively equal to two sides and the included angle of the other. 

We have now shown that the signs +, — , and = obey the same rules in 
vector algebra as in ordinary algebra. 

It follows that in vector eejuations we may transfer a term from one side 
to the other provided we change its sign. 

The fundamental laws of vector addition and subtraction have been 
treated with some fulness to enable the student to realize the actual meaning 
of the symbols he uses as representing the vectors themselves. The student 
should be careful to avoid the habit of dealing mechanically with the 
expressions and processes of vector algebra as if he were dealing with mere 
symbols. 

Example (i). — If a = 6on, b = 745°, c = 43oni Ji/id the values 0/ a + b — c and 
3 - 6 + c. 

— 6 is the same as the positive vector 

— c is the same as the positive vector 42i«o. 
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Thus in Ihe figure 

P = a + 6 — c and Q = a — b + c. 
We find by measurement that 

P = 7 i6„o, Q = 5 4, 
measuring the angles to the nearest degree. 




Example (2). — Water is flowing at 10 feet per second along a pipe having a right- 
angled bend. What is the vector change of the velocity at the bend ’I 

(Board of Education Examination in Applied Mechanics.) 

In the figure (Fig. 124), velocity along AB before reaching bend = iOo-» 
velocity along BC after passing bend = 10, „o, 

change of velocity v — io„„o — lOgo 

where the — sign has the meaning given to it in 
vector algebra. 

In the figure AB represents lOgo, BC repre- 
sents 10., go. To find V draw CD to represent — 
iOqt- dhen V = lOpgn — lOgo — BC + CD ~ 

BD, By measuremLMit ui: calculation BD 
I4’I4 and the angle ABD —45'’, 

/. V ^ 14 ' 1413 ^ 0 . 

The required vector change of velocity at tlie 
bend is theieforc a velocity of 14' 14 feet per 
second in a direction bisecting the angle at the 
bend. 

148. Helative Velocity. 

If a point A moves with velocity w, and 
a point B moves with velocity t/, then the 
velocity of A relative to B, i.e. the velocity 
which A would appear to have to a person 
moving with B and facing in a constant 
direction, is 1 / - y, where u and u are regarded as vectors, and the 
sign — has, of course, the meaning given to it in vector algebra. 

Example. — A vessel A is sailing at a speed of 10 knots in a direction N.E., and 
vessel B is sailing at 12 knots in a direction 20° W. of S, Find the velocity which 
appears to have to a person on ^ 
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We may wiite 

velocity of A = w = 1O450 
velocity of B = u ■— 122^,0 
velocity of A relative to B — 1/ — u 

— IO 45 O *225|,>5 

= IO 4 JO + I2jpo 

= 2i-47ii.« 

by construction and ineasurciiient. 


Examples. -LXXXIII. 

Find by construction the values of — 

!■ 3 z 50 ~ 5333“ "h 4300'^' 2. 767° "i" 9'7l)® “ Sl09°- ^ OI27O — 9'431B° ” 7’95203°- 

4. If a = 3^40, b — 2,, on, c — 32300, find llie values of a + 6 + c and a — 6 + c. 

5 . a = 3450, b ^ 2,yon, c — 43150, find the values of a + 6 + c and a + 6 — c. 

0. A point A has a vcdocity 135150, a point B has a velocity 2 io.^gao. Find the 
velocity of B relative to A. 

7. A vessel A is sailin^j at ll knots in a direction S.P"., and a second vessel B is 
sailing at 13 knots in a direction 10° E. of N. Find the velocity of A relative to B. 

0 . A body is moving at a speed of 150 ft. per second in a direction AB. It 
strikes an obstacle and rebounds at a speed of lio ft. per second in a direction BC. 
'rhe angle ABC is 125°. What is the magnitude and direction of the velocity which 
is given to the body by the blow ? 

149. Multiplication of a Vector by a Scalar Quantity. — If a be any 
vector and « any number, an or «a denotes a vector in the same direction 
as a, but n times as large ; if a = 2 f.yr^ 3a denotes a displacement of 
6 units in a direction making 59*^ with OX. 

Let a, 6, c be three vectors, and let 

a + 6 +c = / 

Draw the construction to find the sum a + b + c. 

Then the surn 2a + 26 + 2c will be found by drawing a similar and 
similarly situated figure on twice the scale. 

13y elcnientary geometry the resulting vector sum will be parallel to / and 
of twice the length, ?>. 

2a + 26 + 2C = 2/ = 2(fl + 6 + c) 
and, in general, when « is any scalar number 

//a + nb + /iC + ... = //(a + fi + c . . .) 

Thus we may “ multiply out ” each term in a bracket by a scalar quantity 
as in ordinary algebra. 

This is the Distributive Law of Multiplication. 

Example. — 7h //we that the diai::^onals of a 
parallelogram bisect one another, 

Tvct the diagonals AC, BD of Ibe parallelogram 
ABCD intersect at E. Then the vector AB — DC, 
the sign = here expressing ctpialily of direction as 
well as equality of numerical magnitude, hut the 
vector sum 

AE + EB == AB, and DE + EC = DC 
/. AE + EB==DE + EC 

AE — EC = DE — EB (see } 147) 

But the vector differences on each side of this equation arc vectors having dilTcreiit 
directions, and therefore cannot be equal unless they ire both equal to zero, 
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/. AE - EC ^ o, and AE = EC ; DE - EB = o, and DE EB 

which proves the proposition. 

Examples, — LXXXTV. 

1. AC and BD arc two straight lines bisecting one another at E. Trove that AB 
is equal and parallel to DC. 

2. If AB is equal and parallel to CD, prove by vector algebra that AC is equal 
and parallel to BD. 

3. D is the mid-point of the side BC of a triangle ABC. A point G is taken on 
AD so that AG = 2 GD. Prove by vector algebra that CG and BG when produced 
bisect AB and AC, 

4. Prove that the figure formed by joining the mid-points of the sides of any 
quadrilateral is a parallelogram. 

150. To find the Resultant of two Like Parallel Forces. 


A 



Fig. 137. Fig, 128. 


Let forces represented by ;«AB, ;/AC act at A. 

AB and AC are linear displacement vectors, and m and n arc scalar 
quantities. 

Join BC. Divide BC at P, so that BP : PC = n : /n. 

BP - PC (i) 

Now in vector notation ~ 7//(AP + PB) = wAP -I- ///PB = wAP — 7/rBP 

and «AC — //(AP -h PC) = //AP + //PC 

adding, ///AB + //AC = (/// + //)AP — ///BP + //PC 
= (/// -T //)AP by (i) 

The .sum of two force vectors is their resultant ; the resultant of forces 
///AB along AB, and //AC along AC, is (/// -f ;/)AP along AP. 

The position of P is evidently independent of the position of A so long as 
the ratio m : n remains the same, so that A may be moved as far away from 
BC as we please. 

As A moves to a greater and greater distance from BC, the three lengths 
AB, AP, AC become more and more nearly equal and parallel. 

Choose the scale so that AP represents the unit force. 

Then, in the limit, as A moves to infinity. Fig. 127 becomes Fig. 128, and 
AB and AC become equal to AP, and the resultant of two like parallel forces m 
and n at B and C is /// + // at P, where P divides BC so that BP : PC = n : 7n. 

151. Centre of a System of Parallel Forces. — Similarly, to find the 
resultant of the three forces 

WiAB, ///^AC, //ZgAD 

We have, in vector notation, 

m^AB + m.^AC = (///, + /a/2)AP 

where;BP : PC = 



286 


Practical Mathematics 


the vector sum 

+ 77?,^AC + 7723 AD = (7«1 + 7722)AP + 7723 AD 

= ( 772 i + 7722 + W3)AG by thc last parag^raph 
where PG : GD = 7723 : ( 772 j + 



i.e. thc resultant of forces 7 ; 2 iAB, 77/^AC, ///^AD alon" AB, AC, and AD is 
(772 1+ 7722 + W23)AG alon" AG 

When A is taken to infinity the vectors AB, AC, AD, AG become equal 
and parallel. 

Taking AG to represent thc unit force, we get thc theorem that the 
resultant of parallel forces in^ at B, 7722 at C, and 77/3 at D is ( 7 ?i^ + 7723 + 
at G. It is evident that the position of G does not depend upon the direction 
in which A is taken to infinity, and therefore the parallel forces at B, C, and 
D may act in any direction, but their resultant will still act at the same 
point G. G is called the centre of the system of parallel forces. If the 
parallel forces are weights, G is thc centre of gravity of the weights 77/1 at B, 
7722 at C, and 711^ at D. 

We may evidently extend this to thc case of any number of parallel 
forces. Thus, if we have weights 77/, at P„ 7723 at P2, 7723 at P,, 772^ at P^, and 
so on, the centre of gravity of the system of weights is at G where G is a 
point whose position is given by the vector equation 

(/ 72 , + 772.2 + 772 ., + 772 ., + . . .)OG - 772 , OP, + 7723OP2 T 77 l./^P^ + 711 + . . . 

where O is any point, the lines OP,, OP.^ . . . OG are understood to be 
vectors, and thc signs + and have the meaning which we have given to 
them in vector algebra. 

This vector equation may be taken as a definition of the centre of gravity 
of a number of particles. 


Exampi.t :. — Find hy a grciphic construction the position of the centre of gravity of 
the following weights : — 

3 lbs. at the point P, whose polar co-ordinates are (5, 42°) 

2 u II P2 II II (2j 25 ) 

4 II II P 3 I. I. (3i *20°) 

I I, 1, P| If „ (2, 70°) 

The position of the points is .shown in the figure. Consider the lines OP,, OP,, 
OP31 OP. as vectors. Then, if G is the centre of gravity, we have shown that 

loOG = 3OP, + 2OP0 + 4OP3 + OP.. 

Find by construction thc vector sum 

3OP, + 2OP, + 4OP3 + OFy= OP, 
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Then OP = 10. OG. 

G is on OP at a distance OG equal to i^jOP from O. We find by measurement 
that the polar co-ordinates of G are 

r = 25 8, fl = 60®. 



This method is given chiefly for its interest as an example in vector addition. In 
practice we use a more convenient method which is derived from this (see § 162). 


Examples. — LXXXV. 

1 . Find the polar co-ordinates of the centre of gravity of the following weights; — 

3 lbs. at the point whose polar co-ordinates are (2'24, 26’5‘^), 

1 >1 » i> (2-o6, 76®). 

2 „ ,, „ (112, i53 ’5°)- 

10 „ „ „ (I, 270®). 

2 . Find the polar co-ordinates of the centre of gravity of: — 

1 lb at the point whose polar co-ordinates arc (5‘83, 149°). 

4 .. M ( 9 ‘ 43 . 58 ‘^). 

5 .. »» M (* 3 ’ 45 . 42°). 

'3 •> M If (21 ‘5, 22°). 

3 . Draw an equilateral triangle ABC having its sides two inches long. Find by 
construction the vector sum of forces proportional to 3AB along AB and 2AC along 
AC, and verify by measiirernent the theorem of § 150 that the resultant of the forces is 
5AP along AP, where P divides BC so that BP : PC = 2:3. 

4 . Three equal weights are placed at the angular points A, B, and C, of a tri.angle 
ABC. D is the mid-point of BC. Prove that the centre of gravity G of the weights 
is on AD, and that AG = f AD. 

6. Prove by vector algebra that the centre of gravity of 4 equal weights at the 
corners A, B, C and D of a triangular pyramid is at a point G on the straight line AE 
joining the vertex to the centre of gravity E of the three weights at B, C, and D, and 
such that AG = ^^AE. 



CHAPTER XXI 

MULTirUCATlON OF VECTORS 

152. Scalar Product of Two Vectors. — The scjilar product of two vectors 
is delined as the product of their numerical ma^^niitudcs into the cosine of the 
angle between them. 

If a and 6 are the two vectors and B the angle between them, the scalar 
product is written a6, and we have 

ab — ab cos & 



Note that the angle 9 is taken between the directions of the two vectors 
a and 6, measured both from or both towards the point where they meet. 

E.g". if the vectors are in the directions OA and OB in the figure, B is 
taken as the angle AOB ; if the vectors are in the directions AO and OB, 
however, the angle B is the angle COB between AO produced and OB, and 
not the angle AOB. 

As its name implies, the scalar product of two vectors is a scalar quantity 
and not a vector. 

The physical meaning which it has and the units in which it is measured, 
depend on the original vectors which are multiplied together. 

If two displacement vectors are multiplied together the resulting scalar 
product has the dimensions of an area which, of course, is a scalar quantity 
having no direction. 

If a force F causes a displacement s in its own direction, the product Fj 
is the work done. We now extend this statement, and say that when F and a 
are vectors in any two directions, the scalar product Fa is the work done by 
the force F acting through the displacement s and remaining parallel to its 
original direction throughout the displacement. The work Fa is measured in 
foot-lbs. or similar units, and is a scalar quantity having numerical magnitude 
but no direction. 

If a force F is moving a point with a velocity v in its own direction, the 
product Fz/ is the rate at which the force is doing work, and is called the 
power or activity of the force. 

As before, we now extend this to the case where F and v are vectors in 
any two directions. 
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If a force F is movinij a point with velocity y, then the vale at which it is 
doinfj work is equal to the scalar product Fu. If F is in pounds, and u in 
feet per second, the power Fu is given in foot-lbs. per second. This is a 
scalar quantity having no direction. 


153 . Commutative Law. — Since cos 0 = cos (— 0), it docs not matter 
whether the angle 6 in the scalar product is measured from a to or from 3 
to a ; /.e. we get the same result by taking 0 = AOB as by taking 9 = BOA 
in Fig. 13 1, or ab = ab cos ba cos (— 0) = /?«. 

Thus, in finding the scalar product of two vectors, the order of multi- 
plication docs not affect the result. In this respect scalar products resemble 
ordinary arithmetical products. This is the com)nuiative law for scalar 
products. 

164 . Perpendicular and Parallel Vectors. — If the vectors a and b are 
at right angles 0 = 90°, and ab = ab cos 90° = o. 

Thus, the scalar product of two perpendicular vectors is zero. 

if the force F and the displacement s of its point of application are 
at right angles, the work done = Fs = Vs cos 0° — o. 

If the two vectors have the same direction, 0 = 0, and the scalar product 
ab — ab cos 0 = ab^ i.e. the scalar product is equal to the ordinary algebraical 
product. 

E.j^. if the force F produces a di.splaccmcnt s along its own direction, wc 
know that the work done is the ordinary algebraical product Fj, and wc now 
sec that this is also the scalar product when the directions of the force and 
the displacement are the same. Thus the definition given above of the work 
done by a force as a scalar product is general, and includes as a special case 
the ordinary definition as the product of the force into the displacement in 
its own direction. 

If a vector a be multiplied by itself the resulting scalar product is written 
a?. Since the angle 0 = 0, 

= a. a . cos o = 

or, the square of a vector is equal to the algebraical square of its numerical 
magnitude, and, being a scalar product, has, of course, no direction. 


165 . Rule of Signs. — The vector — 6 is the vector b reversed. 

The angle between a and — b is the siqiplcnient 
of 0 or 180° — 0 

the scalar product a( — 6) = ab cos (180° — 0) 

= — ab cos B = — ab 

Similarly (— a)(— b) = + ab J 

~b b 

i.e. the rule of eigna in scalar algebra also holds for Fir;. 13a. 

scalar products of two vectors. 



150 . Consider two vectors a and 6, both starting from the same point O 
in the same direction, and let a remain fixed while 6 rotates about O until it 
is in the opposite direction to a. 

The numerical magnitudes a and b remain the same, so that the scalar 
product ab cos 0 follows the variations of cos 0. 

The scalar product has its greatest value ab when a and b are in the same 
direction. As 0 increases to a right angle the scalar product diminishes to o. 

^ U 
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As B increases from a 



right angle to two right angles the scalar product is 
negative, and changes from o to — ab. 

If b is made to rotate further the scalar product 
passes back through the same series of values to 
the value ab when b has turned through 360°. 

We see that the scalar product of two vectors is 
a maximum when they are in the same direction, 
and a minimum when they are in opposite direc- 
tions. 




Example (i). — the scalar product of the two 
vectors I2,33n and lo,oop. 

Here B = 55° and the scalar product. 



Fic 134 


I 2 , 3 jo . IO,goo = 10 X 12 X COS 55® 

= 6883 

Example (2). — Calculate the scalar product 
and 52 noo . 


of 


Here B = 150® and the scalar product 


0 



... X 


^ 0 -^ ■ = 6 X 5 X cos 150° = - 25-98 

Example (3). — A horse pulls a canal barge at the rate of 
ft. per second with a force of 85 lbs. The rope makes an angle 
of 25° with the direction hi which the barge is movin^^. P'ind the 
work done in pulling the boat \cx>ft.^ and the horse-power. 

The work done is given by the scalar product of a force 
vector of 85 lbs. along the direction of the rope, and a displace- 
ment vector of 100 ft. along the direction of motion of the boat, 


Fio. 135. 


/. work done = 85 x lOo X cos 25® ft. -lbs, 
- 7703 ft.-lbs. 


The power is equal to the scalar product of vectors of 85 lbs. and 5J ft. per second, 
making an angle of 25° with each other. 

/. Power = 85 X 5-5 X cos 25” ft.-lbs. per second 
= j;5 X o'9ob3 jj p 

550 

= 0 770 H.P. 


Exa-Mples.-— LXXXVI. 

Calculate the following scalar products : — 

1. 530"- lo"* 2. 5 i50O. IqO. 3. 52100 ■ loO- 4. 5330® • ^0*3. 

6 . 5300' *00®- 5i50O- *OQO' 7. 52100- IdOo- 9- SaSOO - *900. 

0. SzoO - 340°- 10. 3**22® ■ 2‘3|I20* (2'320 Zo)^. 12. 2 '6300 . 3 '32130 . 

13. 3’*71®-4’22BaD. 14 . 3 4323®. Z '9900. 16 . 37l39® ■ Z'S.zgn. 

10. 4*3335® ■ 2 9330 ®’ 17 - If rr = 527 ® \ b — (liid ab. 

18. (iiven a = 2532 ^ ; b = 31,1,0, calculate the value of ab. Also draw lines to 
represent the vectors — a and — bj calculate the values of the scalar products 

o[-b), a)b, {- a){- b) 

and verify that the rule of signs of ordinary algebraical multiplication also holds good 
for the scalar products of two vectors. 
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19 . Find the scalar products of the following pairs of vectors in a horizontal 
plane : 15 N.W. and 10 E. ; 12 S.K. and 15, 30° E. of N. ; 350 S. and 7 W. ; 12 in 
direction 25° N. of E. ; and 13’ l in direction l6° N. of W. 

20 . A horse pulls a canal boat with a force of 364 lbs. If the rope makes an 
angle of 23° with the direction in which the boat moves, find the work done in pulling 
the boat 100 ft. 

21 . If the force in the last question is 500 lbs., and the boat moves with a velocity 
of I ft. per second ; find the power. The angle between the rope and the direction 
of motion is 25°. 

22 . A truck is pulled at a speed of 8’8 ft. per second along a line of rails by a 
rope passed round a revolving drum at the side of the rails. If the angle between the 
rope and the direction of the rails is 28°, and the force in the rope is 512 lbs., find 
the power. What is the power when the truck is passing the drum, so that the rope 
is at right angles to the rails? 

23 . An electric tramcar is travelling at a speed of I45| ft. per second. The wind 
is blowing against the car at an angle of 40° to the track with a force of 155 lbs. 
Find the power exerted in overcoming the resistance of the wind. 

24 . OB is the crank, and BA the connecting-rod of an engine. B is moving 
round a circle at the rate of 6'3 ft. per second. OB = 6 ins,, BA = 3 ft. Find the 
power at the instant when OA = 3'2 ft., and the thrust along AB is 1200 lbs. 


157 . Orthogonal Projection. 

Let OP be any linear vector r, and OX a straight line in any other 
direction. Draw PN perpendicular to OX. Then ON is called the orthogonal 
projection of OP on OX, and the point N is called 
the projection of the point P on OX. In what 
follows we shall use the word projection to 
mean orthogonal projection. 

If wc regard OP as the displacement of a 
point, ON is the distance which the point moves 
in the direction OX, while it is displaced from 
O to P. 

If OP is regarded as representing a velocity, acceleration or force, ON 
represents the comiJonent of that velocity, acceleration, or force in the 
direction OX. 

Take a vector OI of unit length along OX. Let / denote this vector. 

Then the scalar product of OP and / = /’./' = r . / . cos NOP = ON. 
the orthogonal projection of a displacement vector r upon a direction 
OX is the scalar product of r, and a unit vector / in the direction OX. 

The relation between the rectangular .and polar cordinates of a point may 
now be expressed in the language of vector 
algebra. 

Take rectangular axes OX and OY throiigli O. 

Let ar, be the rectangular and r, 0 the ])olar 
co-ordinates of P, and consider r as a vector in 
the direction OP. 

Take unit vectors OI = / and OJ = j along 

OX and OY. 

Then x and y are the projections of r on OX 

and OY. 



P 



Fir.. 136. 


X — r .i = r. 1 . cos XOP = r cos e 
y — rj = r . i . cos POY = r cos — e) = r sin 9 

Thus wc may calculate x and/ when r and 0 are given. 

P^XAMf'LK. — 7 a fmd iJi€ projections of the vector 5300 on the. axes OX and OY. 

In this and the following cxnmnlp?; wc shall lake the base line OX, with reference 
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to wliicli the directions of vectors are specified to be the same as the axis OX of 
rectangular ordinates. 

If / and j are unit vectors alonp OX and OY (Fig. 137)1 

Projection of 53^0 on OX = ON = 5 . / = 5 . i . cos 32° = 4^24 
II 5320 on OY = OM = 5 .y - 5 . I . cos = 2 6495 


If the projections of a vector on two fixed straight lines are given, the 
vector is determined. 



Example. — The fi-ojections of a certahi vector B on 
two fixed perpendicular straight lines OX and OY are 
I '5 and 2‘3. Find the numerical magnitude a?id the 
direction of S. 

In the figure we have 

ON = r5, OM = 23 — NP 
OP = + 2745 

and tan NOP = = *'533 = t^^n 57® 

NOP = 57° 
and S is the vector 2745.^70. 


Examples.— T.XXXVII. 

Draw two axes OX and OY at right angles. Take OX as base line from wliieh 
to measure the directions of the vectors. Find the projections of the following 
vectors on OX and OY : — 

1 . 21530. 2 . 2ij-o. 3 . 32„o. 4 . 19., po. 5 . 63,050. 

631 BBO. 7. 242 , 30 . 8 . 37'’9af’- 8 - 373jo°- 18. 293 ] 50 . 

Find the numerical magnitude and direction of the vector S in the following 
cases ; — 



Projection of S on OX. 

Projection of S 

11. 

27 

I'l 

12. 

I-3S 

- 274 

13. 

- 3'46 

295 

14. 

- 47 

- 32 

16. 

4-5 

- 5'2 


158. Resolution of Forces and Velocities. 

Example (i). — A boat is moving at the rate of 7 miles an hour in a direction 
40® E. of N. At what rates is it mcnnng east and north ? 

If we take a straight line drawn from W. to E. as a base line, we have to find the 
projections of a vector 7500 on the directions OX and OY. 

required velocity in direction E 

= 73pc X / = 7 cos 50° = 4*4996 miles per hour 
Velocity in direction N 

= 730 ^ X / = 7 cos 40° = 5*3620 miles per hour 

These velocities are called the rectangular components of the velocity 7jpri in the 
directions E, and N. 

\ 
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Example (2 ). — In Ex. 3, p. 290, find the component of the pulling force along the 
rope in the direction in which the boat is niGvi7ig. 

The maj^uiUide of the required component force is the scalar product of a vector 
of 85 lbs. in the direction of the rope, and a unit vector making an angle of 25° 
with it, 

= 85 . I . cos 25° = 77'03 Ib.s. 

Note that the work done in pulling the boat 100 ft, was found to be 7703 ft. -lbs. ; 
i.e. it is the product of the displacement into the component of the force in the 
direction of the disi)laccment. 


Examples.— LXXXVIII. 

In the following examples find the componchts of the given forces along OX and 
OY. The angle given in each case is the angle which the direction of the force 
makes with OX. 

I. 353Tnlbs. 2. 35i35^1bs. 3. 35,„70 lbs. 4. 353,30 lbs. 

5 . The components of a force along OX and OY are 35 lbs. and 24 lbs. Find 
the magnitude and direction of the force. 

0 , The components of a force are 156 lbs. in direction N. and 142 lbs. in direction 
F.. Find the magnitude and direction of the force. 

7 . A truck weighing 7 tons is being pulled up a gradient of I in 35. What is the 
component of its weight which tends to pull it down the track ? 

8. A ship is sailing in direction N.E. at 15 miles an hour. IIow' many miles per 
hour is it travelling in a direction due E. ? 

9 . A truck is running at 28 ft. per second down a gradient of i in 56. At what 
rate in feet per second is it moving vertically dowiiwai jls? 

10 . A projectile is fired from a gun at a speed of 1800 ft. per second in a direction 
making an angle of 15° with the horizontal. Find its horizontal and verlicnl 
velocities. 

II . A truck is drawn along a line of rails by means of a rope passing round a 
revolving drum at the side of the line. If the rope makes an angle of 17° with the 
rails, what must be the pull along the rope in order to give a force of 500 lbs. in the 
direction of the rails? 


158. Frojections of the Sides of a Closed Polygon. 

Let OABCDE be any closed polygon. Consider the sides OA, AB, BC, 



CD, DE, EO as vectors, whose directions all pass the same way round the 
figure. 

Then the sum of the projections on any straight line OX of OA, AB, etc., 
taken with their proper signs is zero. 

For, let Aj, Ci ... pe the projections of A, B, C . . . and consider 
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the vectors OA, AB, BC ... as the displacements of a point P as it moves 
round the fii^urc. Then, as the point P moves throui,di A, B, C, etc., in 
succession, its projection Pj moves through A^, Bj, Cj, etc. When the 
moving point P comes bade to O its projection Pj also comes back to O, and 
the total displacement of P^ along OX has been zero. 

Ix. the sum of the projections of OA, AB, BC ... on OX is zero. 

The same reasoning applies if the projections are taken on a line which 
does not pass through an angular point of the polygon. 

The vectors OA, AB, BC . . . above need not be supposed actually to 
form a polygon. It is sufficient that their magnitudes and directions are 
such that they could be moved parallel to themselves, so as to form a closed 
polygon, i.e. their sum must be zero whatever their positioi.s. 

We may state the above theorem as follows : — 

If the sum of a number of linear vectors is zero, the sum of their pro- 
jeetions on any line is zero. 

If the vectors OA, AB, BC, etc., represent forces aciing at a point, they 
arc in equilibrium since their vector sum, which is equal to their resultant, is 
zero. Thus the theorem of this paragraph leads to the impmiant theorem in 
mechanics that the sum of the components in any direction of a system of 
forces in equilibrium is zero. 

100. Distributive Law for Scalar Products. 

Next consider a number of vectors OA, AB, EC, CD, DE whose sum is 

OE. 

As before, whilst a point P passes from O to E, along the vectors OA, AB, 

BC, CD, DE, its projection 
Pj on OX passes through 
A,, B,, Cl, Di to El, and P, 
has altogether been dis- 
E placed for a nett distance 
OE,, which is the projection 
— X ofOE. 

‘ the sum of the pro- 

Fig. 140. jcctioiis of a number of 

vectors OA, AB, . . . DE is 

equal to the projection of their sum OE. 

As before, this result holds good whatever the position of the vectors 
considered. 

In the figure let a, b, c, d, e, /be the vectors OA, AB, BC, CD, DE, OE 
respectively. 

Wc have a + b-^C’\:d + a=f. 

Then, if i be a unit vector along^ OX, the projection of any vector a on OX 
is the scalar product 1 . a, and we h.avc shown that the sum of the projections 
of a, b, c, d, c is equal to the projection of their sum /. 

/(a -I- b + c + d + e) = // == /a + ib + ic + id + ie 

Let p be a vector of any size along OX. Then, since / is of unit length, 
pi = p, and multiplying both sides of the above equation by /, we get 

p{a b + c + d + e) = pa + pb + pc pd + pe 

This is the Distributive Law for scalar products of two vectors. Wc 
have already pointed out that this law holds when the sum of a number of 
vectors is multiplied by a sc.dar quantity, we have now shown that it also 
holds when the sum of a number of vectors is multiplied by another vector 
so as to form a scalar product. i 
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Examples.— LXXXIX. 

1 . If a = 3400, 6 = 5iiao, c = 47,0, find the vector sum rt + 6, and the scalar 
products c(f! + 6), Cfl, and c6, and verify that c{ci + 6) = ca + cb. 

2. Verify in the same way that c(a[ — b) = ca — cb for the case when a — 27 j|n, 
6=3 ®l3a°J C = I 9205'’- 

101 . Calculation of the Sum of a Number of Vectors. — The dis- 
tributive law for scalar products gives a method of calculating the sum of any 
number of vectors. 

Let the vector S be the sum of the vectors ft, b, c, d. We have 
a + 6-fc-|-t/=»S 

Taking unit vectors / and j along the axes of x and we have by the 
distributive law 

ai -h bi -h c/ -h di = Si 

Or, in words, the projection of S on the axis of x is equal to the sum of the 
projections ft, b, c, and d on the axis of .r. 

So also 

+ bj + cj + dj - Sj 

Or, the projection of S on the axis of _y is equal to the sum of the projections 
of a, b, c, and d on the axis of^. 

We thus calculate the projections of the required vector sum on the two 
axes. 

The numerical magnitude of S is equal to the square root of the sum of 
the squares of Si and Sj. Also the tangent of the angle which S makes with 

OX = and thus the direction of S is found. 


Example. — Let a = 3 ^ 20 , b = 4,aao, c = 2aioo. Calculate the value of the vector 
sum = a + 6 -1- c. 

Take the base line from which the given angles are measured as the axis of x. and 


a straight line OY perpendicular to it as 
the axis of^. 

Then we have seen that the sum of 
the projections of a, 6, c on OX is equal 
to the projection of S on OX ; i.e. in 
the figure, OAi + AiBj -|- BiCj = OCj, 
each projection being taken with its 
proper sign. 

Therefore, if i be a unit vector in the 
direction OX, 

sum of projections of a, 6, and c on OX 

= ai -H bi + ci = 3 cos 62° -i- 4 cos 165° 
+ 2 cos 280° 

= 3 xo-4695-4 X 0 9659 + 2 X O' 1736 
= — 2 ‘1079 = projection of S on OX 
= Si = OCi 



Fig. 141. 


Similarly, if J is a unit vector in direction OY, 

sum of projections of a, 6, and c on OY 

= a/ + bj + cj = 3 sin 62® -|- 4 sin 165° + 2 sin 280® 
= 3 X 0 8829 -h 4 X 0-2588 — 2 X 0-9848 
= 1*7143 = pr^iflection of S on OY = SJ = OCj 
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s^- = ocr H- = [Sif {sjr 
2-io8)H-(i7I4)' = 7'3« 

S = ^7-38 = 2717 

To find llic tlircclion of 5 , wc l)ave, if B be the angle which S makes with OX, 

Ian = |( = - * ' = - 0 814 = - Ian 39° 

OC, St 2108 ^ 

/. e (180° - 39O) = 141° 

S = 2 717^,0 

The student should compare this value of S with the value obtained by construction 
and measurement. 

Similarly, to calculate the value of 5 n — 6 + C, wc find the values of 
ai — bi + ci and ny — bj + cj, which are the projections of 5 on the axes, and thus 
ihc value of S may be calculated. 

'fhe same method may, of course, be used when the vectors arc forces, in order to 
find their resultant. 


Examples. — XC. 

Work Examples LXXXI., Nos. 1 to 9 , by calculation, and coinjiare with the 
results previously obtained by construction. 

11 . The following forces act at a point O : — 

7o3'’j 3i4oO| 5223^1 4290^’ 

The mngnitude of each face is given in pounds, and the given angles are the angles 
which the respective forces make with a straight line OX. Find the magnitude and 
direction of the resultant of the given forces both by calculation and construction. 

12 . The following forces act at a point. Find their resultant by calculation and 
construction. 

8]ooO, 3 i70Oj 4:300| 9340'3- 

13 . AB, BC, CD . . . arc straight passages, called drifts, in a mine in the 
same liorizontal plane. Their lengths and the angles which they make, with a 
straight line running from S. to N., arc measured as follows : — 


Drift. 

Length (links). 

Angle with incridiaii. 

AB 

265 

c 

0 

00 

BC 

128 

92° 

CD 

104 

142° 

DE 

7 * 

67-5° 

EF 

292 

156° 

FG 

033 

260° 


What would be the length and direction of a drift bored from B to G ? Work both 
by calculation and construction, and compare results. 

14 . With the same data as in the last example, it is required to bore from some 
point in the drift FG a drift which shall come out at B, and be in the same straight 
line with BA. Calculate the distance from F of the point from which the new boring 
must start, the angle between the new boring and FG, and the length of the new 
boring. Verify by construction. 

Note. — If K be the required point on FG, the sum of the projections of BC, 
CD, DE, EF, FK, on an axis at right angles to AB is zero. 

16 . A drift is to be bored from D to G. What is its length, and what angle does 
il make with CD? 


162. Centre of Gravity of a Number of Particlee. — The distributive 
hiw gives a proof of the method of finding th^ rectangular co-ordinates of 
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the centre of gravity of a number of weights at points whose co-ordinates arc 
knoAA^n. 

It was proved in p. 286 tliat if G is the centre of gravity of weights at 
P,, Wo at Pj . W3 at P3 . . . and O is any point, then, in the notation of vector 
algebra, 

(Wi + + W3 + . . .) OG = w^OPj + w.^OP;^ + W3OP3 + . , . 

Take two rectangular axes OX ajid_OY. Let (-^2/2) ■ ■ ■ be the 

co-ordinates of P|, P2, . . . and let (.r, y) be the co-ordinates of G. 

Form the scalar product of each side of the above equation with the unit 
vector / along OX. 

Then, by the distributive law, 

(w, + W2 + W3 + . . .)OG/ = Wj . OPj . / + W2 . OP2 . / + W3 . OP3 + 

Hut OG .1 = X ; OPi/ = ; OPJ = . . - 

(W, + W2 + + ■ • -K = 1*3 + . . . 

Or, as it is usually written, 

_ 2(w-i) 

where 2(w.i') denotes the sum of all the terms of the form mx. 

Similarly, by multiplying by a unit vector j along OY, we get 

y - 5(,«) 

Examplf .. — Find the co-ordinates of the centre of gravity of the follcnuing weights : 
I at the point (i, 2'5) \ 2 lbs. at (o'‘5, i) ; 3 lbs. at (i’6, 1-5) ; 4 lbs. at (I'g, 0-5) ; 
6 lbs. at (2'5, 2-5) ; 3 lbs. at (3-2, rg). 

We have 

V=: ^ X 0-5) + (3 X 1- 6) -I- (4 X 1-9) -f (6 X 2’5) -h (3 X y2) 

2(w) “ “ I + 2 4- 3 + 4 + 6 -f 3 

_ 39'o _ 


Similarly 

“ ^ = (t X 2-5) + (2 X I) -f (3 X 1-5) -K4 X 0 5) + ( 6 X 2-5) -1- (3 X 1-9) 

^ 2(w) I + 24-3 + 4 + 64-3 

^317 ^,.67 
19 

die cenlrc of gravity is a point G whose co-ordinates are (2 053, I'h;). 

Examplk. — In?id and show in a figure the position of the centre of gravity of the 
following xveights at the points given by the corresponding values of x and y. 


Weights 


Answer x — 2’ 61. 
y = 3 j 4 - 
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103. Principles of Virtual Work and Virtual Velocity. — If the 
vectors dj b, c, d, e are forces actings at a point, and a displacement p is piven 
to their point of application, while their directions remain unchanged, the 
scalar prcKlucts in the equation 

pa + pb pc -\- pd + pe = p{a -{- b + c + d + e) = pf 

gdvc the work done by each force and by the resultant/, and the distributive 
law expresses the theorem that the sum of the work done by all the forces is 
equal to the work done by their resultant. 

If the forces arc in equilibrium their resultant is zero, and the sum of the 
work done by all the forces is zero. 

'J'his is the principle of Virtual Work in mechanics. 

Similarly, if p is the velocity of the point of application of the forces, the 
scalar products are the powers, or rates of doings work of the respective 
forces and of their resultant. 

The distributive law then expresses that if the point of api)lication of the 
forces be siip[)OSed to have any velocity, the sum of the powers of the various 
forces is equal to the power of their result.int. Or, if tlicy are in equilibrium, 
the sum of their powers is zero. This is the principle of Virtual Velocitiea 
in mechanics. 


104. Use of Brackets. — We may now extend the distributive law to the 
multiplication of two expressions in brackets. 

Consider the scalar product 

{a + b)(c + d) 

(a + b) denotes a single vector, which is the vector sum of a and b. 
by the distributive law, as shown in § 160, 

(a -}- 6)(c + f/) r= (a + b)c + (n + b)d 

We now get the sum of two separate products (fi + b)c and (« + 6)f/, and, 
applying the distributive law to each of these, we get 

(a + b^ic d) = ac -{- be + ad T bd 

This may be extended to the scalar product of two brackets containing 
any number of terms connected by plus or minus signs, since, for any vector 
having a minus sign, we may substitute a positive vector in the opposite 
direction. 

We have previously shown that the commutative law ab = ba holds good 
for the scalar products of two vectors. Since each bracket denotes a single 
vector, this law also holds good for the scalar product of two brackets con- 
taining vectors connected by the plus or minus signs. 

All the operations of ordinary scalar algebra involving the use of brackets 
and the multiplication of not more than two quantities, can be shown to 
depend on these two laws, the distributive law and the commutative law. 

It follows that we may proceed with the scalar products of tw'o vector 
expressions of the first degree, exactly as with products of two scalar 
quantities in ordinary algebra. £.£■. the result 

(a + 6)* = a* + 2ab + 6* 

holds good when a and b arc vectors j a + 6 means their vector sum, ab 
means the scalar product of a and 6, and the squares as shown in § 154 are 
the squares of the numerical magnitudes of the vectors a -[■ d, and i : for 
the proof of this result in ordinary scalar algebra only depends on the dis- 
tributive law, and therefore holds equally wellVbr vector algebra. 
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Ex ample. — To prove that the sum of the squares on the two su/es containing the 
right angle of a right-angled triangle is equal to the square on the hypothenuse. 

Let BC, CA be two vectors a and b at right 
angles, and let the vector BA = C. Then, by vector ^ 

addition, c := a + fa. 

Squaring, we get 

C' a- + 2ab + b^ 

or, since a" - ■ d\ b'- = ab = ab cos BCA, c- = c* •-» ' _ 

D X 

+ 2ab cos 90° + Fig. 

= + b- 

i.e. the sum of the squares on BC and CA is equal to the square on AB, 


105. Gonoral Proof of the Formula 

cos (^, — 0 .^) = cos cos 0 .^ 4- sin 6 ^ sin 6 ,^ 

This fornuiki has already been i)roved in Chapter I VC, for the case where 
fb and 02 acute angles. We can now 
prove it for the case when 6^ and 6.^ arc Y 
LUigdcs of any magnitude. 

Take tw’o points, Pj and P., whose 
polar co-ordinates are (r^, 0j) and (^2, 6^. a FJ 

Let (a'l, 7,) and (ji'2, y^) be the rectangular / 

co-ordinates of P] and P2. / 

Regard Xy, i/i, as vectors in directions y. / y, 

ON^, NiPi, OPi, so that by vector addition ’/ 

rv = Xy+yy 

and similarly 

r, = x., + y, 0 N, Nj X 

Forming the scalar product of ri and ^43- 

/-2, we get 

rir. --= {Xy + yy}{x, + y^ 

= XyX^ + Xyy^ + y^x.^ + y,y^ 

by the distributive law, 

= XxX2 + iJxy-i 

since the scalar product of two perpendicular vectors is zero, 
putting in the values of the scalar products, we get 

ryr2 cos P2OP1 = XyX^ cos 0° -f JjJ'a cos 0° 
cos (fli - 5 j) = 


Ni 

Fig. T 43 . 


/. cos (01 - 02) 


= A'L 

ri ' /'a ry' r 2 

= cos 01 cos 02 + sin 0i sin 02 


This proof holds for any values of 0 i and 02- We may therefore write 
— 02 for 02, and 3ve get 

cos (01 + 62) = cos 01 cos 0o — sin 01 sin 0* 
by changing 0i to 0i + get, since 
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cos (^6^ + ^2 ^ (^1 ^2) 

cos ^ 0 ^ — sin ^,, sill ^ j - cos 0 ^ 

:. sin + ^2) — sin 6^ cos ^2 + cos 6^ sin Bj 
and, changing llic sign of 6.^, wc get 

sin (^1 — ^2) = sin ^1 cos 6^ — cos 61 sin 


Examples. — XCI. 

1. Prove die formula in Liigonometry, 

or = P + c- — 2I1C cos A 

Ijy vector algebra. 

2 . If R is tlie resultant of two forces, P and Q, acting at a point so tliat 0 is the 
angle Ijctwecn P and Q, prove that 

R2 = P2 + Q* + 2 PQ cos 0. 

3. ABC is a triangle, and D is the mid point of BC. Prove that 

AB’ + AC- = 2AD^ + 2DB^ 

4. With the same figure as in question 3, prove that 

AD^ - DC" = AB . AC cos A. 

6. Prove that the sum of the squares of the distances of the two ends of a diameter 
of a given sjdicre from a given point is the same whatever diameter be taken. 

0 . P^xplaiii the physical meaning of the commutative law for scalar products when 
the two vectors arc a force and a disjdacement respectively. 

7 . a, bf Cj and d are the sides of a quadrilateral, none of whose angles are greater 
than 180°. a and )9 arc the angles bet ween b and b^ c respectively ; y is the angle 
between a and c when they are produced to meet, a, j 9 , and 7 are taken as the 
angles wliich fiicc towards d at each jjoint of intersection. Prove that 

= a' + b- + P — 2ab cos a — 2bc cos & — 2ca cos 7. 


100. Field of a Vector. — This section is chiefly intended for students of 
electricity. 

Consider the case of a stream of water in steady motion. At every point 
in the interior of the stream the velocity of the water is a vector liaving a 
definite magnitude and direction. 

If any vector satisfies this condition throughout any region of space, 
that region is called the field of the vector. In the above example the 
region of space occupied by the stream is the field of the velocity of the 
water regarded as a vector. 

Consider any limited space on the earth’s surface, such as the interior of 
a room. 

The weight of a given mass is a vector, which has the same magnitude 
and direction at every point in the room. The interior of the room is, 
therefore, the field of a vector, and when, as in this case, the vector is the 
same at every point, the field is called a uniform field. 

At every point in the space near the poles of a magnet the magnetic force 
is a vector which has a definite value, and changes continuously as we pass 
from point to point. This space may, therefore, be regarded as the field of 
the magnetic force, and is usually spoken of as a magnetic field. 

The conception of a mag-nctic field is of grkat importance in electricity. 
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It is usual to represent the direction of the magnetic force vector bylines, 
called lines of force, supposed to pass through the field so that at every 
point their direction is the same as that of the force. 

The magnitude of the force is represented by the number of lines which 
cross a square centimetre of a surface at right angles to the direction of the 
field. Thus in air we may have 8000 lines to the square centimetre, and in 
iron 18,000 lines of induction per square centimetre. 


107 . Plow or Flux of a Vector across a Surface. — Consider the case 
of a stream flowing with uniform velocity v feet 
per second at every point, and suppose a plane 
surface is drawn in the fluid, making an angle d 
with the direction of flow. Then we may re- 
quire to find the amount of fluid which flows 
across a unit area of the surface in one second. 

Let ABCD be a square of one foot side 
perpendicular to the direction of flow, and 
having the side AB in the given surface. Let 
the lines of flow through C and D meet the 
given surface in E and F, and complete the 
rectangle ABEF. 

Fig. 144. 

BC 1 

Then BEC = d and BE - . - . = - ^ ft. 

sin 0 sm 6 

/. area ABEF = AB . BE - . sq. ft. 

sm 0 ^ 

Now, since ABCD is one square foot in area, and the fluid flows through 
this square at the rate of v feet per second, it follows that v cubic feet of the 
fluid flow through ABCD, and therefore through ABEF, in one second. 

Therefore the volume of the fluid flowing through one square foot of the 
surface in each second is 



7/ 

ABEF 


= V sin Q cu. ft. 


Sin Q is the cosine of the angle between the vector v and a unit normal n 
drawn from the surface ABEF on that side to which the stream is flowing, 
and thus we may also state the above result as follows : — 

The volume of fluid flowing through one square foot of the surface in each 
second is equal to the scalar product of the vector u and a unit normal drawn 
from the surface on the side to which the stream is flowing. 

For example, in a stream flowing uniformly at 10 ft. per second, the flow 
per square foot across a surface making an angle of 40° with the stream 
lines is 

10 sin 40° = 6’428 cu. ft. per second 

Similarly, we may say that in any vector field the flow or flux of the vector 
across unit area of a surface is the scalar product of the vector and a unit 
normal drawn from the surface on the side to which the vector passes. An 
important example of this occurs in the case of the magnetic field where the 
flow of the magnetic induction vector across a surface in the field is spoken 
of as the magnetic flux per unit area across that surface. 

F.XAMTT.E. — In a magnetic field of 6000 lines per square centimetj-e^ to find the fiux 
per square ce?ttifrietre across a surface making aft angle of 35° with the field. 
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Here the angle between the normal and the field is 55°, and therefore the flux 
across the surface is 6000 X i X cos 55° = 3442 lines per sq. cm. 


Exam rLES. — XC 1 1 . 

1. If the intensity of a magnetic field in air is 8000 lines per sn^uare centimetre, 
find the flux across surfaces inclined at angles of [a) 85°, [b) 45°, {c) 5°, to the 
direction of the field. 

2 . T he intensity of a magnetic field in iron is 18,000 lines of induction per square 
cemtimetre. Find the flux per square centimetre across surfaces inclined at angles of 
(n) 77°, [b) 61°, (c) 43°, {d) 2°, to the field. 

3 , Find the flux per square centimetre across a surface inclined at an angle of 61° 
to the direction of a field of 12,400 lines per square centimetre. 

4 , 0’525 inches of rain fell on a certain day. How many cubic feet of water fell 
on a roof 252 sq. yds. in area, and inclined at an angle of 40° to the vertical? The 
rain is supposed to fall vertically. 

Non:. — The expression “ one inch of rain ” means that if the rain which falls on a 
horizontal surface is not allowed to escape, it will cover the surface to a depth of 
one inch. 

6, A stream is flowing at 7*3 miles per hour. Find the flow per square foot per 
hour across a surface making an angle of 30° with the stream. 

0 . A valley runs east and west, and its sides have a mean slope of 20° to the 
horizontal. Compare the quantities of sunshine received per square yard by the two 
sides of the valley when the sun is due south at an elevation of 70°. 

108. Vector Products. 

Definition , — The vector product of two vectors a and 6 is a vector c, whose 
numerical magnitude is ab sin Q, where Q is the angle included between a 
and 6. Its direction is perpendicular to the plane of « and 6, and is such that 
to a person facing in the direction of c a clockwise rotation passes from a to 6. 

The vector product is written ^ab. 

Wc may state the direction in another way, by saying that if the angle 0 
is always measured from a to 6 in a counter-clockwise direction, then a 
positive value of the vector product ab sin 6 indicates that it is directed 
towards the spectator; a negative value, that it is directed from the 
spectator. 

The rule for direction is most easily remembered by im.agining that an 
ordinary right-handed screw is being turned from a to 6 in the direction in 
which 0 is meiisurcd. Then the screw will move forward in the direction of 
the vector product c 




Fig. 146. 


in Fig. 145, if a right-handed screw is turned from a to 6 it will 
pass down into the paper, and accordingly the direction of the vector 
product Vab is down into the paper and perpendicular to it. 

In Fig. 146, if a right-handed screw is turned from a to fa it will move 
forward from the paper towards the spectator, and, therefore, the direction 
of Vab is towards the spectator. 

100 . Geomotrloal Repreaentation of tile Vector Product. — Let a 
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and b be two displacement vectors, and construct a parallelogram of which 
they are two adjacent sides. Then ab sin 6 is equal to the area of this 
parallelogram. We may thus obtain a way of looking at the vector 
multiplication of two vectors as a process in the geometry of motion. 

We may say that, to form the vector product I^a6 of a multiplied by 6, wc 
move the vector a parallel to itself through 
a displacement equal to the vector 6. 

Then draw a line at right angles to the 
plane of the parallelogram thus traced out, 
in the direction given by the above rule, 
and mark off along it a length numerically 
equal to the area of the parallelogram. 

Then this line of definite length is the 
vector product of a and 6. 

Students familiar with the working of 
Amsler’s planimctcr will note that if a is 
the free arm carrying the roller, the instru- 
ment registers the numerical magnitude of the total vector product of the 
length of the arm a regarded as a vector, and the vector displacement of the 
tracing point. 

It can be shown that areas swept out by rotation of the free arm cancel 
each other in passing round a closed curve, and that the area enclosed in the 
curve is equal to the total vector product as registered by the rolling wheel. 

Wc may now express the rule for the direction of the vector product in 
another way. If the paper is held facing the observer, so that a points 
upwards, then, if a is moved to the right through the displacement b, the 
vector product l^ab is directed away from the observer ; while, if a is moved 
to the left, ^etb is directed towards the observer. 



170, Commntativo. Law. — In multiplying two numbers together it 
does not matter which we take first, /.e. ab = ba^ and we have shown that the 
same law is true of scalar products. Vector products, however, do not obey 
this commutative law. 

In the figure, the direction of the vector product Vab is found by imagining 
that a right-handed screw is turned from a to 
b. It will pass down into the paper so that 
the direction of I^a6 is away from the observer. 

To find the direction of Vba wc suppose a 
right-handed screw to turn in the opposite 
direction from 6 to a ; in this case it will move 
up through the paper towards the observer. 

Thus the direction of l^6n is opposite to that 
of Vab. 

The two products Vba and l^a6 have the 
same numerical magnitude ab sin 6 = ba sin 6. 

Vab and Vba are equal in numerical 
direction or sign. 

We get the law 

Vab = - Vba 

This is an important difference between 
products, which, as we have seen, satisfy the corresponding law 

ab = ba 

We get the same result by taking into account the direction in which 6 is 
measured in calculating the n^agnitude of the vector product, for, if ab sin 6 



magnitude, but opposite in 


vector products and scalar 
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is positive when 6 is measured from a to 6 , it will be neg^ative when S is 
measured from 6 to a, i.e. when the sign of 6 is changed. 


171. Rule of Signs. — Vector products obey the same rule of signs as the 
products of scalar quantities. 

For consider the effects of a change of sign in a or 6 , or both, on the 
vector product I^a 6 . (Fig. 148 .) 

If a screw passes downwards when turned from a to 6 at O, it will pass 
upwards when turned from a to — 6 , 

V{ab) = -V{a.^b) 

So also, if turned from — a to — 6 at O, the screw will move forwards in 
the same direction as when turned from a to 6 . 

Vab = V(-a.-b) 

Thus the “ rule of signs ” of ordinary scalar algebra also applies to vector 
products. 

The working of an Amslcr’s planimetcr affords an illustration of the rule 
of signs as applied to vector products. The wheel registers positive vector 
products by rolling one way, and negative vector products by rolling the 
opposite way, thus automatically adding the products up with their proper 
signs. The student who is accustomed to use a planimcter is probably 
familiar with the fact that if the tracing point is taken the wrong way round 
the area to be measured, the result is measured backwards from the zero 
point, i.e. with a negative sign. 

KxAMri.r. (i ). — Fhui the veci or products . 5,220) . 5,oon). 



The angle 0 between 34^0 and 5,220 is 73®. 

/. V(3,bo . 5i22») = 3 X 5 X sin 73® 

= 14-34 

in a direction perpendicular to the plane of the paper, 
and towards the observer. 

Similarly V(5,2zo . 3 „o) is a vector I4'34 directed 
away from the spectator. 

The angle between 62520 and 5,ppo is 152°. 

/. V(625oo . 5 iooo) = 6 X 5 X sin 152® 

= 14-085 


in a direction away from the observer. 


172. Magnetic Field. 

Example (2). — 1 / a straight conductor^ carrying a curre/ti of C amperes^ is placed 
hi a ujiiform magnetic field of intensity B lines per square 
centimetre^ it experiefices a force of F dynes per unit length. 
The value and direction of F are given by the equation 

Note that F, C, and B are vectors. 

Find the force experienced by a straight wire, carrying a 
cni rent of 3 amps., in a field of intensity 5000 Ihies per 
square centimetre. The direction of the curre^it makes an 
angle of 60° with the magihtic field. 
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Wc have 

— . 3 . 5000 . sin 60° — 1300 dynes 

Ihc wire experiences a force of 1300 dynes per ccnlimetrc of its length in a 
direction perpendicular to the plane of C and and towards the observer if the 
directions of G and B arc as shown in Fig. 150. 

Example (3). — /f a stra'^^ht cofiductor be mourd t/iroU^k a mapietic field of 
iutcnnty B lines per stjnare centimetre^ with a velocity q cm. per second^ an E.M.F. 
of E volts, per unit lc?r^th suill he induced. The value and directicn of E are ^iven by 
the Ci/uation 

E = V{q . B) . io“* volts. 

E, q, and B are vectors. 

A straight wire in the armature of a dynamo is being moved at ri^ht angles to itself 
with a velocity of 2400 cms. per second through a magnetic field 
of 6ooo lines per square centimetre. The direction of the 7 vire is 
at right a/iglcs to the field and to the motion. Find the 
induced in the wire. 

r- . 1/ / 2400 . 6000 . sin 90° 

£ --= lo-' . l' . (9fl) = ^ 

= 0*144 volt, per cm. length 

If the wire is siippostal to be perpendicular to the plane 
of the pa[)er, and to be moved in the direction of the arrow, Fic. 151 

the induced E.M.F, is directed from the observer. 



Examples. — XCIII. 

Find the following vector products ; specify the direction of each by reference to 
a figure. 

1. F5;70 . 6390. 2. F 55 uO. 7 i 340 - 3 . l^bjMgO . 72 SO'’' 

4. 1^72.10" ■ ^120°' ■ 4i7'’* l^(3s»f’)( — 4B,n). 

7. 1^( “ 350°)( “ 350")(4b7'^)- 

9 . A wire is moved with a velocity of 1320 cms. per second at right angles to its 
length, across a magnetic field of 5000 lines per square centimetre, in a direction 
making an angle of tSi° witli the direction of the field. What E.M.F. will be 
developed per unit length of the wire? Explain its direction by means of a figure. 

10 . Find the force on a wire carrying a current of 4 amps, in a magnetic field of 
intensity 5525 lines per .square centimetre, the current making an angle of 65° with 
the direction of the field. If tlie direction of the field be taken from left to right, and 
the angle 65° as being measured in a counter-clockwise direction from the lield to the 
current, state the direction of the force. 


173 . Distributive Law.— To prove that vector products satisfy 
equation 


Va{b + c) = Vab -h Vcic 


the 


where the sign + of course denotes vector atldition. 

We shall here confine ourselves to the case where a, 6, and c are in the 
same plane. 

In the figure let AB — a, AC = b, and CD = c. 

Then AD = 6 + 0. 

We shall consider the vector products as the result of a geometrical 
process, as explained in § 169. 

I. Let 6 and c be both directed to the same side of a, as in Fig. 152. 

To form Va(b + c) we move AB parallel to itself along AD, thus tracing 
out the parallelogram ABED. Similarly Ifab is given by the area ABFC. 

X 
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And, since CF = a, Vac is given by the area CFED. 

And since the three parallelograms, AF, CE, and AE, have equal bases, 
and the sum of the heights of AF and CE is equal to the height of AE, it 
follows by elementary geometry that 

ABED = ABFC d CFED 

the vector a traces out the same area if moved through the displace- 
ments b and c in succession, as it docs if moved through the displacement 
b + c. 

Since, in the figure, the three vector products which occur are all directed 
towards the observer, and perpendicular to the plane of the paper, Mad and 




Mac arc both in the same direction, and their sum may be found by adding 
the areas of the corresponding parallelograms by ordinary aritlimctical 
addition, 

Va{b + c) — Vab -j- Vac 

II. Let b and c be directed to opposite sides of a, as in Fig. 153. 

Then the vector n traces out the same area if it is moved parallel to itself 
through the displacements CA and AD in succession, as it does if it receives 
the di.splaccment CD. 

l'(n)( — b) + Va{b + c) = Vac 
but by ihe rule of signs for vector products, § 171, 

V{a){-b)= - Vab 
Va{b + c) =- Vab + Vac 

Similarly, if we suppose the same displacement a is given to 6, c, and 
6 + c, we obtain the equation 

V{b + c)a = Vba + l^ca 

which can also be proved from the former case by reversing the order of 
multiplication, and consequently the sign of each vector product. 

We may now extend the distributive law to the case of the vector product 
of any two factors, each of which is regarded as the sum of two or more 
vectors. 

Let a = d + e. 

Then by the above result 

V{d + e){b + c) = V{d + e)b + V{d + e)c 

= Vdb + Veb + Vdc + Vec 

This may, similarly, be extended to the case where the two factors contain 
any number of terms with cither plus or minur^ signs. 
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Thus in dealinj^ with vector products we may multiply two factors together 
term by term, and add the results with their proper signs as in ordinary 
algebra, and the result will be the vector product of the two original factors. 
VVe must, however, be careful to keep the order, in which any two terms 
appear in a product, constant throughout the worlc. In ordinary scalar 
multiplication we might write c) = bx + cx^ but this is not true of 

vector products. 

The above proof of the distributive law applies to vectors in the same 
plane, and it is not necessary here to extend it to the case of vectors in 
different planes. 


174. Moment of a Force. 

Let P be a force vector, and A any point. 

Then we know that the moment of the force P about A is equal to the 
magnitude of P multiplied by the perpendicular drawn from A to the force P. 
This is numerically equal to the vector product of the 
force vector P, and a displacement vector OA equal 
to n drawn from any point O on the vector P to the 
point A. 

We consider the moment as a vector whose 
direction is that of the axis about which it tends to 
cause rotation. 

Thus the moment of P about A may be defined 
as the vector product V{P.a)^ and this form of the 
definition is convenient for certain purposes. 

The jioint O may be taken anywhere on the line 
of action of P. For, if wo take any other point, such as on P, the areas 
of the two parallelograms formed by moving the straight line representing 
the force P through displacements OA and O^A will be the same by 
elementary geometry, and wo have shown that the formation of vector pro- 
ducts may be represented by the operation of forming these parallelograms. 



175. Varignon’s Theorem of Momenta. — This theorem states that if 


P and Q be two forces acting at a point, then the algebraic 
moments about any point A in their plane is 
equal to the moment of their resultant. 

Let P and Q be the two force vectors. 

Then the vector P T Q through O is their 
resultant. 

Draw the straight line vector OA = a. 

Then moment oi P = V . Pa 

)i n Q — ^ 

Moment of resultant P Q = V{P + Q)a 


Slim of tlicir 



Lut we have proved, in § 173 , that when P, Q, and a arc in the same 
plane 


V.Pa + V.Qa=V{P + Q)a 


IX. moment of P + moment of Q = moment of resultant (P + Q). 

Note that this is true whether A is inside or outside of the acute angle 
formed by P and Q so long as the vector products arc taken with their 
proper signs. 

Thus we sec that this important theorem in mechanics is a special case 
of the distributive law for vectSr products. 
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ExAMJ’Liii . — Prove the formula 

sin (0| — flj) = ®2 “ ®i 

directly ^ by a similar method to that of § 165, using vector products instead of scalar 
products. 

170 . Note on the Theory of Multiplication.— Students often feel the 
difficulty that the definitions of scalar and vector products seem to be chosen 
in an arbitrary way. Why are these called products ? Why is the process 
of forming them called multiplication ? The following note will make this 
point clearer : — 

In arithmetic the product of the two integral numbers 3 and 5 is defined 
as the result of taking 3 five times over. But even in arithmetic we already 
extend the notion of a product to cases where we cannot proceed in this 
way. _ _ 

in finding the value of 2 x V3 we cannot take two v^3 times over, 
since cannot be measured exactly in terms of any unit ; i.e. it is incom- 
nicnsiii able. Similarly, a definition of the above form does not apply to such 
products as3xj, 2X — 5, — 2X — 3. 

We notice, however, that if a and b are two integral numbers, the product 
ab satisfies two important laws : — 

(1) The commutative law, ab = ba\ 

e.o\ 3x8 = 24 - 8x3 

(2) The distributive law, a{b -1- c) — ab + acj 

3 X 7 ^ 3 X 3 -b 3 X 4 

Wc take these two laws together as the definition of multiplication when 
applied to any two algebraical quantities, whether integral numbers or 
fractions, positive or negative, commensurable or incommensurable. 

The product ab of any two algebraical quantities a and b is defined as a 
method of combining- them which satisfies the above two laws. By repeated 
use of these two laws, together with laws for addition and subtraction 
jn eviously found, we obtain all the results of ordinary scalar algebra involving 
products of the second degree. 

When wc seek to apply the process of multiplication to vectors we find 
the important difference that vectors have direction as well as numerical 
magnitude, and we have to take this into account in multiplying them. 

The scalar product of two vectors is defined in such a way as to satisfy 
both of the above laws. For the vector product of two vectors the second 
law is the same, while the law Yab = —Vba takes the pilacc of the first of the 
above laws. The algebra which is developed from the laws which govern 
these two species of products supplies a powerful method of treating many 
physical problems. 



CHAPTER XXII 


SOLID GEOMETRY— POINTS AND STRAIGHT LINES 

177 . Rectangular Co-ordinates of a Point. — We have seen that the 
position of a point in a plane is specified by two rectang^ular co-ordinates x 
and which are its distances from two perpendicular axes. If these two 
co-ordinates are known, the point is fixed in the plane. If, however, the 
point is not confined to one plane, but may be anywhere in space, two 
co-ordinates are not sufficient to define its position, for, even if x and y arc 
known, we may suppose the plane containing the co-ordinates x and y to 
move up and down a third perpendicular axis Oz^ remaining parallel to the 
original plane of the axes x and^. 

In order to fix the position of the point, we require to know a third 
co-ordinate which fixes the position on Oz of this plane containing the 
point P and its co-ordinates and j'. Thus three co-ordinates are required 
to fix the position of a point in space. 

For example, the position of a point in a room is defined when we know 
its distances from two adjacent walls and the floor. 

Accordingly, the position of a point 
in space is defined as follows : — 

Take three axes 0.r, O/, Oz at right 
angles to each other. 

The position of any point P is defined 
by 

(1) its distance x measured parallel 
to Ox from the plane Oyz^ 

( 2 ) its distance y measured parallel 
to Oy from the plane Ozx, 

(3) its distance z measured parallel 
to from the plane Oxy. 

We may construct a figure to show 
the position of the point P as follows : — 

Measure off lengths equal to x^ y^ 
and z along the axes of Ox^ Oj', and Oz 
respectively. Construct a rectangular 
block or parallelepiped having these three lines as adjacent edges, then the 
point P is at the corner of the block opposite to O. 

The point P, whose co-ordinates are x^y, and is known as the point 

Example. — To find the position of the point (2, l, 3), set off distances 2 along Ojt, 

1 along Oy, 3 along Oz^ and construct a rectangular block havmg these three lines as 
edges. 

The point (2, i, 3) is at P in figure 157. We shall represent the position of 
points and lines in this subject lijr parallel oblique projection, as in the figure. 
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The plane of and z is supposed to be parallel to the paper and facing the reader. 
The lengths of the co-ordinaLe.s y and 2 will therefore be drawn correctly to scale. 

The four eilgcs of the block parallel to Ox are, 
however, supposed to stand out perpendicularly to 
the paper towards the spectalor; they are, therefore, 
foreshortened, and aj^pcar to be of less than their true 
length. 

We shall find it convenient to suppose that the 
figures are looked at from above the xy plane, and 
from the right of the zx plane. 

We shall make the angles xOy and 'zOx each 
equal to 135°, and set off all lengths parallel to 0.r 
on a scale half of that used for^ and z. 

The student should remember, however, that the 
angles zOx, xOy, yOz, are right angles, although it 
y is only angles in planes parallel to yOz that are 
drawn with their true values. 

The planes xOy, yOz, and zOx are called the 
three co-ordinate ijJancs, 

Uy adopting this conventional inode of repre- 
l *57- sentadon, we arc enabled rapidly to draw all figures 

to scale on squared paper. 

The axes of r and z arc taken in the direction of the ruling, and all lines parallel 
to Ojc^ arc drawn along or piirallcl to the diagonals of the squares. 

178 . Signs of the Co-ordinates. 

If any co-ordinate is measured from O 
in the direction shown in Fig-. 156, it 
is positive ; if measured in tlie oppo- 
site direction parallel to the corre- 
sponding axis produced backward, it is 
negative. 

the point (2, — i, 3) is shown by 
measuring' the distance i along' >^0 pro- 
duced, and 2 and 3 on the proper scales 
along Ox and O^ ; on completing the 
y rectangular block as before, we get the 
point Pj in Fig^. 158. 

The co-ordinates of in Fig. 158 
are (-2,1, - i). 

In this case x is measured away 
from the spectator behind the plane of 
yOj, and is measured below the plane 

xOy. 

ExAMri.ES. — XCIV. 

Draw figures showing clearly the position of each of the following points : — 

1 . (8, 2, 6). 2 . (10, 3, 5). 3 . (I, I, o); (i, o, i) ; (o, i, i). 

4. (I, o, o) ; (o, I, o) ; (o, o, i). 5. (- 6, 5, 3). 

0. (7i 4, - 2). 7. (5, - 6, - 2). 

179 . Polar Co-ordinates of a Point. — Consider the case of a point near 
the door of a room. Its position might be defined as follows. Suppose the 
door to be opened till it passes through the point. Draw a line from the 
lower fixed comer of the door to the point. Then if we know the length of 
this line, and the angle it makes with a line through the hinges, the position 
of die point is fixed in the door. v 
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These two quantities are the polar co-ordinates, r and dj of the point in 
the plane of the door. If in addition we know the an^^le through which the 
door is opened the position of the point is fixed in space. We distinguish 
this angle by the letter (/), and the 
three quantities r, 6, 0 are the polar 
co-ordinates of the point in space. 

Thus we may define the polar co- 
ordinates of the point P as follows : — 

Take three rectangular axes as 
before. Let P be the point and join 
OP. Let a plane through OP and O 2 
cut the plane Oxy in ON. 

Draw PN perpendicular to the 
plane Oxy and PM perpendicular to 
O^. 

The rectangular block whose edges 
arc the rectangular co-ordinates x,y 
and 2 of P is thus cut by a diagonal 
plane in a section which is the rect- 
angle ON PM. 

The polar co-ordinates of P are — 

(1) The distance r of P from the origin. 

( 2 ) The angle S between OP and the axis of 2 . 

( 3 ) The angle 0 between the plane OPN and the axis of jr. 



Note. — T he angle between a straight line aiul a plane is measured by the angle 
between the line and its jirojection on the given plane. 

The point P is known as the point (r, 0 , (p). Note that in the figure none 
of the three co-ordinates r, 0 , (p is drawn with its true value. 


180. To find the Heetangular Co-ordinatea of a Point when the 
Polar Co-ordinatea are given. 

The angle OMP is a right angle, and therefore 

OM ^ ^ j A 

= - = cos 6, and 2 = r cos 6 

OP r ’ 

MP 

Also — = sin 6 and MP = r sin = ON. 
r 

Also, since OAN is a right angle, = cos 0, 

and X = ON cos 0 = r sin (9 cos 0. 

y 

So also = sin 0, 

and j' = ON sin 0 = r sin 6 sin 0. 

Thus, to convert polar to rectangular co-ordinates, we have 

2 = r cos 6 
X = r sin B cos ^ 
y = r 6 sin <p 

Exami’LK. — Find the rectangular co-ordinates of the point whose polar co-ordinates 
are (2, 15°, 40'’), and drazv a Ji^re showing its position. 
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Wc have 

z — r cos 0 -- 2 cos 15'’ =3 2 X o'g65g — 1932 
^ r sill e cos (p — 2 sill 15° cos 40'^ 

= 2 X 0-2388 X 0-7660 
= 0-396 

V =z r s'n 0 sin (J) = 2 sin 15^^ sin 40° 

= 0-333 

the rectangular co-ordinates arc - 

X 0 396 

J ' = 0333 

2 = I -932 

The figure may now be drawn in parallel projection from these values of x, j', 
and 2. 

Exami’J.es. — XCV. 

I'ind the rectangular co-ordinates of the points whose polar co-ordinates arc given 
as follows, and draw figures to scale : — 

1 - (4. S 5 °. 44°)- 2. (3. 37°, 51°). 3 . (3, 45°, 120“). 

4 . (4. 35°. 42°). 6. (3-2, 52“, 16°). 0. (2, 31°, 59°), 

7 , (2, 40°, 56”). 8. (3, 30“ 45''). 0. (2, 38°, 52'^). 

10 . (i, 120°, 52”). 11 . (I, 270°, 90°). 12 . (3, 62°, 122'’). 


181 . To find the Polar Co-ordinates of a Point when the 
Bcctangular Co -ordinates are given. 

I.et Xj t/, z, and rbe regarded as vectors in the directions shown by the 
arrows in Fig. 159. 

Wc have, by vector addition, 

x+y+z=r 

S(]uaring 

(AT -f t/ -b z)= = r* 

x^ + r/‘ + z* -f 2xy + 2yz + 2ZAr - r" 
where the products are scalar products. 

+ >' + 2-2 + 2.17 cos 90” + 2VZ cos 90'’ + 2r.v cos 90" = r* 

But cos 90'’ = o. 

= r* 

This gives r = d- 


cos $ = 
tan (p = 


AO X 


These equations give r, 6 , and (p. 


Example. — /»/</ f>o/ar co-ordhiates of the point whose rectarigular co-ordmates 

( 4 , 3 . 2). 

Note. — In examples such as this the student should always draw the figure, and 
obtain the results directly from the geometry of the case, and not from the formulje 
alone. 

lie should form a definite mental picture of the Vo-ordinates in space, and should 
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not form the habit of simply working from the formulae alone, if he docs so thc-c 
examples will become mere practice in arithmetic, and not in geometry. 



and the polar co-ordinates arc (5 38, 68°, 37°). 


E X AM PLES . — XC V f . 

Find the polar co-ordinates of the points whose rectangular co-ordinates arc given 
as follows : — 

Give the values of 0 and (p to the nearest degree. Draw a figure to scale in each 
case. 

I. jf = 8, = 4, s 5. 2 . X - 10, V 5, s =i 4. 

3 . x- — 4, ^ = 2, s = — 2. 4 . A ™ S, V = 2, z — 5. 

5 . .r = 6, ^ = 4, r — 8. 0 . A = 1, ^ = I, z — I. 

7 . = 3. -y = “ 2, z = I. 8, A' = G, >/ = 4, z -- 3. 

9 . AT = 18, j = 10, z = 15. 10 . A - 8, - 2, z = 3. 

II. .V = 12, y = - 3, z = - 4. 

12 . Prove that a" -f jp- + without using vector algebra. 


182 . Direction of a Straight Dine in Space. — The direction of a 
straight line in space may be specified by the three angles o, jO, and 7, which 
it makes with the three axes of a*. 


y and z respectively. 

If the line does not pass 
through the origin we can specify 
the direction by considering the 
case of a line parallel to it through 
the origin, so that we need only 
consider the case of a straight line 
through the origin. 

Take any point P on this line 
and complete the rectangular 
block, having the co-ordinates of 
P as its edges. 

Then, with the same notation 
as before, PMO is a right-angled 
triangle, and 



o; 


cos 7 = 


OM 

OP 


Fig. 161. 


Similarly, if we join PA, PAO is a right-angled triangle, and 


*os o = 


OA _£ 
OP “ r 
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Similarly, joining PB, we get cos ^ = ^ 

Cos a, cos j 9 , and cos 7, are called the direction cosines of the line OP. 

We write cos a = /, cos /9 = cos 7 = «, and use the direction cosines 
/, to specify the direction of the straight line OP. 

Note that the angle y is the same as the polar co-ordinate 6 of the point P. 

ICxAMPLE.— rectani^flar co-ordinates of a point P are 6, 3, 3. Find the angles 
which OP makes with the three axes Ox, Oy, and Oz. 

Wc have 

r = Vi" + 7 ='+>'= Vj6 + y +T = 7'35 

cos « = - = --.j- = 0-828 ; fl ^ 34 

cos ^ ^ - 0-414 ; ^ ^ 65-5° 

cos 7 - i - 0-414 ; 7 ^ 

and the required an ides arc 

a ^ 34" ^ 65-5^ 7 = 65-5® 


103 . 4 - — Considering the case where the position of P is 

such that all its co-ordinates are positive, we sec that any two of the angles 
a, 0 , 7 would be sufficient to fix the direction of the line OP. I'hcre must, 
therefore, be some relation connecting a, / 3 , and 7 so that the third angle 
may be (ictermined when any two are given. 

With the same notation as before, we have 


X X 

cos a = - - _:y . - ; . 

r V-v'+/“ + 2® 
V y 


Squaring and adding, Ave get 
-i- cos^ /3 • 

i.e. + //jZ + «2 _ j 


jl^2 _L yZ _L ^2 

COS^ a -i- cos^ /3 + QOS^ 7 = - o-r-^ ~ i 
X- +y^ + 


This corresponds to the relation cos'-* 6 + sin’* ^ = i in plane geometry. 

If we have two of the angles a, i 9 , and 7 given, we may now hnd the third 
angle. 


Example. — A straight line makes angles of 60° and 70® with the axes oj x a?td z 
respectively . Find the angle which it makes with the axis oJ y. 


Wc have a = 60”, 7 = 70°. 
We require to find / 3 . 


cos* a 4 - cos* 0 -f cos* 7=1 
cos* 0 — I — cos* a — cos* 7 

= I — cos* 60° — cos* 70° 
= I - (0-5)* - (0-342)* 

= I — 0-25 — 0-1170 
= I - 0 3670 = 0-6330 
cos 0 = Vo’ 6330 = o-|t96 
fi = 37 '25° 
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184 . Angle between a Straight liine and each of the Co-ordinate 
Planes. — The angle which a straight line makes with a plane is defined as 
the angle which the straight line makes with its projection on the plane. 

In Fig. 160 the angle between OP and the plane Oxy is 

NOP = 90° — POM = 90° — 7 

Similarly, the angle between OP and the plane Oys is 90° — a ; and the 
angle between OP and the plane 0-3^;r is 90^^ — j 3 . 

The angle between a given straight line and any co-ordinate plane is the 
complement of the angle between the line and the axis, which is perpendicular 
to that plane. 

in example, § 183. 

a = 60°, & = 37°, 7 = 70® 

OP makes angles of 30° with the plane Oy^^ 53° with the plane Os.Vj 
and 20° with the plane Oxy. 


185 . Representation on a Sphere. — Consider a sphere of unit radius 
with its centre at the origin. 

Let the axes cut the surface of 
this sphere in the points o", y, and 
and let OP cut the surface in P. 

Then, since the radius of the 
sphere is unity, the planes POx, 

PO/, and PO2 will cut the surface 
of the sphere in arcs whose lengths 
are numerically equal to the values 
of a, / 9 , and 7. 

Thus the angles which OP 
makes with the three axes may be 
represented on the surface of a 
sphere, as shown in Fig. 162. 

Thus the arc lP/i in the figure 

is equal to the arc sP = 7, and 

the arc P« which measures the 
angle between OP and the plane 

yf. Fig. 163. 

Oxy^ is equal to - — 7. 



U 


180 . Example (i). — The rectangular co-ordinates of a point P are (10, 4, 3) ; 
find the angles which OP makes with the three axes of co-ordinates. 

We have 

OP = r = ifx^ +^2 -p sz = V125 = 1118 
cos o = ^ = 0 895 = cos 26 5° ; o = 26-5° 

cos ^ = o' 3S8 = cos 69° ; i 9 = 69° 

cos 7 = ^ = 0-2685 = cos 74-4° ; 7 = 74-4° 

Example (2). — The polar co-ordinates of a point P are (5, 36°, 42°); find the 
angles between OP and the three Jbees of rectangular co-ordinates. 
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We have 


7 = 0 = 36“ 

A' r iiin 0 cos <p 


cos a — =11 ^ = sin 0 cos <b 

r r 

= sin 36"^ cos 42° = 0 588 X 0743 = 0-437 - ‘'OS 64*^ 
a = 64^^ 

„ y r sin 0 sin . 

cos 0 =- = = sin 0 sin dt 

r r ^ 

= sin 36° sin 42° = 0-588 x 0-669 = 0*393 — ^7^ 

^ = 67° 

and the llircc angles which OP makes with the axes are 

a = 64°, ^ =r 67°, 7 - 36® 


Examples. — XCVII. 

1 . The rectangular co-ordinates of a point P are (8, 3, 2). Draw a figure to scale 
to show its position, and calculate the direction cosines of OP, and the angles which 
it makes with the axes of co-ordinates. 

2 . The rectangular co-ordinates of P are (5, 2, 3). Find the angles which OP 
makes with the co-ordinate planeSj and the projection of OP on the plane Oyz. 

3 . The rectangular co-ordinates of P are (3, 4, 6). Find the direction cosines 

of OP. 

4 . A rectangular block has its edges 3, 4, and 7 in. long. Find the length of its 
diagonal and the angles which its diagonal makes w'ith each of the three edges. 

6. The polar co-ordinates of a point P are (3, 57°, 39°), Find the direction 
cosines of OP. 

8. The polar co-ordinates of P are (3-2, 52®, 16'^). Find the angles which OP 
makes with the three axes of rectangular co-ordinates. 

7 . The polar co-ordinates of P are (2, 31°, 59°). Find the angles which OP 
makes with the three co-ordinate axes. 

8 . The polar co-ordinates of P are (5, 48°, 60^). Find the projection of OP on 
the plane Oira-. 

0 . A straight line OP, 3 in. long, is drawn from the origin so as to make angles 
of 52° and 65° with the axes of x and z respectively. Find the rectangular 
co-ordinates of the point P. 

10 . A straight line, 3-52 in. long, makes angles of 59° and 67° with Ox and Oy 
respectively. Find the lengths of its projections on the three axes. 

11 . A straight line makes angles of 40° and 60° with the axes of ^ and x 
respectively. What angle docs it make with the axis of z? 

12 . A straight line makes angles of 59° and 73° with Oz and Ojt respectively. 
What angle does it make with O^^ ? 

13 . For a certain straight line a = 52®, 7 = 65®. Find fl. 

14 . If a = 59 °i ^ ’ 67°- Find 7, 

16 , A straight line makes angles of 55® with Ox and 71® with Oy. What angle 
does it make with the plane Oxy 1 


187. To find the Length and Direction of the Line joining two 
given Points. 


Example. — The rectangular co-ordmates of a point A are (4, 3, 2), and of a point 
B (8, 5 , 3). Find the length and direction cosines of the straight line AB, 


Construct the rectangular blocks formed by the co-ordinates of A and B. 

Then, if we produce the edges of the block formed by the co-ordinates of A until 
they meet the faces of the block formed by the co-ordinates of B, we obtain a third 
rectangular block, having AB as its diagonal. The edges of this block are 


8 — 4 = 4 parallel to Ox 

5-3 = 2 „ ^y 

3-2 = 1 „ Oz 
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the problem is the same as if A were the origiiij ami the co-ordinates of B were 
( 4 . 2, I). 



Fig. 163. 


AB = ViOH- 4 + J ^ 4-583 

/^cosa-4,|y,^o'S74 

m - cos ^ - -r 0-437 

n — cos y -- Iv. — O’aiSc 
^ 45^3 ^ 


EXAMIM.ES.--XCVriT. 


Find the length and direction cosines of the line AB when the co-ordinates of A 
and B are given as follows. Draw a figure in each case. 

1 . A (I, I, 1) ; B (3, 4, 3). 2 . A (2, 2, 2) ; B (6, 4, 5). 

3 , A (8, 2, 4) ; B (10, 3, 3). 4 . A (4, 2, i) ; B (7, 3, 4). 

6. A (2, 2, 3) ; B (4, 3, 5). 

0 . A straight line AB makes angles of 42° with Oar, and 53° with Os; what 
angle does it make with Oy ? If the line is 4 inches long, and is placed so that the 
end A is at the origin, w hat are the co-ordinates of the other end B ? 

7 . If the end A of the line AB in cxamidc 6 is placed at the point (l, l, i), and 
its direction remains the same, what are ihe rectangular co-ordinates of B ? Draw 
a figure to scale. 

8 . A is a point whose co-ordinates are (9, 3, 4). A straight line AB 5 units long 
is drawn through A in a direction making an angle of 59° with O/, and 44° with the 
plane Oxy. Find the rectangular co-ordinates of B, 


188 . Projections of a Line on the Three Co-ordinate Planes. — In 
Fig. 163, A^Bj, A2B2, AjjBa are the projections of AB on the planes Oy^j 
OzXj Oxy respectively. 

As an example we shall consider the case where the co-ordinates of A 
are (4, 3, 2), and of B (8, 5, 3), as in Fig. 163. 

To find the Icng^th of the projection A3B3 of AB on the plane Ory, 
we have co-ordinates of Aj are .r = 4, > = 3 ; co-ordinates of B, are a: = 8, 
J' = 5- • 
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A..D = 8-4 = 4 
DB, = 5 - 3 = 2 
and = ^20 = 4'47 
Similarly AjB, = >^4 + i = 2'24 
and A^Bjj = aJ \ 6 1 =4' 12 

When the Icng-th and direction cosines /, ;/z, n of AB are known, its 
projections on the three co-ordinate planes may also be found as follows : — 

We have angle ABC = y \ A^B^ = AC = AB sin y = AB yfi— iv. 

Similarly A^B, = AB sin a = AB y/i — /" 

AoB^ = AB sin ^ — AB y/i — in- 

180 . To And the Length and Position of a Straight Line when 
its Projections on Two Perpendicular Planes are given. — On reference 
to Fig. 163, it is seen that a straight line is determined by its projections on 
any two of the co-ordinate planes, for if A^B^ and A., B3 are given, a plane 
through A^B^ perpendicular to the plane 0::a- and a plane through A^Bj 
perpendicular to the i)lanc 0.17 will intersect in the required line AB. 

The co-ordinates of A are the same as the corresponding co-ordinates of 
A3 and A3, viz. — 

the X CO ordinate of A = the x co-ordinate of A^ and A3 
>» y n 5j A = ,, y ,, ,, A3 

A - A 

Similarly, the co-ordinates of B are the same as the corresponding 
co-ordinates of B^ and B^. 

The co-ordinates of A and B are now known, and the length and direction 
cosines of AB may be found. 

ExAMl’i.Fi :. — The projections AjBj A.,B3 AB on the planes Oyz and Oxy 
respeelively are given asfo/io7Vs : — 

'J'he co-ordinates oj are 4, 2) of (o, 7, 4) 

II II A3 are (5, 4, o) o/B.. (S, 7, a) 



Draw a figure shewing the position of f^B, and ^ leu late its length and the angles 
which it makes with the axes of co-ordinates. 
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From the figure the co-ordinutcs of A and B arc (5, 4, 2) and (8^ 7, 4) respectively, 
"rhe length and direction cosines of AB may now be found 

AB — V9 + 9 + 4 ~ 4'^^9 

To find the angle which AB makes with the axis of r, we have 

A 3 B 3 = a /9 V 9 ^ 4'24 
A,B, 

sin 7 = = 0 905 

/. 7 = 64-8° 

Similarly, a and ^ may be found. 


Examples. — XCIX 


1 . Write down the values of the angles which AB makes with c.ich of the three 
co-ordinate pianos in Examples XCVIIl., 1-4. 

2 . Draw figures to show the projections of AB on the three co-ordinate planes in 
Examples XCVilL, 1-4. Calculate the length of the projection on the plane Oxy 

in each case. . , , » , r 

3 . Find the distance between the points (i, 2, i) and (3, 3, -2), draw a figure to 
.show the position of the points and the line joining them, and find the angle which 
the joining line makes with the jdane Oxj'. 


A.Bi, AjBn, AaB, arc the projections of a straight line AB on the planes Ojz, 
Ozx, Oxy respectively. lOiaw figures to show the position of AB, and calculate its 
length when the co-ordinates of the following points are given 


4 . A, (0, 4, 2) ; Bi (o, 6, 5). 

A3 (5, 4 > o) ; B3 ( 7 . (h o). 
0 . Ai (o, I, 3) ; Bi (o, 4, 5). 
A2 (5, o, 3) ; B2 (6, o, S). 


B- An (4, o, 5) ; B, (7, o, 5). 
A3 (4, 8, o) ; B3 (7, 4, o). 


7 , Find the angles which AB in example 4 makes with the planes Oxy 
and Oyz. 

0 , Find the angle which AB in example 4 makes with tlic [ilane Ozx, draw a 
figure to show the projection AoBj of AB on the plane O ur, and calculate the length 
of A2B2. 

0 , A straight line PQ, 5 inches long, makes angles of 45° with Ox and 55" wdth 
Oz. Find tlie lengths of its projections on the three co-ordinate planes. 


190 . Angle between Two given Straight Lines. — Let OP and OQ be 
two given lines whose direction cosines arc (/j, wj and (A, wj 
respectively. We require to find the angde POQ = 6 between OP and OQ. 

Let OP = ri, OQ = ^2, and let the co-ordinates of P and Q be 
and (.12, /21 ^2) respectively. 


Then I, = vi, 


^2 = 





2 'l 

fa 


Consider at,, z, and at., t/z Z2, Zj as vectors. 
Then, by vector addition, 

z, ^ + i/i + z, 

.• = Afa -h i/2 + 



^20 
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By multiplication, we get the scalar product 





+ f/i + 7i){X2 + 1/2 + /=) 

= + 7,7j + x,y^ + x,Z2 + 

+ yiX-z + 7iAf2 + Zit/n (p. 298) 

Since the scalar product of two linear 
vectors is the product of their lengths 
into the cosine of the angle between 
them, the last 6 terms in this expression 
vanish, being the scalar products of pairs 
of perpendicular vectors, 
we have 

rj/'o cos 0 - cos 0° + cos 0° 

+ cos o° 

= +^1^2 + -i-2 

cos e = 

/\r., i\r., 7\r., 


Exam PL i: (i). — Find to the f t ear est decree the afigle 0 between the straight tines OP 
and OQj when the co-ordinates o/P and Q are (3, 2, 5), and (4, 3, i) respectively. 

This case is shown in Fig. 165. 

Let the direction cosines of OP and OQ be (/j, w,, 7/,), and ( 4 , w.., n^ respectively . 


We have _ 

OP — -\/9 + 4 + 25 = V 3^ 

OQ — V 16 + 9 ~i“ * ~ aJ 2(y 

/, — cos uOP = / A “ cos rOQ — . 

V3b ‘ V26 

- cos vOP ^ f THn - cos vOQ =: 

V3^ V26 

w, - cos zOP = 7/0 = cos :OQ - / 

V3^ V2b 

cos = /i 4 + ni^nin + 7;, 7/2 

_ 12 6 3 

“ V38 V26 ''' V38 V26 

23 =r 0732 = COS 43° 

POQ = 0 = 43° 


Exampi.E (2). — The polar co-ordinates of two points P a?id Q are (2, 15°, 45°), and 
60°) respectively, Fmd the angle 0 betwee/i OP and OQ. 

With the same notation as before, we have 

^ _ 0*2588 X 07071 = O’ 1832 

‘ 7-, 2 

C, _ 2 COS 2^ _ 




— = 09659 
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, 3 sin 56° cos 60° o 

= ^ 0'8290 X 0-5 := 0-4145 

3 sin 56° sin 60° „ 

»/jj =*— 0-8290 X 0 866 = 07175 

3 cos 56° 

- = °'5592 

", cos 9 = /j/j + + »i«, 

= 0 076 + O' 132 + 0-540 = 0748 = cos 41-5° 
POQ = 9 = 41-5° 


Since the direction cosines of a line from O are proportional to the rectangular 
co-ordinates of any point on it, the figure may be drawn in parallel projccdon when 
the direction cosines of the two lines are known. 


Examples. — C. 

1 . The straight line AB makes angles of 59° and 40” with Ojt and Oy respectively. 
AC makes angles 43° and 61° with Ojt and Oj'. Calculate the angle BAC. 

2 . OA makes 32° with Ojc and 74° with Oy. 

OB ,, 67° ,, Ojt ,, 60° „ Or. 

Find the angle AOB. 

3 . OP makes 45° with Oa: and 50° with Oj'. 

OQ „ 60° Or „ 70° „ Oj. 

Find the angle POQ and Llie length of the line PQ, taking OP = I and OQ = i. 

4 . The rectangular co-ordinates of P are (3, 4, i), of Q (2, 4, 3). Find the angle 
between OP and OQ correct to the nearest degree. 

6. Co-ordinates of P arc (4, 2, i) and of Q (2-5, 2, 3). Find the angle POQ, 
and draw a figure to scale in oblique parallel projeeliun. 

6. Co-ordinates of P are (5, I, 5) and of Q (l, 6, 2). Find the angle POQ, and 
draw a figure. 

7 . Co-ordinates of P are (I'Si O'S, 1-2) and of Q (l’2, 2-8, 1-7). Find the angle 
POQ, the length of PQ, and the angles which it makes with the three axes. 

8. Co-ordinates of P are (3, 4, l) and of Q (->3, 4, i). Find the angle POQ, and 
draw a figure. 

0 . The polar co-ordinates of P arc (3, 45®, 30”) and of Q (3, 60°, 50®). Find 
the angle POQ. 

10 . Verify that the relation 

cos 0 = 4- 7 n^ 7 n^ + 

holds good when the two straight lines are Ox and O/, and also when the two straight 
lines are in the directions Ox and ^O, 



CHAPTER XXIII 


SOLID GEOMETRY— PLANES 

101. Traces of a Plane. — Any plane cuts the three co-ordinate planes in 
three straight lines, called its traces, forming a triangle. 

Any two of the traces are sufficient to determine the plane. 



Thus, in Fig. ii6, AB, BC, and CA are the traces of the plane ABC. We 
shall denote the lengths OA, OB, OC which the plane cuts off from the axes 
by <z, taken positive when measured in the positive direction along the 
axes. 

We shall use rt, c with this meaning to specify the position of a plane 
by means of its traces. 

Thus, in Fig. ii6, for the plane ABC 

a = Zyb= i' 7 ,c= 2 - 1 , 

and for the plane AB'C 

a - - — r6, c = 2'i 

To find the lengths of the traces we have 

AB = BC = CA = 


192. Measurement of Angles between Straight liines and Planes. — 
A straight line is said to be perpendicular to a plane when it is perpendicular 
to every straight line in that plane. 

The angle between two planes is measured by the angle between two 
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lines drawn one in each plane perpendicular to the line of intersection of the 
two planes. 

In Fig. 167 OPQR is a rectangle ; OP and Oy are perpendicular to the 
line of intersection Ox of the two 


planes OPQR and Oxy ; the angle be- 
tween the two planes is/OP or POy. 

Draw OT perpendicular to the 
plane OPQR. 

Then, if we suppose the plane 
OPQR to lie originally in the plane 
Ory, so that OT coincides with O 2 , 
and to rotate about Ox to its present 
position, OT evidently turns through 
the same angle as OP, and therefore 
the angle -3:OT = ^OP = angle be- 
tween the planes OPQR and Oxy. 

Thus the angle between any two 
planes is equal to the angle between 
two perpendiculars to the respective 
planes. 



103. Length and Direction of the Perpendicular from the Origin 
to a given Plane. — Let OP be the perpendicular from the origin to the 
plane ABC, / its length, and (/, «) its direction cosines. 


z 



In the figure BPO is a right angle, and 

i> 

cos^OP = coszi 

^2 + 1 ^ + = ^ + + »“ = I (P' 314) 


7}l — COS ^OP = cos .^OP — cos aOP 




/i I I 

V a* 


P-. 

a 
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and I - 


/ 


I 

a 


a 



I I 




I 



n 


~P = 


I 

c 


s/F 


■^2 


+ J 


Exampi-E . — >4 plane^ ABC, cuts off lengths ^ = 6, ^ — 4, c — front the axes cj 
A, *. length and direction cosines of the perpendicular from O to this 

plane. 

These values are taken in Fig. 1 68 . 

We have 


I /'\ 'i I _ / 1 I r 

P - sj “ \/ 36 16 + 9 


/=/ = -|3 = o-37 

P 2'23 £ 

»/ = v = -- - 0 56 

<5 4 

/» 2'23 

7 


29 

12 


To find the position of P in the figure, drawn in parallel piojeclioii, we note that, 
if BP and CP arc produced lo meet ihe opposite traces in H and K, it maybe shown 
by plane geometry that in the right-angled triangle OCA, 


So also 


AH : HC = fl' : c* 
AK : KB =:r ,r : 


Accordingly, to draw the figure, we first find the points H and K ; then the inter- 
section of BH and CK gives the position of P in the plane. 


104 . Inclination of a given Plane to the Axes and to the Co- 
ordinate Planes. - In Fig. 168 PB is the projection of OB on tlie plane ABC, 
and the angle OBP or its supplement measures the angle between the plane 
ABC and the axis of y. But 

I 


sin OBP =4=- 


\J (C- 


+ - + 1 . 


This gives the angle between the plane and the axis of y. Similarly, the 
angles between the plane and the axes of z and x may be found. 
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The angles between the plane ABC and the co-ordinate planes are the 
complements of the angles between ABC and the axes. 

Thus the angle between ABC and Ozx is measured by the angle 
OHB = complement of OBP, which has been found. 


Example. — A piatte^ ABC, cuts off lengths of 8, 4, 5 from Ojt, Op, and Or, 
respectively. Find the angles (i) between the plane ABC afid the axis of y ; (2) between 
ABC a 7 id the plane Oxy. 

We have 

f = - - 2-907 

\/ ^+^+'^5 \/ ^ + i^ + rs 

sin OBP — — ^ = 0 727 = sin 46-6° 

0 4 

OBP = 46-6° 

file angle between the planes ABC and Oxy — OKC - COP, and 

cos COP = ” = ^ = 0-5816 = cos 54 4® 

Thus the plane ABC makes angles of 46 6° with the axis of y^ and 54-4^ with the 
plane Oxy. 


Examples. — CT. 

1. The traces of a plane on the three co-ordinate planes join the points (10, o, o), 
(o, 7, o), (o, o, 6). Draw a figure to scale to show the positions of the plane, and of 
the foot of the perpendicular drawn from the origin to the plane, 

2. a, b, € arc the lengths cut off from the three axes of co-ordinates by the 
plane ABC. 

Draw figures to scale to show the position of the plane ABC in the following 
cases : — 


a — 20^ b — 16, f = 12 
a — 20, ^ — 10, f = 15 

= — 26, ^ — 12, r = — 14 

3 . The traces of a plane ABC join the points (3, o, o), (o, 2, o), (o, o, 4). Find 
(l) the length of the perpendicular OP from O to the plane ABC, (2) the angles 
between the plane ABC and the axes of x and^, (3) the angles which the plane ABC 
makes with the plane.s Oyz and Ozx. 

4 . A plane ABC cuts off lengths, a = 8, ^ = 5, c = 3, from the axes of x.y^ and z 
respectively. Draw a figure and find (i) the Icnglh of the perpendicidar OP from the 
origin to the plane ABC, (2) the angles which OP makes with the three axes, (3) the 
angles which the plane ABC makes with the axis of z and the plane Ozx, 


106. Xiine of Intersection of Two Planes. 

The intersection of two planes is a straight line which must pass through 
the intersections of each pair of traces, produced if necessary. 

In the figure QPR is the intersection of the planes ABC and A^B^Cj, 
which cut off lengths (10, 5, 3) and (3, 4, 5) from the axes. 

Note that in the figure the three points of intersection Q, P, R must lie 
in a straight line. 
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To find the projection of QPR on the plane Ojij, we already have one 
point R where QPR crosses the plane Ox^. 



Another point on the required projection will be given by the projection 
of Q or P on the axis of :i' or y. In the figure QiPjR is the projection of 
QPR on the plane Oxy. 


Examples. — CII. 

1 . Two planes cut off lengths (rz, c) and (^Tj, ^|, r,) from the axes of Xj y, and z 
respectively. Draw figures to show their line of intersection by means of its traces 
on the three co-ordinate planes, and the projection of this line of intersection on the 
plane 


(a) a= I, b = 2, c = l ; ^ 2, b, = 2 5, = 3 

( 0 ) a = 2, b = 3, c ^ I ; = - 3, b, =r 2, c, = 2 

(y) a = 3, b = 3, c = 3; ^1== - 3 > = - 3 . ^^4 

Note that in 7 the line is parallel to the plane Ox/, and the trace in that plane is 

at infinity. 

2 , If fl = 5, b = 3, c = 3, = 3, bj = 4, f, = 6, find by construction and 

measurement the co-ordinates of the points P, Q, and R, in which the line of 
intersection of the two planes cuts the three co-ordinate planes. 


190. Angle between Two given Planes. — To find the angle between 
two planes whose traces are given. 

Let ABC and A^BiC, (Fig. 170 ) be the given planes, and let OP and OPi 
be perpendiculars from the origin to these planes. Then the required angle 
0 between ABC and A^BjCi is equal to the angle POPj between the per- 
pendiculars. To calculate it we first find the direction cosines (/, u) and 
m,, Wj) of OP and OP,. 

Then cos 9 = 11^ + mm^ + ««i, and hence'^ may be found. 
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EXAMri.E. — Filul the angle between the two planes A, B, C, ami Aj, Bj, C„ where, 
with the usual notation^ 

a = 2, b = I, c ^ I ; = 2 5, hi 2, r, 3 



We have 


OP =/ = 


V^; 


+ P + ? 


>-P * / ^ „-P 

-5 = 3-'« = J = 5’”-r = 


2 
' 3 

P I 


OP,=A = . 


— = 1-386 


\ = = 0 SS4. = ■f] = o' 693. «. - = 0 462 

COS = //| + WW, + «7/| 

= 0-185 + 0-462 + 0308 = 0-955 = COS 17-4° 
angle between the planes = POP, = 17-4°. 


Examples. — Cl II. 

1 . With the same notation as before, 

a = 8, ^ = 3, r = 4 ; rt, = 9, = 6, r, = 9 

Find the angle between the two planes. Draw a figure in parallel projection to scale. 

2. a = 10, ^ = 5, c = 6 ; £7, = 4, (5 , = 5j f, = 3 
Find the angle between the two planes, and draw a figure to scale. 



CHAPTER XXIV 
VOLUMES OF SOLIDS 

197. Volume of any Solid. — Consider the case of a solid in which the 
cross-sectional area perpendicular to a fixed axis in the solid follows some 
known law^ as we pass from point to point along that axis. 

We may, for instance, know the way in which the area of the horizontal 
section or water-plane of a ship varies from point to point along an axis 
drawn vertically from the keel. 

Let A be the area uf the water-plane of a ship when the keel is x feet 
below the surface, and let V be the displacement, i,e. the volume under 
v^atcr- 

Suppose the ship to sink deeper into the water by a further small 
distance Sx. 

Then the displacement is increased by a thin plane layer of water of 
area A and thickness Sx ; ix. if SV is the increase in the displacement 


5V = ASx 


liiil we may Imagine that the whole displacement V to any draught h 
is made up of a number of such thin layers of volume 5V = A5.r, and, there- 
fore, the whole disj)laccment V is the sum of the terms ASt from :i' = o to 
ji- = h. 

In the limit, as x is made smaller and smaller, this sum becomes I ALx. 



In the same way it can be shown in the general case that, if A is the 
cross-sectional area of any solid measured perpendicular to a fixed axis in 
the solid and at distance x from a fixed point on that axis, then the volume 

of the solid enclosed between two sections x = a and x = d is j Adx. 

In order to find this integral wc must know the law connecting A and x. 
This law may be given by an equation, or by an empirical series of 
corresponding values. In the latter case tlie integral must be found by the 
graphic method. 


Example. — The folUnving table gives the area A of cross sections perpendicular to 
the length of a piece of timber at distances x from one end. Find the volume of the 
timber as accurately as you can Jrom the given data. • 
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X feet . . 

0 

6 1 

1 

*5 

23 

A square feet 

417 


! 

7'o 6 j 

S '47 


.'30 

Wc have shown that the volume V — 1 Adx. 

J 0 

riotLing A and x we get the curve PQ. 



The required dcfiniLc iiUcgial is the area between this curve and the axis of x. 
This is found to be 222'3. 


V = 222 '3 cub. ft. 


Examples. — CIV. 

1. The following are values of the area in square yards of the cross section of a 
railway cutting taken at intervals of 6 ft. How many culjic feet of earth must be 
removed in making the cutting between the two end sections given? 

70, 88, 94, 93, 87, 76 

2. A is the cross-sectional area of a piece of oak at distance x from one end. 
Find its weight. One cubic foot of oak weighs 48 lbs. 


X feet - . 1 0 

i 2 

1 

6 

S 

10 

A square feet l '7 

\ 

2-:j j 

i 

2-9 j 

37 

4-9 

55 
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3 . A is the height in feet of the surface of the water in a reservoir above the lowest 
point at the bottom. The reservoir is filled to various heights, and the area A 
measured as follows : — 


h feet . 

0 

14 

24 

36 

76 

96 

no 

120 

A sq. ft. 

0 

21000 

33000 

i 

36700 

42000 

44500 

52500 

60500 


How many gallons of water does the reservoir hold when full to a depth of 1 20 ft. ? 
Also, how much water leaves the reservoir when the surface level changes from 120 ft. 
to 60 ft. ? I gallon = O’ 16046 cub. ft. 


4 . A is the area of the surface of the water in a reservoir when full to a depth h. 


h feet .... 

60 

50 

40 

30 

A, square feet 

37100 

25900 

16700 

9500 


The depth is originally 60 ft. ; water is pumped out of the reservoir to a height of 
too ft. above the bottom until the depth is 30 ft. 

rM 

Find the work done = j wA(ioo — ; where w — weight of l cub. ft. of 

J 6Q 

water = 62*3 lbs. 


6. A is the area of the surface of the water in a reservoir when full to a depth A. 


h feet . . . 

0 

15 

25 

35 

45 

A square feet 

2000 

4500 

20000 

30000 

50000 


How much water does the reservoir hold when full ? Construct a table showing 
the supply of water in the reservoir for different values of the depth at intervals of 
5 ft. from 20 ft, to 45 ft. 


6. A is the area of the water plane of a vessel at a distance x above the keel. 


X feet . . . 

2 

i 

4 

6 

8 

10 

A square feet 

2690 


4320 

4900 

5400 


Find the total displacement of the vessel for a draught of 10 ft. 

The displacement in tons is equal to the weight of the vessel ; what weight is put 
into the vessel when the draught increases from 7 ft. to 10 ft. i ton of sea water 
measures 35 cub. ft. 

7 . The area of the water-plane of a certain vessel is found to vary as where 
h is the distance above the keel. When h is 20 ft. the area of the water-plane is 4810 
sq. ft. Find the total displacement in cubic feet for* a draught of 20 ft. 
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108. A surface of revolution is generated when a plane figure rotates 
about an axis in its plane. 

a cone or cylinder is formed when a straight line rotates about an 
axis in its plane ; a sphere when a circle rotates about a diameter ; a paraboloid 
of revolution when a parabola rotates about its axis. 

The rotating curve which traces out the surface is called the generating 
curve . 

The section of a surface of revolution by any plane perpendicular to its 
axis is a circle. 


109. Volumo of a Solid of Revolution. — Let the curve PQ represent 
as a function of jr from .v = OA = rtt0Jr = OB = i5. 

Let PQ and the ordinates AP, BQ, rotate about the axis of .r, so as to 
generate a surface of revolution whose 
section by the plane OXY is PQSR. 

To find the volume of the solid en- 
closed by this sui face, suppose the solid 
cut into thin circular discs by planes 
perpendicular to OX. 

The area of any section is tj/®, and 
its volume iry^Sx, where 5.r is the thick- 
ness of the disc, and y the ordinate at 
some point within it. 

The whole volume of the solid is thus 
the sum of a number of terms of the 
form which we write 

Now suppose the number of sections 
into which the solid is cut up to be in- 
definitely increased, and the thickness 
5.1' of each section to be indefinitely 
diminished. Then the limit of the sum ] 

TTj/Vjr (§130) 

a 

Thus, if a curve representing as a function of x rotates about the axis 
of jr, so to trace out a surface of revolution, the volume enclosed by this 
surface between the sections x = a and .r = ^ is 

^nf-dx 

If the equation connecting y and x is known, the volume may in many 
cases be found by integration ; and if the form of the curve is known, the 
volume may always be found by graphic integration by the method of 
Chapter XVII. 



200. VVe shall first consider examples of solids of revolution where the 
equation to the generating cuive is known. 
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Example (i). — 7 'o find thcvolumeof aright circular cone^ having given the height h 
and the radius a of the base. 

The cone is formed by the revolution of a straight line OA about an axis OH. In 
the figure, OH = //, HA — f7. 

Take OH as axis of x. Then, if (jr, y) arc 
the co-ordinates of any point P on OA, 

y a ax 

The volume of a circular disc of thickness 5 jr 
and radius is wy^dx. 

volume of cone = limit of the sum of such 
discs as Sjt is made smaller and smaller. 

P* /■'• a-x^ 

= J(arca of base) X (height) 

Example (2). — The curve y = revolves about the axis of y. Find the volume of 
the solid thus formed between the sections whei'ey = l and y = 3. 

We here suppose the solid divided into 
circular elements of thickness 5j/and radius x 
by planes perpendicular to the axis of 

We have x — ( 3 ^)^. 

Then the volume of an element = irx^dy, 
and the whole volume of the figure = 




/:■ 


xx'^dy 


= t<3*-d 

= 20 55 


Example (3).— //W the volume of a sphere of radius a. 
Take two perpendicular diameters, OA and OB, as axes. 



Fig. 173. 



Volumes of Solids 


333 


Then the sphere is generated by the revolution of the circle APB about the 
axis of X. 

If (jT, y) arc the co-ordinates of any point P, on the circle, y- = 

Divide the sphere into thin circular elements of thickness, Sx and radius y by 
planes perpendicular to the axis of x. 

Then the volume of an element = ny^Sx. 


f+a 

Volume of sphere = / iry^dx 

= f *ir(o* - x‘)dx 


-i: 


ExAMn.K {4).~FM the volume of the frustum of a sphere of radius 3 inches lying 
between two parallel planes on opposite sides of the centre^ a?id at distances I and 2 inches 
respectively from the centre^ 


Take the centre as origin, the diameter perpendicular to the two end sections as 
axis of X, and any diameter perpendicular to this as axis of^. 

Then the frustriim is formed by the revolution of an arc of a circle about Ox. 

The limiting values of x are — i and 2, and it follows, as in the previous cxamplci 
that 


Volume 


Tiy'dx 


= j 

= pir ^ dx — IT j x^dx 


= 27 ir - 3^ 

=r 75'4 cubic inches 


Example (5 ). — Frove the formula for the volume of the frustum of a cone. 

^ . A(a> + ai + f’) 

3 

Let the trapezium A BCD rotate about AB, so as to generate a frustum of a cone. 



Fto. 17®. 
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Produce CD and BA to meet at O. 

Take O as origin, OA as axis of x, and a straight line parallel to BC as axis of y. 
Let OB = OA = //„ BC = < 5 , AD = a, AB = A. 

Then at any point P _y) on CD 


yb hx 

- = ;j-.and^ = ^ 


also a = -T— 


Volume of frustum 


iry'dx 


(\s'x‘ irb'/’ii' -h.\ 
-"(A 


= ^ . ,4 . (a’ + o3 + i’) 


Examples. — CV. 

1 . Find by integration the volume of a cone having radius of base 3 ins., height 
4 ins. 

2 . Find by integration the volume of the frustum of a cone, the radii of the two 
ends being 2 ins. and 4 ins. respectively, and the height 3 ins. 

3 . The curve rotates about the axis of x. Find the volume of the portion 

of the solid of revolution generated which lies between the origin and the section at 
x= 3 . _ 

4 . The parabola y = 2 /^x rotates about the axis of x. Find the volume of the 
paraboloid of revolution generated between the origin and the section at x = 4. 

6. A sphere of radius 6 ins. is cut by tu'o parallel planes on opposite sides of the 
centre at distances 4 ins. and i in. from the centre. Find the volumes of the frustum 
between the two sections, and of the smaller segment cut off from the sphere by tlie 
plane at a distance of 4 ins. from the centre. 

Note. — Do not use the formula, but perform the integration in full. 

6. Find the volume of a frustum of a sphere of radius 4 ins., which is cut off by 
two parallel planes on opposite sides of the centre, and distant 3 ins. from the centre. 

7 . Prove the formula, given in § 44, for the volume of a zone of a sphere. 

j/2 

8. The ellipse — d-'- = 1 rotates .about the axis of x. Find the volume of the 

16 9 

ellipsoid of revolution which it generates. 

9 . The curve ~ x“ — 2x 2 rotates about the axis of x. Find the volume of 
the solid of revolution generated between the sections at ~ o and x = 2. 

10 . The curve j rotates about the axis of x. Find the volume enclosed by 

the suriirce of revolution generated and the sections x = a and x — b. Given y — m 
when X = a \ bj and n are known constants. 

11 . The figure formed by the curve y^ — 4Jr*, the axis of y^ and the straight line 
y — ^ rotates about the axis of /. Find the volume of the solid of revolution 
generated. 


201. Graphic Determination of Volumes enclosed by Surfaces of 
Revolution. — Instead of having the equation to the generating curve given 
as in the above examples, we may have the form of the curve given by a list 
of tabulated values. 

The volume enclosed by the surface = ^ iry'^dx may then be found by 
a graphic method. 
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Example.— 7%^ following are corresponding values of y and x for a certain cui've. 
This curve rotates about the axis of x so as to gefierate a surface of revolution. Fifid the 
volume enclosed by this surface and the two end sections^ where = 2’4 and x = 10*6. 


X inches 

2-4 

4*6 

7 

9'4 

io’6 

y inches 

I'SS 

213 

2-32 

1*65 

0 


Plotting these values of y and x^ we get the curve PQ. 



The volume enclosed by the surface of revolution generated by the rotation of this 


curve and the ordinate NP about the axis 


not 

of jc is I 

} 2-4 


iry'^dx 


"f 

J 2 4 


y^dx 


Taking values of from the curve PQ, squaring them, and plotting, we get the 
curve RS representing y^ as a function of x. The area between this curve and the 
axis of X from x = 2’4 to jr = I0'6 is found by Simpson’s rule to be 32*16. This is 

r o G 

y'^dx. 


the required volume of the surface of revolution is 



= IT X 32'i 6 = loi cub. ins. 



33<5 


Practical Mathematics 


In practice it is not necessary actually to draw the curve RS. In the formula for 
Simpson’s rule we may substitute the values of the squares of the ordinates taken from 
the curve PQ at the proper intervals. The result will give the area under the curve 
RS, which is equal to jy^dx. 

The student should, however, in working the first few examples, draw both curves 
as in the above examples, until he has become familiar with the method. 

Examples. — CVI. 

The curves given by the following lists of values of x and y rotate about the axis 
of X. Find the volumes of the solids of revolution which they generate between the 
specified limits. 


1 . 


X inches 

2 

3 

4 

5 

6 

7 

y inches 

5-15 

5-54 

5 63 

i 

5*46 



4- 80 

3-86 


Ilctween x = 2 and ar = 8 . 

2 . 


.r inches . 

0 

10 

15 

20 

25 

y inches . . 

10 

6'93 

7-21 

, 9 ‘ 8 o 

15 ’03 


Between a: = o and jr = 25. 


3 . 


X inches 

0 1 

1-5 

2 2-5 

3 3 S 

40 

y inches 

05 09 

1-05 

117 1-24 

I'2 105 

0-8 


Between x = 0 and = 4. 

4 . 


X inches . . 

I '99 

2'8o 

3-4*2 

3-919 

4-359 

4-75 

y inches . . 

1-8 1 

1 

I -6 

1-4 

I '2 

I 

0-8 


Between x = 2 .and x = 4’ 5. 

6 . 


X feet . 

o'S 

1-4 

2 2'7 

3-5 

4-2 

4-6 

5-3 

y inches 

12-37 

so 

1262 11-78 

10-89 

10-56 

10-45 

10-69 


Between x = 0 5 and ;r = 6. 
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0 . A buoy is in the form of a solid of revolution floating with its axis vertical, is 
its diameter at depth A below the surface of the water. Find the weight of water 
displaced by the buoy. One cubic foot of sea water weighs 64’ 1 1 lbs. 


Depth below water-line (feet) 

1 

0 

0.5 

0-9 

1 

1-25 

1 

1-50 

I -So 

2 

Diameter (feet) .... 

6 

5 ‘90 

S-8 

5-55 

5-25 

470 

4'20 


The bottom of the buoy is flat, and at a depth of 2 ft. 



CHAPTER XXV 


CENTRES OF GRAVITY 

202. In Chapter XXI. we defined the centre of gravity of a number of weights 
supposed concentrated at isolated points, and obtained expressions for its 
position. 

If (pc^y) are the co-ordinates of the centre of gravity of weights Wj, 

. . . situated at the points y^X (x^, y^) ■ ■ • then 


- _ fn^x^ + + m^x^ + - • • _ 2(wJir) 

Wj + + W3 + . . . 2(w) 

y - «”i.ri + ’"1^2 + »”.o 'a + ■ • ■ _ ^(»iy) 
mi + m2 + + . . . 2(/;z) 


203. Centre of Gravity of Distributed Masses. — If any figure is cut 
out in a thin stiff uniform material, such as sheet metal or cardboard, there 
is a certain point in the plane of the figure through which its resultant weight 
always acts so that the figure will balance if supported only at this point. 

In this sense we speak of the centre of gravity, or centre of mass, of a 
plane area. The position of the centre of gravity will evidently depend only 
on the shape of the figure, and not on its material, so that in finding the 
centre of gravity of a figure we may take the area of any portion as equal to 
its weight. 

The centre of gravity of a figure is also known as the centre of area, or 
centroid. 

In the same way every solid body has a centre of gravity through which 
the resultant weight always acts. 

We may suppose the number of isolated masses enclosed in a given 
space to be indefinitely increased, and at the same time the magnitude of 
each mass to be diminished so that in the limit a continuous solid body is 
formed. Then the definition of the centre of gravity of a number of isolated 
weights may be extended to the case of a continuous solid body. 

I'.XAMri.E. — Fml the abscissa of the centre of gravity of the area given in the figure. 

Divide the area into ten strips of equal width by straight lines parallel to the 
axis of>'. 

Take the weight of each strip as numerically equal to its area, and assume this 
weight to act at the centre of gravity of the strip. 

If the strips are sufficiently narrow, the centre of gravity of each strip may be 
supposed to lie on the ordinate drawn at the mid point of the base of that strip ; e.g. 
in the figure the centre of gravity of the second strip is at G. 

We now have, if (.r, y) are the co-ordinates of the centre of gravity, 

' ~ “2^^' approximately 

uhcre m is the area of a strip, and x the abscissa of the mid point of its base. 
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is obtained by multiplying the base of each strip by its mean height to get 
the area, and then multiplying the result by the abscissa of the mid point of the base, 
and adding the results. 

2(w) is the whole area of the figure. 


. \ 62-96 

. . 2(wjr) = — = 2'o? 

3064 ^ 


the centre of gravity lies in the ordinate AB. 

Similarly, the ordinate of the centre of gravity maybe found by dividing the area 
into strips parallel to Or. 



204. Centre of Gravity of an Area by Integration. — The accuracy of 
the method described in the last paragraph depends on the number of strips 
into which we divide the area. If_the area is divided into 20 parts instead 
of into 10, the resulting value of jr will be nearer to the exact value of the 
abscissa of the centre of gravity, and so on. 

If Sx is the width and / the mean height of a strip, then the area of that 
strip, which is proportional to its mass, is /Sjt', and 

The exact value of x is the limiting value of this expression, as the 
number of divisions is indefinitely increased, i.e. when 5jr is indefinitely 
diminished. • 
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where a and b are the values of x for the area considered. 

Similarly, since the ordinate of the centre of gravity of a strip is we 

have 


and in the limit 



Thus, if the equation to the bounding curve is known, we may be able to 
evaluate these integrals, and so find the position of the centre of gravity. 


ExamI'LK {l).— Find the centre of gravity of a tria?igU. 



In tlic triangle ABC draw AN perpendicular to BC. 
Take A as origin of rectangular co-ordinates, and AN as 
axis of X. 

I.et AN = //, BN == /. 

First find the centre of gravity of the triangle ANB. 

y P 

Then the equation to the straight line AB is - 

X h 



-4 , since p and h are constants, 

J/’'- 





z 


Similarly, for the triangle ANC, x = \h. It follows that x — \h for the whole 
triangle. 

Similarly, the centre of gravity is at a distance of J of the height measured from 
any other side of the triangle, and its position is completely determined. 


Example ( 2 ). — Find the centre of gravity of the area hounded by the parabola 
y — o'2ar* + I, axis of x, and the ordinates at x = ^ and jc = 5. 
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We have 


7 > 

J. 

1. 


{ 0 - 2 X^ + x)(fx 


{Q'2x‘^ + l)(fx 


1 

-J* 

1 . 20 '^ 2 Jj 

3?'2 

1 

x-i: ^ 

8-53-'" 



J 

I ydx 

' a 


— J 


2 

’ 8-53 




the centre of gravity is at the point (4'I25, z‘24). 

The student should draw the figure to illustrate this example. 


Examples.— evil. 

1 . Find by integration the centre of gravity of an isosceles triangle, having its 
base 6 inches, and height 4 inches. 

Find the centres of gravity of the areas bounded by the following curves, the axis 
of JT, and the ordinates at the points specified : — 

2. >/ = x^ between x — o and x = \. 3 . y — 2x^ between x ~ i and x =z 4. 

4. y — x^ between x = o and x: = l. 6. y = x^ between x i and x = 2. 

6. y = between x = o and x = 27. 

7 . A trapezium is bounded by the ordinates //, at x = a, and >^2 at jr = 3 , the axis 
of Xj and the straight line joining the heads of the ordinates and ^3. Find the 
co-ordinates of its centre of gravity by integration. 

Find the abscissae of the centres of gravity of the areas bounded by the following 
curves, the axis of x, and the ordinates at the points specified : — 

8 . y = x-i- fj X between x = o and x = i. 

0 . y = x^ — 2x 2 between x = 0 and x = 3, Plot the curve. 

10 . Find the position of the centre of gravity of a semi-circle of radius a. 

11 , Find the position of the centre of gravity of the parabolic spaiidril bounded 
by the parabola ^ — y = 2^ a, and the axes of x and y. 


206. Centre of Gravity^of an Area — Graphic Method. — The graphic 
method may now be put into a more concise and accurate form than in § 203 . 
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With the same notation as before, we have shown that 



If we do not know the equation of the bounding curve or cannot evaluate 
the above integrals, we may find their values by the graphic method. 


Example. — The following aie corresponding values of x and y for a certain curves 
find the abscissa of the ce?it7‘e of gravity of the area e?icloseJ by this curve^ the ordinates 
at X ■=. \ and x — 5 ' 3 , and the axis of x. 


X 

I 

IS 

2 

2*5 

3 3*5 

4 

45 5 

V 

35 ^ 

3-45 

316 

267 

200 1-56 



1 40 

1-40 i'65 


Plotting the given values of x and^ we get the curve PQ. 



yalues of X 


Fig. I Sow 
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We know that 



The denominator is equal to the area PQBA^ which is found to be 9 '64. 

To find the numerator we require to plot the values of xy. 

Multiplying the given corresponding pairs of values of x and y wc obtain the 
following values : — 


xy 

3-52 

CO 

6'32 

6-675 

6-00 

5-46 

5 60 

630 

8-25 

io'6 

y 

I 2'39 

1 1 -90 

999 

713 

4'oo 

2*43 

I '96 

i'96 

2-72 

400 


Plotting these values of xy we get the curve RS- 
The area RSBA is found to be 26’44. 


Also we have 


/: 


xydx — 26 '44 

, 26*44 

and X = - 7 - — 2' 74 

964 

[H 

I y^dx 
— 


To find J y-dx we require to plot the values of y-. Calculating these as shown 

above, and plotting, we get the curve TQ. 

The area TQBA is found to be 24 44 


, - _ 4 24:44= 1-27 
"^-*■9-64 

the centre of gravity is at the point G whose co-ordinates are 2^74, 1'2’j. 

In practice the curves RS and TQ need not be drawn ; the values of xy and y‘ 
necessary for the calculation of the integrals may be found from the curve PQ. 

Note that this method of finding^ has only been shown to apply when the base of 
the area consider ed is the axis of x. T^ find y in other cases wc may divide the area 
into elements parallel to the axis of x ; y is then given by the relation 


_ j ^y'<y 

y = 


where c and d are the limiting values of j, and x denotes the width of the figure 
measured parallel to the axis of x. 


Examples. — CVUI. 

1 . A curve passes through the following points. Find the abscissa of the centre 
of gravity of the area enclosed by this curve, the ordinates at x = o' ^ and x = 6 5’ 
and the axis of x. • 
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X 

0-5 

1-2 2-3 

32 

Lri 

5'4 

y 

. 1 

3'6 j 27 

2'45 

2-34 

2 43 


6 I 


6-5 


2-6 I 275 


2 . Tlic height of a certain figure is measured at different points along the axis of 
r, as given in tlic following table. Find the abscissa of its centre of gravity. 


X 

03 

1 

1-5 

20 

26 

32 

3 ‘5 

4 'o 

4’4 

y 

0 

0'42 

0-585 

076 

I -055 

I -53 

2-4 

219 

1-92 


50 5‘3 


115 o 


3 . Plot a curve from the following values of x and y. I'ind the abscissa of the 
entre of gravity of the area enclosed by this curve, the line_;' = lo, and the ordinates 
t jr = 20 and x = 40. 


X 

20 

26 

30 

32'5 

36 

’ \ 

303 

461 

58 

65-9 

1 

77-6 


3S 


40 


84*6 I 9i'9 


4 . Find the co-ordinates of the centre of gravity of the area enclosed by the curve 
;iven by the follow'ing values, the ordinates at jc = 3‘i and x = 5 '2, and the axis 
ifx - 


X 

\ 310 

3-56 

41 

4 85 

5-20 

y 

i 

1 22-47 

19-19 

*5-97 

12-85 

11-72 


6. Find the co-ordinates of the centre of gravity of the area within the closed 
urve, which passes through the following points in the order given : — 


X 

i-i 

-- ^ 

1-8 

2-6 

3'S 


5-2 

5'35 

51 

4-3 

3-1 

2-0 1-2 

! 

07 

1 

o'6 

1 

I-I 

y 

I -O 

0-3 

0-08 

0-40 

0-7 

1-7 

1 

2-6 

375 

i 

517 

5-83 

5'5 ! 4-6 

325 

2-1 

I -0 


6 . Find by the graphic method the position of the centre of gravity of the 
uadrant of a circle of radius 4 ins. Also find the centre of gravity by experiment, 
nd compare the results. 

7 . The equation to half of an ellipse is ^ = V l — o'25ji:'‘‘. Plot this curve, and 
ind by the graphic method the centre of gravity of the area enclosed between this 
urve and the axis of x. 

8. ABCD is the section of a bar. AB, BC, CD are three adjacent sides of a 

egular hexagon. AD measures I ft. Find by the graphic method the position of 
le centre of gravity of the section. * 
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200, Centre of Gravity of a Curve, 

Example. — 77/tf curve shown in the figure represents a thin unifor/n wire. Find 
the position of its centre of gravity. 


■ 

m 


a 

■ 


s 

a 

a 

a 

■ 

B 


■ 

■ 






a 

1 

■ 



1 





























■ 









1 






















0 I 2 3 4 5 ^ 

Fig. i3i. 


Divide the curve into small elements of some convenient length. Then each 
element is approximately a short straight rod, and its centre of gravity is situated at 
its mid poinL 

In this case we divide the curve into elements \ in. long. Take the mass of each 
i in. element as the unit of mass. The length of the last element at B is 0115 in., 
and its mass is therefore O’ ^6. 

Take any convenient axes of x and j/. Then, since 

- __ ^{mx) - _ ^{/ny) 

We shall obtain the approximate position of the centre of gravity by the following 
method : — 

Multiply the mass of each element by the value of x at its mid point, and add the 
products obtained. Divide the sum by the total mass of the curve. The result is the 
abscissa of the centre of gravity. In the same way the ordinate of the centre of gravity 
may be found. 

Substituting the values from the curve, we find 
- ^{/nx) 5 1 "28 

_48;26 _ 

^ 2(m) 15-46 ^ 

Thus the centre of gravity is at the point G (3-32, 3-12) in the figure. 


Examples.— CIX. 

1 . Plot a curve from the following values of x and y. Find the co-ordinates^ of 
the centre of gravity of a uniform j^'ire bent into this shape, the ends of the wire being 
at the points (o‘7, 3 54) and (5, 6). 
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X 

07 

i’3 

2'0 

2-6 

3 4 

40 

y 

3'54 

4‘35 


5’4 

575 

5-91 


2. A curve passes through the following points in the order given. Find the 
position of its centre of gravity. 


X 


n j 

^7 

21 

26 

3<5 

45 

48 

50 

53 

6z-6 

66 

677 

61 

y 


20 

29 

3S 

43 

1 

45 

38 s 

1 

33'5 

1 

27 

18 

15 

18 

24 

31 


3 . Find the position of the centre of gravity of the perimeter of the figure in 
example cviii. 5. 

4 . Find by the graphic method the position of the centre of gravity of the arc of a 
semicircle of radius 4 inches. 

6. Draw an arc of a circle of radius 10 inches, subtending a chord of length 5 
inches. P'ind the distance of the centre of gravity of the arc from the curve. 


207. Centre of Gravity of a Solid of Uniform Density. 



Fig. i8a. 


Take a fixed axis of x in the body. Divide the body into thin plates by 
a series of planes perpendicular to the axis of x. 

Let Sjr be the thickness of any plate and A its area. Then its volume, 
which is proportional to its mass, is A5j-. And 

^ ^ iipproximalely 

the values of x in the numerator being measured to some point within 
the corresponding thin plate. 

In the limit, as Sx is diminished and the number of divisions increased, 
this becomes 

I Axiix 

i = 

/;- 

where a and are the values of x for the two end sections. 

The law connecting A and x may be given by means of an equation or 
by an empirical series of values obtained by measurement at various points 
along the axis. In the latter case the abovf integrals may be found by a 
graphic method. 
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Examtle. — The cross-sectional area A of a certain body of ntiijorm density is 
measured at right angles to a fixed axis in the body, x is the distance of a section fi om a 
fixed point on this axis. 

The follcnving table gives corresponding values of A and x. Find the value of x at 
the centre of gravity of the body. 



PloUing A and x we get the curve PQ. 



Values of X 


Fic- jBj. 


The value of j Adx is the area between this curve and the axis of x. 
This is found to be 26 ■2. 


To fmd the value of the numerator we recjuire to plot the values cf Ax and x. 
Multiplying the given values of A and x in pairs we get the values of Ax ps 
follows : — • 
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X 

i .-4 

2 ! 

3 

4 

5 

6 

Ax 

i 

■ 1 ■■■ 

0 3*5 

i 

i 

^5 

20 

24 

26 


Plolling these values we get the curve PS. 

Then the value of j Axdx is the area between PS anti the axis of x. 
This is found to be 107' 7. 

- 1077 

'2^2" = 4-11 


7 

27 


i.f. the centre of gravity is situated in that section of the solid for which x = 4’ii. 


208 . Centre of Gravity of a Solid of Revolution.— This is a special 
case of the last method. 

The sections of the solid by planes perpendicular to the axis of revolution 
are circles. Let the solid be cut by such planes into thin circular discs of 
thickness Sx- and radius then A and we have 


, /' 

I 




Adx 



LXAMl’l.E (i). — Find the centre of gravity of a solid hemisphere^ 



Let a be the radius of the hemisphere. Take 
the centre as origin and the radius perpendicular to 
the plane surface as axis of x. 

Then the hemisphere is a solid of revolution 
formed when the quadrant of a circle of radius a 
revolves about the axis of x. 



where (jv, y) are the co-ordinates of any point on the 
generating curve. 

But we have jc"' +y‘ = and substituting 
y^ in the above, 


. /: 


{a~x — x^)dx 


I?- 


x^)dx 



3 


= la 


Fic. 1B4. 
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The centre of [^avity of a solid hemisphere is on the axis at a distance of ^ of the 
radius from the centre. 


Example (2). — T/ie cwve y = 3 d- ^ revolves about the axis of x so as to generate a 

solid of revolution. Find the centre of gravity of the portion of this solid which lies 
between the sections at x — 1 and x = 4‘8. 


We have 




xy'^dx 


J 


/;v 


i6\ 

9 A- + 24 4- -- lix 


1^9 . + 24r + 16 J 


[9^ + 24 


i6l^a 
a 


= il5'? 5-, 9 

3i'97 


Since the body is symmetrical with respect to the axis of j:, we also know that the 
centre of gravity lies on the axis of or, and its position has been completely determined. 


Examples. — CX. 

1. Find the centre of gravity of the cone formed by the straight line y = 
rotating about the axis of x, the base of the cone being a plane perpendicular to Ox 
at the point x = 6. 

2 . Find the centre of gravity of the frustum of the cone in example i, which lies 
between the sections at x- = 3 and x — 6. 

3 . Prove that the centre of gravity of a right circular cone of height h lies at a 
distance ^h from the vertex. 

4 . The radii of the ends of a frustum of a cone are 3 and 7 ins. respectivedy, and 
its height is 9 ins. Find the distance of its centre of gravity from the smaller end. 

5 . Find tlie position of the centre of gravity of the frustum of a sphere of radius 
5 ins. The radii of the plane faces are 4 and 3 ins. 

0. The curve y = x- — 2X -j- 2 rotates about the axis of x. Find the centre of 
gravity of the solid of revolution generated between the sections at jc = o and jr = 3. 

7 . The parabola jP = l6.\lx rotates about the axis of x. Find the position of the 
centre of gravity of the paraboloid of revolution which is generated between jr = o 
and jr = 16. 

8 . Find the centre of gravity of the portion of the same paraboloid lying between 
sections at jr = 4 and x = g. 


200. Centre of Gravity of a Solid of Revolution— Graphic Method. 

liXAMPLE. — The cui-ve given by the following values of x and y I'evolves about the 
axis of X. Find the centre of gravity of the solid of revolution which it gemrates 
betwee7i the end sections at x ~ 1 aifd x — g. 
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X 

3 

! 

37 

r 

4'3 

5 

S ‘5 

6-3 

7 

7 ‘5 

8 

8 6 

9 

y 

I 

1*10 

rig 

I 30 

>‘395 

I *60 

I -85 

2*10 

2 43 

2-925 

3’35 


I 

1*21 

1*42 

1-69 

*■95. 

2-56 

3‘42 

4-41 

5-90 

S-SS 

11*22 

jry* 

3 

4'5 

6*1 

8.4 

107 

i6r 

239 

330 

47-2 

73-6 

Tor 


We have 


Calciilaling the values of 
ihe curve PQ. 



as shown in the lliird line aliove, and plotting, we pet 



The area between this curve and the axis of jc is found to be 20‘l. 

^Vjr = 20'I 

Multiplying in pairs the corresponding numbers in the first and third lines, we get 
the values of given in the fourth line. 
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Plotting these, we get the curve RS. 

The area between this curve and the axis of x is found to be I42’5. 



xy^dx = I 42'5 


- M2'5 

X — — - = 7 ’i 

'jn’f • 


Examples. — CXI. 

1 . The curve given by the following values of y and x rotates about the axis of x. 
Find the position of the centre of gravity of the solid of revolution which it generates. 


X 

1 

2 

2-8 

3-5 j 

4-5 

i 

5-5 

6-4 

7-3 

80 

y 

1 

1 

206 

2*71 

3'25 

3 “39 

3 ' 3 o 

2 '8 o 

1*80 


2 . Find llie position of the centre of gravity of the solid of revolution specified in 
Examples CVI., 1. 

3 . Find the position of the centre of gravity of a solid hemisphere of 5 inches 
radius by the graphic method, and compare with the result obtained by direct 
integration. 

4 . A as the area of the vertical cross-section of a solid at distance x from one end. 
Find the distance of the centre of gravity from that end. 


xft. 

0 

25 

50 

1 

100 

150 

206 

230 

1 24]0 

1 250 

A sq. ft. 

« 

145 

214 

i 

260 

277 

250 

188 

140 

1 


6. Find the centre of gravity of the water displaced by the buoy whose dimensions 
are given in Example CVI., 6. 


210. Theorem of Pappus for the Volume of a Ring. — A closed figure 
rotates about an axis in its plane so as to generate a ring. To find the 
volume of the ring. 

Divide the total area A of the rotating figure into small elements of area 
SA, and let x be the distance of any element from the axis of rotation PQ. 
Then the element 5 A traces out a thin circular ring of radius x. 

The volume of this ring is zttjtSA, and the volume of the ring generated 
by the whole area A is the sum of the terms 27 rjr 5 A for all the elements 5 A. 

But if we divide an area A into small elements and multiply each element 
by its distance x from an axis, the sum of the products is in the limit equal 
to . A {yide p. 297 ) where jris the distance of the centre of gravity of the area 
from PQ. _ 

.■. the volume of the ring = 2itx.Pk \ i.e. it is equal to the area of the 
rotating figure multiplied by the circumference of the circle traced out by its 
centre of gravity. • 
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In the same way it follows that if the area A does not rotate through a 
whole circle, the volume traced out is equal to the area A multiplied by the 
length of the path of its centre of gravity. 



If A rotates through an angle 6 radians, then the volume of the solid 
traced out is ^ . ar . A. 


211. Thoorcin of Pappus for the Area of the Surface of a Ring. — 
Let a closed curve of perimeter S rotate about an axis in its plane so as to 
generate a ring. To find the area of the surface of the ring. 

Divide the perimeter S into small elements 5S (Fig. i86). 

Let X be the distance of 5S from the axis of rotation PQ. Then 5S traces 
out a ring whose area is 27r.a*5S. 

'flic whole area is therefore 

27r2.r5S = 27r.rS 

where x now refers to the centre of gravity of the perimeter S and not to the 
centre of gravity of the area A of the figure. 

Thus the area of the surface of a ring is equal to the length of the 
generating curve multiplied by the length of the path traced out by its 
centre of gravity. 

If S is not a closed curve this method gives the area of one side of the 
surface of revolutiun which it traces out. 


Norn, — These theorems are somcllmes atliihuted to Giildin, who published Ihem 
in the .sixteenth century. They had, however, been previously discovered by Pappus in 
the third century, A.n. 

ICXAMl'l.K (l). — I'ifid an expression for the volume and area of the surface of an 
anchor nn^. 

An anchor ring is generated when a circle rotates about an axis in iU plane. Let 
r be the radiu.'^ of the rotating circle, and R the radius of the circle traced out by its 
centre (Fig. l86). 


Then the area of the rotating circle = 

I.cnglh of path of its centre of gravity — 2irR 

volume of anchc ring — 2ir*Rf', 
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To find the area of the surface we have 

Perimeter of rotating curve — 2irr 
Length of path of its centre of gravity = 27rR 

area of surface of anchor ring — 4ir-R ’ r 

Example (2). — The awe whose cefitre of ^avity was found in § 206, revolves about 
the axis of x so as to geiierate a surface of revolution. Find the area of this surface. 

We found that the length of the curve was 3’S65 inches, and the ordinate of its 
centre of gravity was 3'I2 half-inch units = i’56 inches. 

the centre of gravity traces out a circular path of radius r56 inches. 

The area of the surface is 

3'S65 X 2 t X 1*56 = 38'5 square inches 

This is, of course, the area of one side only of the surface. 

Example (3). — Find the centre of gravity of the arc of a semicircle^ having given 
that the area of the surface of a sphere of radius r is 4-7r^-, and that the circumference 
of a circle of radius r is 2 irr. 

The sphere may be regarded as being generated by the revolution of a semicircle 
about a diameter. 

If .r be the distance of the centre of gravity of the curve from the axis, the length 
of the path of the centre of gravity is 27 r:v. 

Also length of curve -- ‘trr. 

Area of surface of sphere — vr . 2 Trx 
2 n-rx — 4T/ - 

X -- — o '6 ') 6 r 

IT 

the centre of gravity of a semicircle is on the middle radius at a distance 

2 

r = o'636r from the centre. 


Examples.— CXII. 

1 . The mean radius of the rim of a cast-iron 11 } wheel is 3 ft., width 9 ins., thick- 
ness, measured in direction of radius, 6 ins. iMiid its weiglit. i cub. in. of cast iron 
weighs O' 26 lb. 

2 . The cross-scclion of an anchor ring is an ellipse, of which the principal 
diameters are 3 ins. and 15 ins, t he mean diameter of the ring is 18 ins. Find its 
volume. 

3 . Verify by the theorem of Pappus that the volume of a cone is one- third of the 
volume of a cylinder of the same height on the same base. 

4 . The mean diameter of a pneumatic tyre is 28 ins. The inside diameter of the 
air tube when the tyre is inflated in position is i'3 ins. What volume of air will it 
hold ? How many square inches of indiarubber are needed to make the inner tube ? 

6. P'ind the weight of a wrought-iron ring whose cross-section is an ellipse. 
Radius of ring measured to centre of ellipse — 13 ins. Principal diameters of ellipse 
3 ins. and 2 ins. l cub. in. of wrought iron weighs 0'28 lb. 

0 . A bend in a wrought-iron pipe is in the form of the quadrant of a circle of mean 
radius ins. The bore is 2 ins., and the thickness of the metal o' 1 76 in. Find the 
weight of the bend. 



CHAPTER XXVI 


MOMENTS OP INERTIA 

212 . If a mass rn moves along a straight line with uniform velocity v and 
without rotating, we know that its kinetic energy is equal to This 

quantity measures the amount of work which the body will do against a 
resistance before coming to rest. 

We may, however, wish to know the kinetic energy of a rotating body, 
such as a flywheel. In this case the different parts of the body are moving 
with clifiercnt velocities, and there is no single value of v for the whole body 
as in the former instance. 

Wc require find some method of calculating the kinetic energy of a 
rotating body. 

First consider a simple case, such as the following : — 

Masses of 5, 4, 6, and 9 units are fixed on a 
light rigid framework, whose mass may be 
neglected, at distances of 3, 2, 3*5, and 2‘5 ft. 
from an axis about which the whole framework 
rotates at the uniform rate of u radians per 
second. 

Find the total kinetic energy of the four 
masses. 

The mass of 5 units is tracing out an arc of 
3 £i> per second, i.e. at any instant the linear ve- 
locity of the mass of 5 units is 3(u ft. per second. 
Therefore its kinetic energy is ^ . 5 . 3'^ . 

Similarly the kinetic energy of the mass of 
4 units is ^ . 4 . 2^ . and so on. 

The whole kinetic energy is 

J(s 3’ + 4 X 2= + 6 X + 9 X 2 -fy = 1 . 1907s X 

The whole mass is 24, and 

19075 = 24 X 8-25 = 24 X (2-82)2 

the total kinetic energy is ^ . 24 (2-82)2 ^^2^ 

This is the same as if the whole mass of 24 units were concentrated in a 
ring at a distance of 2‘82 ft. from the axis. 

The radius 2 82 ft. is called the radius of gyration. It is the root mean 
square of the distances of all the separate units of mass from the axis. 

If we have any number of masses m at various distances r from the axis, 
and if M is the total mass and k the radius of gyration, then, as in the above 
example, 



M^2 = 
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where 2(wr-) denotes the result of multiplying each mass by the square o( 
its distance from the axis and adding the results. 

The quantity 2 is called the moment of inertia of the whole 
mass about the axis. 


213. Moment of Inertia of a Continuous Rigid Body. — In actual 
cases, however, which occur in experience, we have to deal with the rotation 
of bodies whose mass is not collected at a few isolated points, as in the 
above example, but is spread throughout the whole of the body. In such 
cases we can find the moment of inertia by integration. 

Example (i). — FM the ynoment of inertia of a solid wheeJ^ of uniform density and 
thickness^ about an axis^ through its centre and perpendicular 
to its plane. 

Let a be the radius of the wheel, m the mass of a 
portion i sq. ft. in area, and of thickness equal to the thick- 
ness of the wheel, and M the mass of the whole wheel. 

Divide the wheel into thin concentric rings of radius r 
and radial thickness 

Then the mass of any one ring is m . ZTrrSr. 

The moment of inertia of one ring is m . zrrrSr . = 

. mSr. 

The moment of inertia of the whole wheel is the limit 
of the Slim of the terms 2vr^mSr for all the rings from 
— o lo r = when is taken smaller and smaller. 


the moment of inertia 

'1 he mass of the whole wheel is va^m 

moment of inertia = va-m. = M— , and h’ — — 

2 2 2 

i.e. the energy of the rotating wheel is the same as if its whole mass were concentrated 
a 

in a ring of radius =; o joja. 


/: 


— I ZTrr^mffr — 



Exampi.e (2). — /"ind the moment of inertia of a uniform rectangle^ of length a and 
breadth h, about an axis through its centre 


parallel to the side b. 

In speaking of the moment of inertia of 
an area, w'e shall take the mass of unit area 
as the unit of mass, so tliat the mass of any 
portion of the figure may be taken as 
numerically equal to its area. 

Take the mid point of the side DC = a 
as origin and axes along and perpendicular 
to DC. 

Divide the rectangle into thin strips of 
breadth Sx and length b by lines parallel to 
Oy. Then mass of one strip = bSx. 

moment of inertia of one strip 

Moment of inertia of whole rectangle = 
indefinitely diminished 



about Oy = bZx . x‘ — bx‘Sx. 

limit of sum of terms bx^8x, when 5 a is 
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j bx^dx 
“2 



Exampi.e (3). — Find the moment of mertia and radius oj gyration of a triangle 
ABC about an axis through A arid parallel to SG. 


A 



Draw AN perpendicular to BC, and lal<e AN as axis of .r ; Icl AN — h. Divide 
the triangle into thin strips parallel to BC. 

Let X be the distance of any strip from A, and dx its width. 

riicn its length = ^. jr, and its mass = jxSx. 


moment of inertia of the strip — - . 

h 


Moment of inertia of whole triangle 




x\lx zr - 


"4 


ah 

1 



2 


and ■= 


//* 

2 


Examples.— CXIII. 

1 . Weights of 5, 7, 12, and 14 lbs. are fixed to a light rigid framework at distances 
of 3, 4, 7, and 2 ins. respectively from a fixed axis. If the whole framework revolves 
about the avis at 300 revolutions per minute, what is the total kinetic energy of the 
weights? At what distance from the axis should they all be placed together so as to 
have the same total kinetic energy ? 

Note. — T o get the kinetic energy in foot-pounds, take 32’2 lbs. as the unit of 
mass, and I ft. as the unit of length. 

2 . Find the moment of inertia about its axis of a hollow cylinder of mass M, inner 
radius b, outer radius a. 

3 . Find the moment of inertia of a thin bar, 3 ft. long, and weighing 3 '5 lbs., 
about an axis through one end and perpendicular to its length. What is its kinetic 
energy when it is rotating about this axis at the rate of 100 revolutions per minute ? 

4 . Find the moment of inertia of a uniform rectangular sheet of metal, 3 ft. by 
4 ft., weighing 6 lbs., about an axis through one of*thc shorter sides. 
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214. Moment of Inertia about Two Perpendicular Axes.-- If \vc 
know the moment of inertia of an area about two perpendicular axes in its 
plane, we can find its moment of inertia 


about a third axis perpendicular to its 
plane. 

Let (a- j/) be the co-ordinates of a 
point P in the area. Then the moment 
of inertia of a small mass SM at P 
about the axis of x is j^5M, and its 
moment of inertia about the axis of y 
is Hut the moment of inertia 

about an axis through O and perpen- 
dicular to the plane of the area is 
;- 25 JV[ ;i- 25M -h ; i.e. the moment 

of inertia of each element of mass 5M 



X 


about an axis through O and perpen- Fm. 191. 

dicLilar to OX and OY is equal to the 

sum of its moments of inertia about OX and OY. It follows by addition that 
this is also the case for the moment of inertia of the whole area, or, if and 
I 2 are the moments of inertia of the area about OX and OY, and I is the 
moment of inertia about OZ, which is perpendicular to OX and OY, then 


I = + I. 


Example,— To jifid the moment of inertia of a circular disc about a diameter. 

We have seen that the moment of inertia about an axis through the centre, and 

a^ 

perpendicular to the plane of the circle, is M- . This is the sum of the moments of 

inertia about two diameters at right angles by the above theorem. 

by symmetry these moments of inertia are equal, and therefore each of them is 

equal to M— ■ 


216, Principle of Parallel Axes. — Given the moment of inertia of a 
body about an axis through its centre of gravity, to find its moment of 


inertia about a parallel axis at a distance h from 
the former. 

Let P be any point in the body, and let a 
plane through P perpendicular to the two axes 
cut the axis through the centre of gravity in G 
and the other axis in O. Then OG = h. 

Produce OG to N, and draw PN perpen- 
dicular to ON. Let PG = r, GN = jr, and let 
there be a small element of mass 5M at P. 
Then the moment of inertia of fiM about the axis 
through O is 

OP2 . 5M = _j_ ^-2 ^ 2/r.r . . . (§ 27) 

The moment of inertia of the whole body 
about the axis through O is therefore 



Fig. iija. 


Ij = + 2/u-)5M 

= + 2(r-5M) + 2//2 (a5M) 


but iSM M, the whole mass of the body 

2(r“5M) = moment of inertia of the body about the axis through G = I 
2 (jrSM) - Ma' = 0 . t 202) 
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where x is the value of x at the centre of gravity, and is zero, since the axis 
at G passes through the centre of gravity. 

/. Ii = I + M . /i^ 

Or, in words, the moment of inertia about any axis is equal to the moment 
of inertia about a parallel axis through the centre of gravity, together with 
the moment of inertia about the former axis of the whole mass supposed 
concentrated at the centre of gravity. 

It follows that the moment of inertia about an axis through the centre of 
gravity is less than about any other parallel axis. 

Example. — To fuid the Moment of inertia of a rec tangle about one edge. 

Let a and h be the length and breadth of the rectangle. 

We have shown that the moment of inertia about an axis through the centre of 
gravity, and parallel to the edge 3 , is 

Wc require the moment of inertia about an axis parallel to this, and at a distance 
from it. 


■ >2 4 3 


Examples. — CXIV, 

1 . I’ind the radius of gyration about one side, of an equilateral triangle whose 
sides arc 6 ins. long. 

2 . Find the radius of gyration of a eircle of radius a about a tangent. 

3. The section of a T-iron is in the form shown in the figure. BC =- 4", 

AB = o' 5 ", DE = 3 ’ 5 ^', EF = 0 ' 5 ". Find the moment 
g ^ of inertia of the area of the section about an axis through 

its centre of gravity parallel to BC. 

4. In the section of a T -iron, BC = 4 ", AB 
EF “ o'5", ED = 2 ‘ 5 ". Find the moment of inertia 
of the area of the seetion about an axis through the 
centre of gravity parallel to BC. 

6. A girder is formed of four equal rectangular 
plates 5” wide and 0*5” thick. In section they enclose 
a rectangle 5" by 3'5", the top and bottom plates over- 
lapping the side plates by o'25” on each side. Find 
the moment of inertia of the area of the section about 
E F an axis through the centre of gravity, and parallel to the 

top and bottom plates. 

Fig. 193. 6. A solid wheel of i ft. radius and uniform thick- 

ness and density weighs 50 lbs. Find its kinetic 
energy in foot-pounds, 1st when it rotates about an axis through its centre and 
perpendicular to its plane, 2nd when it rotates about a parallel axis o'5 in. from the 
former. It makes 20 revolutions per second in both cases. 

7 , What is the moment of inertia about a diameter of the cross-section of a hollow 
cylindrical tube, I in. in outside diameter and in, thick ? 


210. Moment of Inertia of an Area about an Axis in its Plane. 

In general, to. find the moment of inertianof the area, bounded by the 
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curve =J{^) and the axis of jit, about the axis of/, we divide the area into 
thin strips of thickness 5ji- and parallel to Oy. 

Then the mass of each strip is/5jr, and x is its distance from Oy. 

/. its moment of inertia about Oy is and the moment of inertia 



of the whole area about Oy is the limit of as 5.i* is indefinitely 

iliininished. 


moment of inertia about Oy = J x^jWx 

where a and 3 are the limiting values of ;rfor the area considered. 

Similarly, moment of inertia about Ox of the area between a curve and 

the axis of/ = j y'^xdy, where c and d are the limiting values of /. 

If we know the relation between / and x, and can evaluate the above 
integrals, the moments of inertia can be calculated directly. If not, we can 
find the values of the integrals for any particular case by the graphic method. 


Example. — Tite shape of the quarter section of a hollow pillar is given by the 
following table.' The axes of x and y are the shortest and longest diameters. The other 
three quarter sections are equal and symmetrically placed to the one showsi. Pind the 
moment of inertia of the section about the axes of x and y. 


X ins. 

o 

I 

I '5 

20 

22 

2-3 

30 

32 

33 

Outside /| ins. 

6 1 

5-76 

5 '44 

4’99 

475 

464 

30 

1 

20 

0 

Inside /j ins. . 

5 

4 "47 


2'SO 

I 90 

0 

— 

— 

— 


Plotting these values we get the form of the quarter section ABCD. 

p-3 

The moment of inertia about Oy is J yx'^dxj where / is the height of a strip of 
the area parallel to O/, i.e. y = y^ — y^. 

Accordingly we measure a number of values of y at suitable intervals, multiply 
each by the corresponding valuetf)f jt-, and plot the curve so obtained. 
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X 

0 

05 

1 

1-5 

2'0 

2-1 

2-2 

2-3 

2'5 

2-8 

3-0 

31 

32 

33 

y 

I 

I'l 

129 

1-59 

217 

2'42 

3 - 8 S 

4-64 

433 

365 

3-0 

2'6o 

20 

0 

yx- 

0 

0-2JS 

1-29 

389 

8-68 

10 62 

18-63 

245 

2707 

28-6 

27 

24 ' 9 S 

2048 

0 


Plotting the calculated values of yx* as ordinates, and the values of x as abscissx, 
we get the curve OFD. 

Then moment of inertia of quarter section about Oy 

r -3 

yx'^dx — area OFD 


= 35-45 

■ 

and the moment of inertia of the whole section about Oy is 4 X 35'45 “ I4i'8. 
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f. 


To find the moment of inertia about the axis of x, we require to find the value of 

where x denotes the width of the area ABCD measured parallel to Ojt. 

Calculating the values of xj/^ and plotting, we get the curve AHO. 

Then moment of inertia of quarter section about 


o*= xy^dy = area AHO = 937 

and the moment of inertia of the whole section about Oat is 4 X 93 7 = 374 ' 8 . 


Examples. — CXV. 

1. The section of a solid pillar is a regular hexagon, whose sides measure 6 ins. 
Find the moment of inertia of this section about a diameter by the graphic method, 
and verify your result by integration. 

2. The quarter section of a solid beam is given by the following ordinates and 
abscissEc. The axes of x and y are the shortest and longest diameters of the section 
which is symmetrical with respect to these axes. Find the moment of inertia of the 
whole section about Oy. 


X 

0 

1 

r 6 

2 

2-2 

2-6 

3 

3 ‘4 

y 

7 

676 

6-4 

6 

5'8 

S’27 

1 

1 4’6 

3-6 
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PART/AL DIFFEREMT/ATION 

217. Function of Two or more Variables. — We have already met with 
many instances in which there were two variable quantities connected in 
such a way that if the value of one w'^as fixed the value of the other was 
determined. In such a case the second variable was called a function of the 
first. 

It is also possible for a variable to be a function of two or more other 
variables. 

Suppose, for instance, that a point P can move about on a fixed surface 
such as that of a sphere (Fig. 196). Let its position be denoted by its 
rectangular co-ordinates (x, z) with respect to fixed rectangular axes 
through the centre of the sphere. 

Then the co-ordinate z is a function of the two co-ordinates x and y. 

For, \i y alone is known, the point P may lie anywhere on a line such as 
AB, and the value of^ is not determined. 

Similarly, if x alone is known, the point may be anywhere on a line such 
as CD, and the value of z is not determined. 

If both X and_y are known, P can only lie where two definite lines such 
as AB and CB intersect, and the value of z is determined. 

We express this by saying that z is a, function of both x and y^ or 

An equation of the form z—J\x^y) can evidently be represented by a 
surface in the same way as equations of the form y = f{x) are represented by 
curves in plane geometry. As another example, consider the case of a 
definite quantity of a gas enclosed in a vessel. We can alter its state by 
changing its pressure, its volume, or its temperature. It is found that if any 
two of these are fixed, the third is determined, e.g. if the pressure and 
temperature of a certain definite quantity of a gas are known, its volume is 
determined, or 7/ is a function of p and t. 

The intrinsic energy E of a definite quantity of a substance is determined 
when its pressure and volume, or its volume and temperature, or its 
temperature and pressure are known, i.e, E is a function of p and t', or of 
V and /, or of t and p. 

Similarly, the potential V at any point P in a field of force is only 
determined when we know the three co-ordinates (.r, z) of P, or 


218. Partial Differential Co-effleienta. — Let x=J{x^y) \ then, if we 
suppose / to remain constant while :i' changes, z will in general change in a 
dclinite way. 

The rate of increase of z with respect td x while y remains constant 
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is called the partial differential coefficient of z with respect to ;r, and is 
■ d 3 

written _ - or | . I 
dx \axjj, 

Similarlyj or denotes the rate of increase of :: with respect to 

/ while X is constant. 

The suffix denoting the variable, which is supposed to remain constant, 
is usually omitted unless there is some special reason for inserting it to 
prevent misconception ; the brackets are also often omitted when it is 
obvious that the differentiation is partial. 

In the same way, if u is a function of three variables .r, j', and or 

ax 

denotes the rate of increase of u with respect to jt, while and r arc 
supposed to remain constant. 

To find when z is given as a function of x and j/ by means of an 
equation, wc differentiate z with respect to alone, treating,)' as a constant. 


Example (i). — 2 — — 2.17 +7^. 

dy U7A 


— — 2 X + 27 


Example { 2 ).—Lft}' = sm [ct — x) where c is a iomkmt. 


Then — — cos (c/ — x) 


Example (3). — ZtV - - a* — + xy^ + si/i (a — 2y] -f 3 cos (2.1 — y) + 

= 4 a;^ — 8 aj' + 7 ^ + cos (a: — 2y) — 6 sin [zx - y) T 2ye--^'J 


ip:' + 3x7’' — 2 cos {x — 27) + 3 sin (2a: — y) + 2Ad^i' 


219 . Geometrical Illustration. — Let the three co-ordinates (jr, 7, ;:) of 
a point P be connected by the equation z = f{x^y). 

Then, if we take a number of pairs of values of x and 7, and calculate the 
corresponding values of z by means of the above equation, wc shall find in 
general that the points whose three co-ordinates are thus found lie on a 
surface, z = y(.r, 7) is known as the equation to this surface. 

If we suppose the point P to move along the surface so as to keep the 
value of 7 constant, it will move along a section AB of the surface by a plane 
dz 

parallel to zx, is then equal to the slope of the curve AB to the plane 

Oa 7, or the tangent of the angle which the tangent PM to the curve AB 
makes with a line parallel to flie a.\is of x. 
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In the figure 

- Ir'ingeiU of angle between QM and PM 
-- — tan PMQ 



Similarly, if we suppose x to remain constant, P is restricted to a curve 
such as CD, and is equal to the slope of the curve CD to the plane 
In the figure 

P = - tan PNR 

dy 


KxAAirj.ES. CXVI. 

Find the values of tlic followitig : — 

d d 

1, ^ ^ where a is a constant. 

u)' 

where a, and c £.re constants. 

3. ^{«sin(3jr + trj)j, sin {bx + cj)} ^ cos {bx -jr cf) } , ^^ {acos{bx+ cj')]. 

4. Let 2 = 3^-2 — 2 xjf. 

... , 

^ dilfcrentiation. 

Then take x = 10, y = 12 ; increase x by the amount Sx = O'l, ^ remaining con- 
stant and equal to 12, and calculate the resulting increase 5s in z. Thence find ^ 

aiithnielically, and compare vi ith the value of already found. 

Similarly, find by arithmetical method, and compare. 
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6 . If (r, 0) are the polar and {x, y) the rectangular co-ordinates of the same point 
on a plane prove that 


dr 

dx 


= cos 0 , 


dr , 


mrx / nirct \ ^dy\ / dy\ 

6 . If^ = A sin — cos ^ — 4 . aj, find and [y/ 

A, 71 j /, c, a are constants. 

7. If the pressure volume z/, and absolute temperature T of a gas are connected 
by the equation pv = RT, where R is constant, find the values of 


Wi’ w.’ A 


Note the physical meaning of the sign of each of these quantities. 

8. Ifr = Vjr’ +y +l^. find^. 


220. Small Variations. — Let z be a function of x and/, and let r, /, 
and 2 be represented by the co-ordinates of a point P. 

Suppose P to move into a new position Q close to its former position on 
the surface representing the function z. 

Then we may suppose P to reach Q by first moving to P, on the surface 
so that X alone increases by a small amount 5 j»', while / remains constant, 
and then moving from P^ to Q so that x remains constant while / increases 
by a small amount 5/. 

In the figure PM = 8.r, P^N = 5/. 



During the first movement from P to Pj, z increases by the amount MPj 
in the figure, while x increases by the amount PM = 5jr. Thus 

P,M = Sx X, taif MPP, 

= 5x X (mean valine of on the surface between P and PJ 
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Similarly, during the second part of the movement the change in ^ 
is NQ. And 

NQ = hy y. tan NPjQ 

= X (mean value of on the surface between Pj and Q) 

Tlie whole change Zz in 2 during the movement from P to Q is made up 
of the two parts MPj and NQ. MP, is the change in 2', which would take 
place if X alone changed by the same amount as it actually does while y 
remained constant, and NQ is the change in z which would take place if y 
alone changed and x remained constant. 

As 5 j/, Zz are made smaller and smaller the points P, P^, Q move 

nearer together, and the mean values of ^ and become more and more 

or dy 

nearly equal to the exact values at P. 

Thus, if Zx, Zyj Zz are sufficiently small 


Zz - MP, + NQ 

= ^Zx + ^"zy 
dx dy 


KxA^rPi.K {l).—T/ie side n of a triangle is calculated from the following observed 
values : — 

A = 27°, B = 54®, i = 23s rt. 

// Ihe cornel values arc A = 20'5°, B = S4'9°, what is the error in the cal ulateJ value 
of a due to the errors in the observed values of ^ and B t 

\Vc have 

sin A 
a b ^ 
sin D 

If Llicre are small errors 5A, 5B, in the values of A and B, the consequent error 
ill a is 

= (r/A)g 

W e have 

SA = 0’5 ° = 0'Oo 873 radian 
5B — — o‘9° “ — o'oi57l radian 

/‘la\ b cos IK 23500527° 

Till B = ' sin 54® 

/ da\ b sin A cos B 235 sin 27° cos 1:4° 

(,?bX= - --TTiTTb— = - - Tfi? 54® = - 9S 8 

/. The error in the value oia=Za = 259 X 0’ooS73 + 95-8 X 0-01571 = 3-8 fl. 


Example (2). — A cei'tain quantity of air at pressure 2000 lbs. per square foot and 
temperature 10° C. occupies 12 cubic feet. What change tJi volume will be produced if 
the pressure is inci'eascd by 2 lbs, per square foot and the tempej aiure by 1 ° C. J It is 
given that pv = /*/’, where p is the pressure^ v the volume^ and T the absolute temperature 
of the air and R is a constant. 
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By substituting the given values, we find R = S4'5. 
^Vc have 

RT 

/. = - o 006 

5 / / 


with the given values of /, z/, and T. 

r> _R 

d'V ~P 

5/ = 2 , 5 T = I 


ax =7 


Substituting, the increase in volume = lv — — o‘oi2 + 0‘042 

= 0’03 cub. ft. 


Examples. — CXVII. 

1. A certain quantity of air occupies 10 cub. ft. at pressure 2116 lbs, per square 
foot, and absolute temperature 250° C. Find the change in pressure when the volume 
is diminished by o’l cub. ft., and the temperature increased by 2°. 

2 . With the same data as in example l, find the change in temperature when 
the volume is diminished by o'2 cub. ft., and the pressure increased by 5 lbs. per 
square foot. 

3 . With the same data, find the change in volume when the temperature increases 
by 2®, and the pressure by 2 lbs. per square foot. 

4. (r, 0, 0) are the polar, and (x, z) the rectangular co-ordinates of the same 
point P. What change is produced in x by given changes S 0 in 0 and 50 in 0 ? 


221 . SuccoBsive Partial Differentiation. — Let be a function of x 

and y. Then we have seen that denotes the result of differentiating ^ 

with respect to being treated as a constant. The result of this operation 
is, in general, itself a function of x and 

If it is differentiated again with respect to x, y being still treated as a 

constant, the result is 

If is differentiated with respect to^, x being treated as a constant, the 


which is Avritten or 




which is written 




dydx 




Similarly, denotes the result of first differentiating 2 with respect 

to y^ treating x as a constant, and then differentiating the result with respect 
to jr, treating^ as a constant. 

^ denotes the result pf differentiating z twice in succession with 

respect to_y, treating .f as a constant. 

In the same way, we may proceed to partial differential coefficients of a 
higher order. 
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Kxamfle (i).— 


Note thal 


z = JT* — yxy + 3 : 17 * + y 

dz , 7 

- 6.T7 + 37“. 

dh 

373 - = -®^ + ®-"' 


dy~ 

dy'^ 

dxdy 


- 3.r“ + Sxy + 4y». 
6x + 127*. 

— 6jr H- 67. 


dxdy dydx 


or, the order in which we differentiate with respect to x and 7 does not affect the 
result. We shall find that this is the case for all the functions with which we deal in 
this hook. 


Example (2). — T/" V ts the potential at any point (jc, 7, z) in a field of force, thm it 
can be shown f7-om the definition of potential that the component X parallel to the axis of 
X of the force at any point in the field is equal to the rate of decrease of the potential per 
unit increase of x at that point, 

Or ^-- a ) 

Similarly Y=- Z=- 

where Y aiid Z are the cotnpoficnts of the force parallel to O7 a7id Oz. 

Show that if the potential at a7iy pomt varies inversely as its distance froin O, then 
the resultant foi'ce at arty point varies inversely as the square of its distance from O. 

Let F be the resultant force at a point P {x, 7, s), and X, Y", Z its components 
parallel to O.r, O7, Oz respectively. 

Then F^ ^ X" + + Z=. 

Also we have 

/dV\ /dV\ „ /d\’\ 

^=-(^0 

We have 

r y/x- + 7- + 
d\\ Cx 


where c is constant. 



Partial Differentiation 


squaring and adding, 

pj ^ C-(x- + y- + Z-) 

{x^ -1- y- H 

V 

r- 

or the force varies inversely as the square of the distance from O. 


_ ^C ' 

-1-y- + (a- + y f * 

, c 
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Examples. — CXV III. 

1. If z — x-' — — jxy + J'*j find the values of 

dz dz Bh 5^ B-^ B‘^z 

B^ By 5-*-"’ By"' B-\By ByBx 

and verify that the last two are equal. 

2 . If z — 3 sin (2-r + 3;') — find 

B^ 3^ 5^2 B’- B~i 

Bx' By B-x- By^' B^By ByBx 

B'z 

3. Verify that following cases : — 

z — axy^f z = z = 

2 = sin {bx + cy)^ z — a cos [bx + cy) 
z = sin [ex + ciy) 

4. If the potential V at a point P (^, j, z) varies inversely as the distance of P 
from the origin O, show that V satisfies the equation 

B'w , a-v _ 

a.r2 + d/ ■*' dz- - ° 

5. y is the displacement at time / of a point on a vibrating stretched string at 
distance x from one end. It is known that ( ^-^ ) = f"( — j , Show that this 
equation is satisfied if 

y = A sin ^ sin (// + a) 


where A, /, c, a are constants. 



CHAPTER XXVIII 


MISCELLANEOUS METHODS OF INTEGRATION 

222. We shall here g^ve examples of some methods of integration somewhat 
more difficult than those treated in Chapter XVI. 

ExAMri-K [\).—^siirxdx. 

Wc have 

JsiiP xdx — — cos ixyix 

1 ■ 

t sin “ix 

2 

Example ( 2 ). — ftan- xdx — ^(sec^ x — 1 ) dx =. tan x — ar. 


Example ( 3 ).— f ^' dx . 

We have 

a - “ 

■ fa^dx = "K/.r = i- ’ - “ 

■ log, a 

~ log, a 


Example (4)-— L* 


We have 



• /-! '-I 

za \x — a A- + rtj 

, ,r_^ f I 

la [J X — a J X + rtj 

{log, (x - a) - log, [x 4- rt)} 


2a 

I 

2a 


I , X — a 


Similarly 


/. 


dx 


(a + a)- — If- 



X -\r a-^ b 


Example (5) — 




dx 

+ 3-*^- 


S' 



Miscellaneous Methods of Integration 

We have x' + - 5 = + 3 r + J — 5 — J 

= (^ + il)= - 

= (^ + e)’-(^-)’ 

. /■ dx ^ + 

" jx‘ + 3^ - s “^2,j example (4) 
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^ + 3 + 


v'29 


V^y 2.r + 3 + v'29 


ExAMrr.K ( 6 ).- 


f dx 

J -i- rt“ 


LlI :c — fj tan y. 

DirierciiliaLin^^ with respect toj% we have 


dx 
dy ' 


Now = -Y 
dx dx 

dy 

dy a 


a see y = a(i + tan y) 

I 




dx x‘^ + 


and ^ jifx ~ definition of an indefinite integral 


Similarly 


* 1 ^ 

= — tan-' — 
a a 




dx I ^ « 


Kxamplk (7). — f , , 

''' _/x- + 3 a +5 

W'e have 4- 3' + 5 = (^' + 3^' + J) + 5 “ f 

~ (j + 2)* + ^ ^ example (6) 


•■•/■ 


= un->i_!J 

'■' + 3^ + 5 sfit ^,i 


2 , , z-*' + 3 

-, - Ian ’ _z. - 

Vll Vll 


Examples. — CXIX, 
Evaluate the following integrals : — 

1 . jeos- xdx. 

dx 




2. 

• 

1 lo'dx. 

S. 

f dx 

jar* -4^4-7' 

B 

[\ . - 

6. 



lx^- 2 x 4- s' 

j X* - 2X - g' 
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223. Integration by Substitution, — Consider a funclion such as 
y = (log. x)\ 

Let logs X = Uj then we may also write j' = tr. 

Thus we may regard / as a function either of x or of ?/. 

Let u increase by the amount 5« while x increases by Sjr. 


5// 

Then 5/^ = — . lx 
lx 


and 


j y the = limi 


limit of sum of terms /5 m 


Ite- 


r 


where // changes from c to t/^ while x changes from a to d. 

If we regard the upper limit as variable it follows tliat the indefinite 
integral 

fydu = Jy‘^£<h- (§ 135) 


In the case considered above, this result gives 
= /(log. r)» ■ J 

= f -Klog..r)> 

We have here shown that in an indefinite integral du may be substituted 
for when it occurs en the integral^ just as if du and dx were separate 

quantities and were a fraction. It must be remembered, however, that 

no meaning has been given to du and dx standing alone, and when we use 
them as if they were separate terms it is understood that they occur in the 
expression of an integral. 


Example (i ). — Ifitegrate Js/n x cos^ x dx. 

Let u — cos X. 

Then du may he written for —sin x dx. 

. r • 1 . r w co.s* . 

, . Jsin X cos^ X dx = — yrdu — — ^ — --- 

Example ( 2 ). — To find — dx. 

j A* + 3-^ + 4 

J.et 7 / = jt’ 4- 3-^ + 4- 
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Example (3). — By an extension of the method of Example (2) u'e may integrate ajiy 
ax b 

expression of the form . y 

^ ■' •' x^ cx -y d 


E.g. to find I - ^ dx. 

Let u — '^x -y *] . 


Arrange the numerator in the form wliere is a constant, divi ling out by 

dx ~ 

wliatcvcr cocfTicicnt is necessary. 

In this case we write the integral. 


^2(2^+^) - 

] *= + 3 j: + 7 

_ f 2jr + 3 J _ 

~ ^ j y ^ J + 3^ + 7 


The first of these integrals falls into the class treated in Example (2) above, and the 
second is of the type treated in Example (7)1 p- 37 required 
integral 

2 ^ 2^ + 3 

= 2 log, + 3-f + 7) - J ,9- 


Exami'I.e {4). — I'l/ui the position of the centre of grovUy of the a/ea of a semicircle 
of radius a. y 

Take axes of co-ordinates as shown in the figure, and 
divide the area into thin strips parallel to the axis of y. /llX 

'rhen the mass of an clement = 2ji'ff;c. ^ / \ 

We have x*- -f ~ a‘. / \ \ 


I xj'dx j x\/a^ — x‘d 

J 0 J 0 



To find this integral let jr = fl sin u. 

Then dx = ‘-^du = a cos u du^ and — x‘ = a cos u. 
dn 


_ 4 U 

X — j a sin u . a cos u . a cos u du 
4 I 2 

= “2 j a^ cos* u sin u du 


the limits being chosen as shown, because » = o when ;r = o, and u = - when x = a. 

2 

Let cos u = V. 

dv 

Then dv = ^du = —sin u du, 
du 


. - P J , 4« , 

■■'=-7jP‘'^= . ■l = °-424» 

Example (5 ). — Eind f 

J o/o’ -y 
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Let jr — a siu 0. 


Tlien i/jT — = a cos 0 d9 

t/B 

k! — x"' = a cos B 


, r dx f a cos 6 ijB . X 

■ ■ ] = j TT^s « =}</« = « = sin-' o 


dx 

I sin X 


Example (6).— /iW I 
J SI 

VVc have sin x = 2 sin cos Jx. 



J sill J ‘j si„ J ^ 


dx 

cos kx 

_ ^ J SCC^ ^xdx 
Ian iJT 


■/* 


dividing nuiiicralnr and denominator by cos* njr 
Let tan Jj' -- «. 

'I'licn dn — ^~dx = ^ sec- ^xdx. 
dx 


. [ dx f du , , 

■ • / • —I - = ioK " = tan ix 
J sin X J u ^ to z 


No general rule can be given to find the proper substituLions and changes of 
variable to use in applying the melhod of this paragraph ; it is largely a mailer of 
praelice. 

A few examples for practice arc given below, but the student who wishes lo 
pursue Ihc subject further should consult works on the integral calculus. 


Examples.— exx. 
Find the following integrals : — 


1. 

/tan X dx (take u — cos jc). 

2. 

/ cot X dx. 

i 

j dx 



J 

cos X 

4. 

f [2X + l)dx 

6. 

f(6x + 5)dx 

6 1 



Jx-+x + S 


+ ^ + 

J 

X- +x-{- $ 

7. 

[—/dx. 

8. 

/cos X sin* X dx. 

0. i 

r tan* X J 
- dx. 


J cos* X 


J 

cos* X 

10. 

1 /J d^ — x‘dx (take x = 

a sin u 

J as in Example (4) above. 


11. 

Verify by integration that 

the area of a circle of radius 

a is e 

:qual to TTfl*. 


Note. — T his is not really a proof since the result is implicitly assumed in the 
value of w, which is taken as a limit of integration. 


224. Integration by Partial Fractions. — In Chapter VI. we showed 

how to resolve into partial fractions a fraction of the form j - "L jfl 

ax^ + tfjT® +/r + ^ 

where the denominator is of higher degree than the numerator. 

The partial fractions can be integrated separately by one or other of the 
methods already given. < 



Miscellaneous Methods of integration 


375 


Example {\).—To find j 

Resolving into partial fractions we get 

— ^ — 7 — V (Example (l), p. 76.) 

2X- + SX-2 Six + 2 ) 5 ( 2 .r-i)' ^ \ hi ^ f 

. ^ _ 8 f . 

■ ■ y 2Jf" + 3Jr — 2 °Jx + 2 ° j 2X — \ 

= a log {x + 2) - i log { 2 X - l) 

Example (2).— 

/ i|,i— i = - Jh + * /--^s 

= - iV log (•*■ “ 0 + »\ log (:r + 2) + 2V log (JT - 5) 

Example (3). — 

/ , n 1 r. f ^ f dx ^ f dx I _ 1 y ^ _ 

J ix - i)=[A: +T)(j - 5) = iodsj^ _ I - jrr2 - s' 

(Example (3), p. 76.) 

= }8Ji log (^ - 0 + ,) - A log (^ + 2) + 1}, log (.T - S) 

Example (4).— 

f (3^ + 5 V^._ . _ 23 f _!'•?„ _ 1 +J' 3 f . (Example (4), p. 77.) 

J + X+ l)(x - 6) ~ X- 6 ^^jx^ + x+l 1 

f 2x + l ^ , r r/j: 

= log (^ - 6) - sSJ +'^+ f - «“ j i^ + x~+ I 


= i;‘log(->^-6)-5b’ log(.»-" +Jr + 1'*"'" "*7/” 


Examples. -CXXI. 


Find the following integrals ; — 

-I ^dx 

I ^.2 Verify by the graphic method. 


/- 


2 dx 


+ 8* + IS 

I 5fL+7 

■ j (■» - l)(* + 2)[x + 3) 

3x^ + 4x- 2 

lx+inx-2) 

, f^T£±13^-±l_dx. 

■ J{ 2 X- i){x’ + 3* + 4) 


■h 


3. 

5. 

7. 

9. 


/•=¥ 

/ 


3-^:+8 
+ 7-* + 6 
4J+ 23 




(ZJT + I)(j: - 3)(jr + 2) 

7^= - 24^1+&^__S 




l)*(jr - 4)(:r + 3) 


f 

j(x^ + x 


Sjt + II 


+ 3)(^ - 2) 


^dx. 


225. Integration by Parts. — It has been shown that, if u and v arc two 
functions of • 

d , ^ dv , du 
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The same theorem may be otherwise stated in the form 




= fudv + fvdu 
OY fit dv = uv — fvdu . 


(0 


Any function of x which can be directly integrated may be taken as 

V beings its integral, and thus we get a method which sometimes enables us 
to integrate the product of two functions, one of which can be immediately 
integrated. 


Kxamtle (i). — Find the value of jx sin xdx. 

Take u — x and v ~ — cos jr. 

Then dv — -^dx = sin xdxj and du = dx 
dx 

ijubstitiiling in (l), we get 


fx sin .r dx — x cos x ~ J{~ cos 
= — jT cos X + sin X 


It is often useful to lake ^ = ii and consequently v = x, as in the following 
example : — 


Example { 2 ).— Find J/oj^^^xdx. 

[logfl xdx = J(loge a) X i.dx 
Take u — log x^v^x 
Then dv — dx, du — - dx 

X 

Substituting in (l), 

J(log a) \ , dx = X log X — jx , ^~dx — X log X — X 

Exampli: (3). — Find the valttcs of je^* sin [ex + d)dx, and jd*^ cos (cx + d)dx. 

In Je^^ sin (cx + d)dx, let u = sin (cx + d) and v = 

Tlicn d7J = d’^dx, and du = c cos (cx + d)dx. 

Substituting in (i), 

fd>^ sin (cx + (/)dx = ^d^^ sin (cx + d) — cos (cx + d)dx 

Similarly, wc get 

jd^ cos (cx-\-d)=z cos (cx + d) d* sin (cx + d)dx 

We have here two simultaneous equations to find the values of the integrals, 
Je^^ sin (cx + d)dx, and Jd^^ cos/cx -1- d)dx 
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Solving wc get 

sin + d),ix = + + 

cos {CX + d)dx = + ^0 05 (cx ± ^ ^^ 

226. It is sometimes possible to reduce an integral to a form which we 
can integrate by applying the process of integration by parts several times 
in succession. 

Example . — To find jx'e^dx. 

Let u = x\ V — Then dv = ^dx^ du — ^x^dx. 

J x*£*dx = jrV — 4j V j: 

The integral jd^x^dx may now be reduced in the same way. 

^jx^^dx —■ — l2jjifV</jr 

= /[x\^ — l2jrV + 2^Jx^dx 
= 4Jir V — 1 2at V + 24 jr^‘’^ — 24J d^dx 
/, Jx*if‘dx = A'V' — 4jr^^ + i2jirV'^ — 24.r^^ + 24-!^ 

Examples. — CXXI I, 

h'ind the values of the following integrals ; — 

1. Jxcosxdx. 2. Jxe~^dx, 3. Jx]ogxdx. 

4. Find the mean value of log,o x from jp = i to a- = 10 . 

5. Jx* log, xdx. 0. Jx^d^dx. 

7. Find the mean value of *sin from / = o to / = 

6. Find the abscissa of tlie centre of gravity of the area lying between the curve 

y = sin x and the axis of x from ;i: = o to pr = -. 

' 9 



CHAPTER XXIX 


SOJfE DIFFERENTIAL EQUATIONS OF APPLIED PHYSICS 

ii y ci^y 

227. In Chapter XVII. we met with problems in which or was given 

as a function of jr, either by means of a curve to be drawn from a number of 
tabulated results or by an algebraical equation. 

We showed how to find the corresponding relation between and jr, and 
to represent it by a curve. These were examples of the solution of differential 
equations. 

Equations involving a dependent and one or more independent variables 
and their differential coefficients are called Differential Equations. 

The solution or integration of a differential equation consists in finding 
the relation between^ and x which it implies. 

We shall treat certain forms of differential equations which occur in 
applied physics. 


228. I. Compound Interest Law. — There is a large class of cases in 
nature in which the rate of increase of a variable is proportional to the variable 
itself. Examples of some of these have been given in Chapter VII., § 66. 

'I'his law may be expressed by an equation in the form = b}\ where 
b is a constant. 

dy 

Now we have seen that when y — = abe^^ — and therefore 

y - ae^ is- a relation between y and jt, which always satisfies the equation 


ly ^ 

Otherwise, wc have 


1 = ^- 


y ax 


In integrating we may separate the variables (§ 223). 

log* J' = bx + C 
where C is the arbitrary constant of integration. 

y = ae^ where C = log, a 

The variables^ and x are said to follow the Compound Interest Law for 
a reason which will be evident from the followiijg considerations : — 
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When a sum of money is invested at compound interest payable annually, 
the interest for each year is added to the principal at the end of that year 
and proceeds to bear interest for the following^ year, and so on. 

Thus the rate at which the interest accrues is proportional to the total 
amount at the end of the preceding year. 

By making the interest payable more frequently we could approximate 
more closely to the cases of the Compound Interest Law which occur in 
nature. 

Suppose the time to increase by a succession of small increments 5/, ami 
that the interest is added to the principal P at the end of each of these 
intervals. Then, if ?■ is the rate per cent, per annum, the interest gained in 

time 5/ is where S/ is expressed as a fraction of a year and P is the 

total amount at the beginning of the interval 5/. This is now added to the 
principal, and may be denoted by 5P. 


5P 

5P 


V8i 


r „ 
or -- = - . P 

It 100 


If now the time 5/ is continually diminished so that in the limit we may 

5P 

consider the interest as continuously added to the principal, -- continually 

6 / 

dV 

approaches a limiting value, which is the value of for the case where the 
interest is added on continuously. 

. = Jlp 

dt 100 

Comparing this with the equation given above to express the Compound 

f 

Interest Law, we see that we may write P for t for a-, ---- for and the 
relation between P and t is therefore 


P = 


where <1 is a constant. 

To find rt put / = o, then P = a ; i.e. a is the principal originally invested 
when / = o. Writing Pq for this, we get 


229. The exponential ^ is defined algebraically as the limiting value of 
+ -^ when n is infinite. 

The student sornetiines finds difficulty in understanding the connection 
between this definition of ^ and its use to express the Compound Interest 
Law, which is more important in physical applications. 

It is easy to show that, if compound interest is payable m times per 
annum, the amount in^ years at r per cent, per annum is 


p=p{.+ 


r \wi 
\oom) 
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Now write n 


1 00/n , ur 

; then m — 

r 100 


= + :)■ 


If we CQiUinu.'illy increase the value of 7 n until the interest is payable 
continuously, m. and therefore n also, approaches the value infinity. 

rf rt. 

We have shown above that in this case P = and therefore is the 


limiting value 




when 71 is infinite. 


If we write jqq ~ algebraical definition that is the 


limiting value of 


(-0 


when 7 t is infinite. 


Thus the algebraical definition of ^ implies also its capability of 
e.vpressing the Compound Interest Law. 


230 , The following are examples of natural phenomena which obey the 
Compound Interest Law : — 

(1) The case of a belt or rope passing round a pulley. It can be shown 
that at any point on the belt in contact with the pulley the rate of increase 
of the tension in passing through that point along the belt from the slack to 
the taut side is proportional to the tension at that point. Thus the tension 
follows the Compound Interest Law. The results of an experimental proof 
of this are given on p. 154. 

(2) The Compound Interest Law is also extended to include the case 
where the rate of decrease of a variable is proportional to that variable 
itself. 

Newton’s Law of Cooling is an instance in point. The rate of cooling of a 
body is under certain conditions proportional to the excess of its temperature 
above the temperature of its surroundings ; t.e. the rate of decrease of the 
temperature 6 per unit time / is proportional to the temperature, or 



and therefore 6 = where 6 ^ is the temperature when t = o and a is a 

constant. For experimental results, see p. 108. 

(3) If the two sides of a charged electric condenser are connected 
through a large resistance, the discharge takes place rapidly at first and then 
more slowly, the rate of decrease of the voltage at any instant being pro- 
portional to the voltage to which the condenser remains charged at that 
instant. Thus the Compound Interest Law connects the voltage and the 
time. 

V = 

where V is the voltage at time t, Vg the voltage at time / = o, K the capacity 
of the condenser, and R the resistance in the circuit. 

The student may be familiar with the method of testing the insulation 
resistance of a cable, which depends on this law. 

(4) As we pass upwards from the earth’s surface into the atmosphere, the 
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density and pressure of the atmosphere at any height diminish ; the rate of 
decrease of the pressure per unit rise in height is proportional to tlic density, 
and, therefore, if the temperature is constant, to the pressure at that height. 
Thus the pressure, regarded as a function of the height, follows the 
Compound Interest Law. 


Examples.— CXXIIT. 


1 . Find an expression for y in terms of jr, if it is given that 3 ^i and^y = 5 
when X = l. 

2 . What is the equation to a curve who.se slope is everywhere numerically equal 
to one-half of its ordinate, and whose ordinate is i when = o ? 

3 . A point starts at A and moves along a straight line AB, so that its velocity in 
feet per second is always numerically equal to its distance in feet from B. If AB is 
100 ft., how long will the point take to get halfway from A to B ? 

4 . Find the amount of £100 in 3 years at 4 per cent, per annum compound 
interest 

(1) when the interest is payable yearly 

(2) ,, ,, ,, half-yearly 

(3) M .1 I. quarterly 

(4) ,, „ „ continuously 


6 . If 6 is the temperature of a certain body at time it is known that the rate of 
cooling is equal to o'oo6fl, and that when t = 0 the temperature is 20° C. Find an 
expression for & in terms of t. 

0 . A rope passes round a drum. T is the tension of the rope at a distance j, 
measured along the rope from one end of the portion of the rope which is in contact 

with the drum. It can be shown that -7- “ , where r is the r.adius of the drum, 

as r 

.and /i the coefficient of friction. Find an expression for T in terms of s for the case 
when /I = o‘5, r = 9", and T = 25 lbs. where j = o. 

7. q is the quantity of the charge at time t in a condenser of capacity K, dis- 
charging through a resistance R. It can be proved that = o. Find an ex- 

pression for q in terms of t. Taking the initial charge when ^ = o as o'ooo^, plot 
a curve to show the value of q for any value of t from o to 0'03 secs., given 

R = 5000 X 10®, K = 3 X 10“’®. In what time is the charge reduced to — of its 


original value i 

8 . If i is the current at time / in a circuit of resistance R, and cociheient of 
self-induction L, and the impressed electro-motive force has been removed, then 

L^ + Rf = o. Find i in terms of t, taking R and L as constants. 

If R = 0 5 ohm, L = o'o5 henry, and i — 15 .amps when ^ = o, plot a curve to 
.show the value of the current at any time from ^ = oto/ = o'2 secs. 


231. The following is an extension of the Compound Interest Law : — 


where a and b are constants. 

To fintl the law connecting and .r, \vc have 


dy 

dx 


= b- 


ay 
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seprirating the variables and integrating 



^ log, {6 - ay) =x+C 
a 

where C is any conslant. 


/. lojja {b — ay) = — ax - /zC 
b — ay — ~ 



where the constant A is equal to — - — 

^ a 

f/y 

F.x AMPLE . — If ^ + 3^^ = 5 ; find an expression for y in terms of x. 


r’ollowing the above process we get 


To verify, we find 


y = Ae-^^ + J 




• ■ dx 


+ a>' = - + 5 = 5 


and thus llie given diirercntial equation is satisfied by this solution. 


Examples. — CXXIV. 


to X -- 


1 . Take A — i in the above example, and plot the curve V = from x = \ 

dy 


_ I 


Measure as accurately as possible the values and^ for this curve □ 


the point where x = o’l, and verify by substitution that they satisfy the equation 

^ + aj'=s 


Find the value of j in terms of a- so as to satisfy the following differential equations:- 

2. *= 3 . + ,. = » 


+ 47 +3 = 0 - 


6 . 


dy 


— 6^ + 7 = o. 


dx • - - dx 

6. If a conslant electro motive force E be impressed on a circuit of resistance I\ 
and co efficient of self-induction L, the current i at time t satisfies the equation 

lJ, + r-e 


Find an expression for i in terms of choosing the constant of integration so lha 
I o when ^ = o. 

If R = o'5 ohm, L = 0'05 henry, and E = 7 volts, plot a curve to show th 
value of the current at any time from / = o to / = 0'3 secs. 

From the shape of the curve deduce the probable value pI the current at the cn 

of 5 seconds. Measure the slope of your curve at ^ = O'l, and verify that / and a 

this instant satisfy the given differential equation. 
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7 . In an electric circuit of resistance R, and coefficient of self-induction L, there 
is a simple harmonic impressed clcctro-motive force 1^ sin qt. 

Then it is known that the current i at time t satisfies the equation 

L ^ + R* = E sin qt 

where U, and E are constants. 

Show that this equation is satisfied if 


I = - a) + Ctf L 

VR* -h LV* 

where C is a constant and tan a = 

If * = o when t = o, fintl the value of C, and plot a curve to show the value of / at 
any time from / = o to / = 0*05. 

Given R = 25, I. = o'l, K 100, q ~ 600. 


232. The following differential equation may also be considered ; — 

Let f- = 
ax X 

Find the law connecting and x. We have, separating the variables and 
integrating 

/*■=«/? 

loge7 = n log* X + C 

/. y = ^, 1 ’’ where a — ^ 

and may therefore have any arbitrary constant value. 

Example. — If a gas expands unthout gain or loss of heat it cau be shoivn that 


Pi fid the law connecting p and v. 
As above, we have 


dv 'v 


\ . dp — — ILdv 

p V 


/. integrating 


logp/ = - 7 log- v c 

P = kv~^ where k is a constant 
or pvt = k 


233. More General Case, where is given as a Function of y. — 
Consider such an example as the following : — 


dx _ I 
Then =- -^r 
dy • y^ 


!indx=Jdx=j'~dyr.j' 


L^C 

‘^y )y^ y 



'/a f Lies of Lj 
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So, in pen e ml, if 


dx 

dx 


Ay) 


‘iy /O') 

and X can be found in terms of y if the function 
respect to y. 


Ay) 


can be integrated with 


Jy 

dx 

andj is given by means of a number of experimental results, we may obtain 
a solution by the graphic method. 


If cannot be integrated directly, or if the connection between 


KX AMPLE. — /x/ 


V(I - - 0'2Sy-) 

Cojistmct a cHi^e showing the relation between x and y from y = o toy = having 
given that x = o when v = o. 

X 



1-2 
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We have 


dx 

djy 


and X 




V(l -y)(i - o-2iy') 

•dx. 


iy since ^ = o when x = o 


To find ihis integral we plot a curve in which values of y are ordinates and values 
of ^ abscissae by choosing a number of values of y and thence calculating the corre- 
sponding values of 

This is the curve PB in the figure. 
f^(fx 

The value of j for any value of y is the area lying between this curve and 

the axis of y from y = o to the value of^ which is being considered. 

rVjT 

the area OABP gives the value of J therefore of x when = OA. 

This is found to be 0*307, which is therefore the value of x when = OA. 

Setting off AC equal to 0*307, we get a point C on the required curve connecting 
X and J/. 

Proceeding in this way for a .series of values of y we construct the curve OC in 
the figure, which shows the relation between x and y, so that the given differential 
equation may be satisfied. 


riy 

234. We may also have the relation between and given by means 
of the results of experiments as in the following example. 

Example. — The accelerating torque 0/ an induction motor can be foufid when the 
speed is known. The folloiuing are values of the torque to, available for acceleration at 
speeds v of a car on the City and South London Electric Raihvay, 


V ft. per sec. 

0 

16 

16-95 

18-55 

20 

212 

ta inch-lbs. . . 

7520 

7520 

5400 

3000 

1200 

0 


The to 7 que is constant from v = o to v = 16, and theii decreases. 

The acceleration is pi'oportiotial to the torque ^ and it is knozvn that the acceleration 
is O' ^ 6 ^ ft. per sec. per sec. whefi ta fj* 7520 i?ich-lbs. 

Cofisiruct a curve to show the relation between speed and time from starting. 

(Carus-Wilson, Electro- Dynamics^ p. 163.) 

Let a be the acceleration. Then, since the acceleration is proportional to the 
torque, and a = 0*463 when ta = 7520, we have 

a = = 6*i6 X IO”Va 

7520 

and the values of a, wh'^h is equal to may be calculated. Hence we get the 
dt 

values of as follows : — 


2 C 
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V 

0 

16 

16-95 

18-55 

1 

20 

dv 

Tt 

0463 

0-463 

0-333 

0-1845 

0-074 

dt 

dv j 

2-159 

2-IS9 

3 

5 45 

J3S 


Plotting the values of and Vy we get the curve ACD. 


Va/ues of time t seconds 

O TO 20 30 40 50 60 



/■» 

We have ^ — j therefore the value of t corresponding to any value of 

V is equal to the area between the corresponding part of the curve ACD and the axis 
of V ; €.g, the value of is constant, and equal to 2’ 159 from z/ = o to 7/ = 16 ft. per 

second, so that the time which passes until the car attains a velocity of 16 ft. per 
second is equal to the area of the rectangle OACE = 34'5 secs. So also the time 
taken to attain any velocity less than 16 ft. per second is equal to the area of a 
rectangle of base OA and height z/, and is therefore proportional to v. 

Thus from 7/ = o to 7/ = 16 the velocity time curve is the straight line OB. 
The remainder BF of the velocity time curve is obtained by adding to the abscissae 
lengths equal to the corresponding areas between the rur,"e CD and Ihe axis of v. 
We thus get the curve OBF, showing the speed at any time from starting. 

For another method of obtaining this curve, sec Carus-Wilson, Electro-Dynamics, 
p. 163 
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Examples.— CXXV. 

1. The speed w of a car at a distance x from its starting-point is given by the 
following table ; — 


X feet . . 

0 

40 

80 

130 

1 200 

300 

V ft. per sec. 

0 

7-2 

1 

I2‘2 

i8-8 

25 

29-5 


In what time does the car get from x = loo to x = 300 ? 

^(/x = I - . f'/jT, which can be found by the 


graphic method from the above data. 


2 . The following table gives the acceleration a of an electric locomotive when the 
speed is v feet per second. 


V ft. per sec. 

0 to 26 28 

27 

29 

32 

31 

a f. s. s. . . 

Constant and = 073 

0495 

0 2S5 

o’oyo 

0 


Construct a curve to show the velocity at any time after starting. 

3 . The following data refer to a similar case : — 


V ft. per sec. 

0 to 37 '4 

38 

39 

40 

42 

<2 f. S. S. . . 

o' 4'7 

0*300 

O' 1 90 

O' 105 

0 


Construct curves to show the relation between velocity and time from starling, 
and also between distance traversed and time. 

4. P is the pull in pounds exerted at the tread of an electric locomotive at speed 
V feet per second after tractive resistance has been allowed for. The mass to be 
drawn is 3360 engineering units. Construct a curve to show the relation between 
velocity and time from starting. 


V ft. per sec. 

0 to 28'6 

1 29 

30 

32 

354 

P lbs. . . 

i960 

1713 

1273 

605 

0 


5 . The following table gives the speed of a car at various distances s from 
starting. Construct a curve showing the relation between the distance and the time 
from starting. 
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Velocity ft. per see. 

0 

5 

7-5 

9‘9 

12-5 

i6'9 

s(t 

0 

35 

70 

120 

180 

300 


(P. V. MacMahoHi EUctrician, June, 1899, p, 227.) 


235 . Ijinear Equations of the Second Order. — We shall first consider 
and compare the three differential equations. 


dx^ 

d'^y 


1 

dx^ + ^ dx - 3.V = o 




dx^ '^dx ^ 


( 1 ) 

(2) 

(3) 


We note that the equation 


dy 

dx 


— by — o 


has been shown to be satisfied by putting 

y = 


The equations which we are now considering arc similar to equations of 

d 

this type, but contain an additional term of higher order. 

(i) We shall try whether a value of^ of the formj = where A and 
\ are constants, can be made to satisfy the equations (i), (2), (3). 

We have, if^ = 

g.= Aa«x»;0= (4) 

Substituting in equation (i), we get 

+ 2A — 3)A<?'^® = o 
This is evidently satisfied if 

+ 2A — 3 = o, and /. A = I or —3 
Therefore equation (i) is satisfied if we put 
y = Ai^r* or y = 

where Aj and are any constants. 

^ = A,<?* + A.^e~^ (5) 

also satisfies equation (i), since the sum of two functions can be differentiated 
one term at a time. 

It can be shown that all possible solutions of equation (i) can be put 
into this form by giving different values to th(? constants Aj and A^. 
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(2) If we attempt to solve equation (2) by the same process, we get on 
substituting from (4) 

(a 2 4. 2X + 3)A^^» = o 

The equation + 2\ + 3 = o has no real roots, so that in this case we 
cannot find two real values of a to give a solution of the form (5). 

If, however, we introduce the imaginary ^—i=t as in p. 66, we find, 
solving the quadratic in A, 


X = 


= - I ± 


the general solution is 
y - 

= cos a/ijt j- Alt sin v^2-r + A2 cos y/zx 

— A^t sin aJzx) (see p. 223) 

= (C sin -v/2jr + D cos aJzx^b^* 

where D = Aj + A2, C = Aj/ — A^i. 

Note that as A^, Aj may have any values, real or imaginary, C may be 
real, and C and D are constants. 

We have shown (p. 42) that 

C sin ^zx + D cos Jzx 

may be expressed in the form A sin {mJzx + B). 

Therefore the general solution of the equation (2) is 


y — A^“* sin (^fjzx + B) 


where A and B are constants. 

(3) In equation (3) we get, on substituting 

(A* + 2A + l)A^^» = O 

This is satisfied if a* + 2A + i =0 

i.e, (A + 1)2 = o ; A = - I 


Thus y = Atf“* will satisfy the equation, but this solution only contains 
one arbitrary constant A instead of two, as in cases (i) and (2). 

It can be shown that the complete solution of a differential equation 

containing must contain two arbitrary constants. 

We find that the equation is satisfied by putting 


;/ = (A + B;ir)^- 


For = - Ae~* 4- Bf“* - B.i'f”* 
dx 

^ = (A - 2B>-' + Bj-f-' 


/ + 2^ 4-^ = (A — 2B - 2A + 2B + A)^“' + (B - 2B + B)jr^ * = o 

dx^ dx ^ ^ • 
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230 . The equations (i), (2), (3) arc all of the form 
d'^y dv 


where a and b are constant.s. 

We thus find that there are three forms of llie solution. 

If the quadratic 

a\ + b = o 

has two unequal roots A,, the solution is in the form 
y — as in (5) 

If the quadratic has imaginary roots the solution Lakes the form 
y = A^^“ sin {jqx + II) as in (6) 
where the roots of the quadratic are 


^ = P + iq 


— + ?\/ 4 ^ — 

2 


( 8 ) 


and therefore the solution is 

y = A^“2* sin ^ ■" (9) 

If the quadratic has equal roots A, the solution is = (A + 

The student is advised not to use the general formulae, but to work out 
each case separately as has been done for equations (i), (2), (3) above. 


237 . Simple Harmonic 
when fl — o in equation (8). 
We get 


Motion. — An important special case arises 


d^y 


+ by = o 


The solution (9) becomes 

y = h sin ( y/bx + D) 

The case of simple harmonic motion is represented by a differential 
equation of this form. 

Let a point move along a straight line so that its acceleration towards a 
fixed point O is proportional to its distance from that point. 

Let X be the distance of the moving point from O at any time t. 

Then the above condition gives 


d^x 

~dP 


q^x where q \s 3. constant 


or 


d^x 

dt'^ 


+ q^x = 


o 


The solution of this differential equation is 
X = A sin {qt + g) 

where ^ is a constant. 

This gives the distance x described in time t in simple harmonic motion. 
This is the same as the equation obtained to represent simple harmonic 
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motion in the graphic treatment in Chapter VII., where simple harmonic 
motion was defined as the projection of uniform circular motion. 

We thus see that the definition of simple harmonic motion by means of 
the property that the acceleration varies as the distance from the centre 
leads to the same result as its definition as the projection on a straight line 
of uniform circular motion. 


238 . ExAMrLi:. — A condmsrr oj capticUy K is dischar^ng through a circuit of 
resistance R and cocjjicicnt of seif -induction L ; its potential v at any time t satisfies the 
differential equation 


dc K 


(I) 


Find an expression for the potential at any time. 

We have seen that the solution of this equation depends upon that of the 
quadratic 

La.^ d" Ra. “b j, — O , . . . . ■ ■ (2) 

If R- > ; i.e. if 4L < R^K, this quadratic has real roots, and the 

differential equation is of the same type as equation (r), p. 38S. 

Let A,, A2 be the roots of the quadratic equation (2). 

Then the solution of the differential equation (i) is 

V = Ai/i* + 

If R 2 < ; i.e. if 4L > R^K, the quadratic has imaginary roots, and the 

equation is of the same type as equation (2), p. 38S. 

Its solution is 


V — Ke ar* sinf * /— L- — 4- 

\V KL 4 ^=" ^ ) 

If 4L = R'K we have equal roots as in equation (3), p, 388, and 

K 

1/ = (A + Bt)e 


230 . The constants in any actual case arc found from the known initial 
conditions. 

Consider the case where R = 200 ohms and K = o'5 microfarad = 
o'5 X io“® farad. 

First take L = o’oo2 henry. 

Then the differential equation becomes 


dv , n 

0-002^ + 200 ^ + 2 X IGTV = O 


Substitute v = A<?Ae. 

We get, as the condition that the differential equation may be satisfied 
o‘oo2A^ + 200 A + 2 X 10 ” = o 
_ — 20 fl ± >v/ 4 'io* - 1 - 6 . 10 * 

^ ~ 4 X io"3 

= - io\s 1 3^75) = “ 8'875 ■ 10^ or —1-125 10* 
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the potential to which the condenser is charged at any time t is 
given by 




To find the values of the constants and Ag the initial conditions must 
be given. Suppose the condenser is charged to looo volts when t == o. 
Substituting, we have 

looo = Ai + Ajj 

dv 

We also know that the current and therefore -j- = o when t = o. 

at 

We have 

= - 8-875 . io‘. - ri25 . 10< . Aj?-”” "*' 

substituting / = o and = o, and simplifying, we get 


o = - 71A1 - 9A2 

Ai = - = - 145, A2 = 1145 

/. the solution is 

V = _ 145^-8 875. lO^t 


The curve representing this equation has been plotted as an example in 
Example 7, p. 1 10. 

Next suppose K and K have the same values as before, but L = o'oi. 
The quadratic in A. becomes 

o'oiA^ + 200A + 2 X 10^ = o 
- 200 ± - S'lcv* 

0'02 

= — io\i ± /) 

/. the potential at any time is given by 

V = sin (10'’^ + B) 

To find the constants, wc have 

V = 1000 when t = o 
1000 = A sin B 

Also, as before, = o when t = o. 

^ =z - sin (loV + B) + cos (loV + D) 

di/ 

Substituting — = o and / = o, Ave get 


o = lo^A cos B - lo^A sin B 
sin B = cos B and tan B = i 

B = 7 = 07854 
4 

j .. rr A 

and 1000 = A sin - = -7^ 

4 A ,^2 


A = 1414 
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the value of v at any time is given by 

z = sin (10V+ 07854) 

The curve representing this solution was given as an example in 
Example 4, p. 120. 

As an example the student should work out the solution numerically and 

R^K 

plot the curve for the case when L = 0005 = , the initial conditions 

4 

being the same as in the above examples. 


Examples. — CXXVI. 

Find the relations between v and Xj so that the following equations may he 
satisfied ; — 

1. 4- = o. Taking each of the constants equal to unity, plot a 

curve to show the relation bet^Yecn_y and x from = o to jr = 2. 

_ dy 
dx^ ^dx 
d^y 

dj^ ^ ‘^dx 


2. +^y = o. 


4. f^+ 4 $i + 4 ^ = o. 






7 . A mass m is supported by a vertical spring which will stretch a length A when 
supporting i lb. Then, if we neglect the stiffness of the spring and the resistance of 
the air, the motion is given by 


d-x 

'^d(^ 


= 0 


where m is obtained by dividing the weight in pounds by 32‘2, and x feet is the 
distance of the weight from its position of equilibrium at time t seconds. Find 
an expression for x in terms of having given that jt = o when t — o. Taking 
the weight equal to \ lb., A = o’5 ft., and the greatest value of jr 9 ins., plot a curve 
to show the displacement at any time from / = o to ^ = i sec. How long docs it take 
the weight to make a complete oscillation in the numerical case? 

8 . If the .stiffness of the spring and the resistance of the air in Example 7 have the 
cft'cct of retarding the motion with a force proportional to the velocity, the motion is 
given by 


d^x , ,dx , X 


A is the retarding force when the velocity is unity. Find an expression for x in terms 
of i for the case where the weight = 4 lb., h — o’5 ft., and k — 0’02 lb. Sketch a 
curve to show roughly the character of the motion. 

0 . I is the moment of inertia of a ballistic galvanometer needle round its axis of 
rotation, h is the twisting moment per unit angular displacement due to the torsion 
of the fibre and the controlling magnetic field, k is the moment of retarding force per 
unit angular velocity of the oil bath used to damp the motion. The motion is 
given by 




where B is the angle through which the needle is displaced from its equilibrium 
position at time t. • 
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Find an expression for Q in terms of t 

1st, wlicn P <C, \ 2nd, when P > 4IA 

Sketch fii^aircs to illustrate the character of the motion in each case. 

Note that in the second case the motion is dead-beat,” i.e. the needle docs not 
swin^ back past its equilibrium position, while in llie first case the motion is 
oscillatory. 


240. Next consider a differential equation of the type 


‘S+'’S +*•>■“ = 


(0 


where C is a constant. 

Compare this with the equation 


(Py 


+ + by = o 

ax 


(2) 


which has already been considered. 


C . 


If^ = « is a solution of equation ( 2 ), then ^ is a solution of ( 1 ). 

C 


For if y = w + -r 
0 

dy du d^y d-n 
wehave^- = ^^. 


and, on substitution, 


d'^V , dy d'^u . du . , 

= ,7F + ^ 

= c 

since = « is a solution of ( 2 ) 


Example. — 


dy 

dx'- 




\\c have shown, j). 388, that the solution of 

is^ = KyC* + 

Therefore the solution of the [jiven equation is 

y - Ai^ + - 3 

dx d^y a 

This may be verified by finding and and substituting. 


Examples.— CXXVII. 


1 , Find the relation between^ and / which satisfies the differential equation 

A‘‘y j. Jy + 
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Verify by finding and substituting. 


2 . If a conslant electromotive force of looo volts Is npidied to a circuit containing 
a self-induction T., a resistance R, and a condenser of capacity K, then the quantity ^ 
of the charge in the condenser at time f satisfies the equation 

+ 


dr- 


dt K 


Giving R and K the same numerical values as in § 239, find expressions for q in 
terms of the time for the two cases when L = o'oo2 henry and L = O'oi henry, 

having given that ^ = O when / — o, and = o when ^ = o. 

Note. — With the data as given the result will give the value of q in coulombs. 
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Advanced Stage. 


1901. 

1 . Compute 30 56 -“4-105, 0 03056 X o'4io5, 41051“ o-04io5“2 3 . 

The answers must be riglit to three significant figures. 

Why do we multiply log a by ^ to obtain the logarithm of a**? (20) 

2 . If a = 5, ^ = 200, c = 600, ^ = — O' 1 745 radian, find the value of sin {ct - 1 - 

(i) when t = 0 001 

(ii) when i = o oi 

(iii) when ^ = o’l. 

Of course the angle is in radians. (20) 

0 . The keeper of a restaurant finds, when he has G guests in a day, his total daily 
expenditure is E pounds (for rent, taxes, wages, wear and tear, food and drink), 
and his total daily receipt is R pounds. The following numbers are averages 
obtained by examination of his books on many days : — 


G 

E 

R 

210 

16-7 

15-8 

270 

19-4 

21'2 

320 

2 I '6 

26-4 

360 

234 

298 


Using squared paper, find E and R and the day’s profits if he has 340 
guests. 

What number of guests per day just gives him no profit ? 

What simple algebraic laws seem to connect E, R, P the profit, and G? 

Two of the marks will be given for a correct answer to the following : — 

If he finds that he has almost too many guests from, say, i to 2 o’clock, and 
from, say, 6 to 7 o’clock, and almost none at other limes of the day, what 
expedient might he adopt to increase his profits ? (25) 

4 . The following quantities are thought to follow a law like = constant. Try 
if they do so ; find the most probable value of n : — 


V 

I 

2 

3 

4 

5 

P 

205 

1 14 

So 

63 

52 

" 
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6. There is a curve whose shape may be drawn from the following values of x and^ 


X in feet . . 

3 

35 

42 

4-8 

y in inches . 

lOI 

I2‘2 

I3I 

irg 


Imagine this curve to rotate about the axis of describing a surface of revolu- 
tion. What is the volume enclosed by this surface and the two end sections 
where x = 2 = 4'S ? (25) 

0. Ux = fl sin ^ cos for any value of t where 3 , and p are mere numbers ; 
show that this is the same as = A sin (// + e) if A and € are properly 
evaluated. (25) 

7 . I.et a closed curve rotate round a straight line in its own plane and generate 

a ring ; state and prove the two rules for finding the volume and surface of the 
ring. (25) 

8. Two sides of a triangle are measured and found to be 3 2 ‘5 and 24'2 ins. ; the 

included angle being 57°, find the area of the triangle. Prove the rule used 
by you. If the true lengths of the sides are really 32 6 and 24'i, what is the 
percentage error in the answer? (20) 

9 . The polar co-ordinates of a point arc r = 5 ft., = 52° ; = 70°, find the jt, 

and z co-ordinates ; also find the angles made by r with the axes of co- 
ordinates. (25) 

10 . Define carefully what is meant by the Scalar Product of two vectors and by the 

Vector Product of two vectors, giving one useful example of each. (30) 

11 . There is a piece of a mechanism whose weight is 200 lbs. The following values 

of J- in feet show the distance of its centre of gravity (as measured on a skeleton 
drawing) from some point in its straight path at the time t seconds from some 
era of reckoning. Find its acceleration at the lime t = 2 05, and the force in 
pounds which is giving this acceleration to it. 


12 . 


s 

t 

0-3090 

200 

o' 493 < 

2-02 

0-6799 

2 04 

0-8701 

206 

1-0643 

2-08 

1-2631 

Z'lO 


dy 

What is meant by the symbol -w Explain how it may be represented 
slope of a curve. State its value in the cases 


(25) 

by the 


y — flx", y — ^ = a sin [bx + r), 

y-a^o'^ \bx + c), y = loge [x + b). (30) 


13 . Find 

« jp . dVf \i pv' = f, a constant 


(1) when s = o'S, 

(2) when j = I. 


(25) 
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14 . Tn the curve y = find c ii y = m when x = b. Let this curve rotate about 

the axis of x ; find the volume enclosed by the surface of revolution between 
the two sections at x = fl and x = h. Of course /«, and a arc given distances. 

(25) 

15 . The rate (per unit increase of volume) of reception of heat by a gas is A, f is its 

pressure, and v its volume ; 7 is a known constant. 

If pv' = r, j and c being constants, find h if 



Full marks will be given only when the answer is stated in its simplest form. 
If h is always o, find what s must be. (25) 

10 . At the following draughts in sea water a particular vessel has the following 
displacements : — 


Draught h feet . . . 

1 

12 

9 

6-3 

Displacement 'V tons 

2098 

1512 

10 tS 

1 

586 


Plot log T and log h on squared paper, and try to get a simple rule con- 
necting T and h. If one ton of sea water measures 35 cub. ft., find the rule 
connecting V and /;, if V is the displacement in cubic feet. (25) 

17 . Pielerably to be answered by a Candidate who has already answered Question 

16. Find how A the horizontal sectional area of the vessel at the water line 
depends upon h. At any draught what change of disphicement V or T is 
produced by one inch ditfercncc in > 4 ? (20) 

18 . In any class of turbine if P is power of the waterfall and H the height of the fall, 

rt the rate of revolution, and R is the average radius at the j)lace where water 
enters the wheel, then it is known that for any particular class of turbines of 
all sizes, 

» OC III 2*, p-O B 

R OC P» *, H-0 

In the list of a particular maker I take a turbine at random for a fall of 
6 feet, loo horse-power, 50 revolutions per minute, 2’5l ft. radius. By means 
of this I find I can calculate n and R for all the other turbines of the list. 
Find n and R for a fall of 20 ft. and 75 horse power. (20) 


Advanckd Stage. 

1902. 

1 . Compute by contracted methods, without using logarithms, 

23 07 X O' 1354, 2307 -i- 1-354 

Compute 2'307®®^ and using logarithms. The answers to consist of 

four significant figures. 

Why do we add logarithms to obtain the logarithm of a product? 

Suppose we have a scale on a slide rule on which, ’s usual, the distance to 
any mark n is log 71 \ and there is another scale on which the distance to any 
mark m is log (log tn ) ; show that we can at once read off w" and also the 
logarithm of any number to any base. (20) 
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2 . Write in a table the values of the sine, cosine, and tangent of the following 
angles : — 


23", I23'>, 233®, 312", 383® 


(20) 


3 . What is meant by the symbol ^ 




Explain how it may be represented by the slope of a curve. 

Uy = 2 ’4 — l‘2x + 0’2jc^ find and plot two curves from jt = o to x = 4, 


showing how ^ and ^ depend upon x. 


(20) 


4 . Work the following three exercises as if in each case one were alone given, 
taking in each case the simplest supposition which your information permits : — 
{a) The total yearly expense in keeping a school of loo boys is j^2,ioo; 

w^hat is the expense when the number of boys is 175 ? 

{b) The expense is j^'2100 for 100 boys, ;^3050 for 200 boys ; what is it for 
175 boys ? 

(f) The expenses for three cases are known as follows : — 

j^2ioo for loo boys 
/'2650 for 150 boys 
^^3050 for 200 boys 


What is the probable expense for 175 boys? 

If you use a squared paper method, show all three solutions together. (25) 

6. For the years 1896-1900, the following average numbers are taken from the 
accounts of the 34 most important electric companies of the United Kingdom. 

U means millions of units of electric energy sold to customers. C means the 
total cost in millions of pence, and includes interest (7 per cent.) on capital, 
maintenance, rent, taxes, salaries, wages, coal, etc. 


u 

o '67 

I 00 

1-366 

1 ’46 

2-49 

c 

4-84 

625 

8-6o 

911 

14-25 


Is there any simple approximately correct law connecting U and C ? If so, 
what is it? Assume that from the beginning there was the idea of, at some 
time, reaching a maximum output of 13 ’9, so that U -r I3'9 is called /, a 
certain kind of load factor. Let C -r- U be called c the total cost per unit ; is 
there any law connecting c and fl You need not plot c and f \ it is better to 
use the law already found. (30) 

0 . In some experiments in towing a canal boat the following observations were 
made ; P being the pull in pounds and v the speed of the boat in miles per 
hour. 


V 

1-68 

2 '43 

3 -i 8 

3-60 

4^3 

P 

76 

160 

240 

320 

370 


Plot log V and log P upon squared paper, and give an appro.ximate formula 
connecting P and v. (20) 
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7 . What is the idea on which compound interest is calculated? Explain, as if to a 

beginner, how it is that 

*-<■+, 4 )' 

where P is the money lent and A is what it amounts to in n years at r per cent, 
per annum. If A is 130 and P is 100 and w is 7 '5, find r. 

What does the above equation become when we imagine interest to be 
added on to principal every instant? State two natural phenomena which 
follow the compound interest law. (30) 

8. Only one of the following, (a) or (^), is to be attempted : — 

(rt) The inside diameter of a hollow sphere of cast-iron is the fraction 0'57 of 
its outside diameter. Find these diameters if the weight is 60 lbs. Take 

1 cub. in. of cast iron as weighing 0*26 lb. 

If the outside diameter is made i per cent, smaller, the inside not 
being altered, what is the percentage diminution in weight ? 

{d) I'he cross-section of a ring is an ellipse whose princiiial diameters are 

2 ins. and ins. ; the middle of this section is at 3 ins. from the axis 
of the ring. What is the volume of the ring ? 

Prove the rule you use for finding the volume of any ring. (20) 

9 . If is constant, an<l ii /> — l when v = 1, find for what value of r/, p is o’2. 

Do this for tlie following values of o‘8, o'q, I’O, ri. Tabulate your 
answers. (25) 

10 . Define carefully what is meant by the Scalar Product and by the Vector Product 

of two vectors, giving one useful example of each. (25) 

11 . There is a point P whose Xj and z co-ordinates are 2, i’5, and 3. Find its r, 

0, 0 co-ordinates. If O is the origin, find the angles made by OP with the 
axes of co-ordinates. (20) 

? i-h- 

12 . When is a.T' — .%■ a inaximiim, 7 being i ’4 ? Plot the values near the maximum 

value. For this purpose you need only calculate the maximum value and 
two others. (25) 

13 . If the current C amperes in a circuit follows the law C = lo sin 600/ ; if / is in 

seconds ; and if 

V = RC + \^, 
dt 

where R is o'3 and L is 4 X io~*, what is V ? 

Show by a sketch how C and V depend upon time, and particularly how one 
lags behind the other, and also state their highest and lowest values. (30) 

14 . There is a function 

>' = 5 login + 6 sin + o-oS4(a- - 3-5)* 

Find a much simpler function of x which does not difter from it in value more 
than 2 per cent, between x = ^ and x = 6 . Remember that the angle is 
in radians. (25) 


Advanced Stage. 

1903. 

1 . Compute by contracted methods to four significant figures only, and without 
using logarithms or slide rule 

8'I02 X 35 ’ 14 , 254-3 -r 0 09027 
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State the logarithms of 37240, 37 '24, 0'03724, 

Compute, using logarithms, 

V 3 r 24 V3724 

372 - 4 =» 0 - 3724 -’'" 

Explain why it is that logarithms are multiplied in computing the powers of 
numbers. 

In using your four-figure logarithm tabic have you observed that there is 
more chance of error at some places than at others ? How is this? Can you 
suggest an improvement in such tables ? (30) 


2 . The three parts (f?), (^), and (f) must be all answered to get full marks. 
{ii) If fl = o'Stt, fi = o'3, and N = 


if (N ~ M) V = 33000 P ; 
if P is 30 and V is i;20 : 

find N. 

(/») Find the value of sin (27^? + 0 ' 6 ), where /\s 225 and ? is 0 003. 

Observe that the angle is stated in radians. 

(c) If 



and if 

A = 3? when r = 3^ 

find H. (30) 


3 . y — a b bx'^ is the equation to a curve which passes through these three points, 
jT = o,j/ = 1-24 j X = 2-2, j = 5 07 ; X = 3 5. .y = 12-64 
find a, and fi. 

When \vc say that is shown by the slope of the curve, what exactly do wc 

(30) 


mean ? Find when .r = 2. 
ax 


4 . The following are the areas of cross-section of a body at right angles to its 
straight axis : — 


A in sq. ins, , . 

250 

292 

310 

273 

215 

I So 

*35 

120 

X inches from one end 

0 

22 

41 

70 

84 

102 

*30 

145 


What is the whole volume from jr = olojf = * 45 ? 

At = 50, if a cross-scctional slice of small thickness 5 ;r has the volume 
fiiul (30> 

OA' 


6. Find accurately to three significant figures a value of x to satisfy the equation 
0'5.r' “ — 12 logipjr + 2 sin 2 x = 0-92 1 
Notice in sin 2 x that the angle is in radians. (42) 


2 D 
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0. The population of a country was 4’35 X lo* in 1820, 7'5 X lo" in i860, ir 26 X lo" 
in 1890. Test if the population follows the compound interest law of increase. 
What is the probable population in 1910? (30) 

7. The followin£T table records the growth in stature of a girl A (born January, 1890), 
and a boy B (born May, 1894). Plot these records. Heights were measured 
at intervals of four months. 

Tabf.e of Heights in Inches. 


Year . 

1900 

1901 

1902 

*903 

Month 

Sept. 

Jan. 

May 

Sept. 

Jan. 

May 

Sept. 

Jan. 

A . . 

5475 

55-55 

56-6 

5795 

59-2 

602 

6o'9 

613 

B . . 

48-25 

490 

4975 

50-6 

515 

52-3 

53-1 

53-9 


Find in inches [ler annum, the average rates of growth of A, and B. during 
the whole period of tabulation. What will be the probable heights of A. and 
B. at the end of another four months? Plot the rate of growth of A. at all 
times throughout the period. At about what age was A. growing most rapidly 
and what was her quickest rate of growth? (30) 

8. The New Zealand Pension law for a person who has already lived from the age 
of to 65 in the colony is : — 

If the private income 1 is not more than;i^34 a year, tlie pension P is;^i8 a 
year. If the private income is anything from 34 to 52, the pension is such that 
the total income is just made up to 52. If the private income is 52 or more 
there is no pension. 

Show on squaretl paper, for any income I the value of P, and also the value 
of the total income. If a person’s ]nivale income is sayji^5o, how much of it 
has he an inducement to give away before he applies for a pension? Show on 
the .same paper the total income, if the pension were regulated according to 
the rule 

P = iS - (30) 

0. The following table gives corresponding values of two quantities x and y '. — 


y 

1016 

1226 

1470 

20'So 

24‘S4 

28-83 

X 

ay's'j 

31-34 

26 '43 

I90S 

16-33 

14-04 


Try whether x and y are connected by a law of the form yx^ = and if so, 
determine as nearly as you can the values of n and c. 

What is the value of x when y = 17 '53 ? (30) 


10. Both parts (n) and must be answered to get full marks. 

(j) Prove the rules used in Finding the volume and area of a ring. The mean 
radius of a ring is 2 feet. The cross section of the ring is an ellipse 
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whose major and minor diameters are o S and 0’5 ft, : what is its 
volume? 

{b) The length of a plane closed curve is divided into 24 elements, each 
I in. long. The middles of successive elements are at the distances x 
from a line in the plane, as follows (in inches) : — 10 , lo’ 5 , I 0 ' 9 l, II ' 24 , 
ii' 49 , 11 - 67 , 12 - 57 , 11 - 67 , ii- 49 j ii' 24 , 10 - 91 , 105 , 10 , 10 - 5 , 10 - 91 , 
11 - 24 , 11 - 49 , 11 - 67 , 12 - 57 , 1167 , 11 - 49 , ii' 24 , 10 - 91 , 10 - 5 . 

If the curve rotates about the line as an axis describing a ring, find 
approximately the area of the ring. (42) 

11 . Three planes of reference, mutually perpendicular, meet at O. The distances of 

a point P from the three planes are ar = 12 ^ y = 2 7, z = 0-9. The distances 
of a point Q are x = 0-8, y = 1-8, z = 1-5. 

Find 1st, the distances OP and OQ ; 

2nd, the distance PQ ; 

3rd, the angle between OP and OQ. (30) 

12 . Find the moment of inertia of a hollow right circular cylinder, internal radius R,, 

external Roj length /, about the axis of figure. 

Prove the rule by which, when we know the moment of inertia of a body 
about an axis through its centre of mass we find its moment of inertia about 
any parallel axis. 

What is the moment of inertia of our hollow cylinder about an axis lying in 
its interior surface ? (42) 

13 . If the current C amperes in a circuit follows the law 

C = 10 sin 600/ 

where £ is in seconds. If 

V = RC + 

lit 


where R = 0-3, L = 4 x lO”^, find V. 

Show by a sketch how C and V vary with the time ?, and particularly how 
one lags behind the other, and also state their highest and lowest value. (42) 

14 . The entropy 0 ranks of a quantity of stuff at the absolute temperature t degrees 
is knonii to vary in the following w^ay : — 



443 

403 

373 

343 

4 > 

1-584 

1-668 

•749 

1-850 


Plot <p horizontally and £ veitically. 

A rectangle w'hose dimension horizontally represents o-l rank, and whose 
vertical dimension represents lo degrees, has an area which represents o-l X 10 
or I unit of heat, what heat does each square inch of your diagram represent? 
The total heat received from beginning to end of the above set of changes is 
represented by the total area between the curve, the two end verticals and the 
zero line of temperature ; state the amount of it. 

You need not, of course, plot the whole of <p ; you may subtract, say, 15 
from each of the v'lues. Also, if you want greater accuracy and can estimate 
areas of rectangles not actually drawn, you need not plot the wdiole value 
of t. (42) 



404 


Examination Papers 


1904. 


S TAGE 2 . 


Answer Questions No. i, No. 2, and No. 3, and five others. 

1 . The four parts (a), { 6 ), (f), and (</) must all be answered to get full marks. 

(rt) Compute by contracted methods to four significant figures only, and with- 
out using logarithms, 

34‘05 X 0 009123 ; and 3*405 0*09123. 


{b) Compute, using logarithms, ^0*2354 X 16 07; (32'I5)“^®2. (32’I5)-o2B2 
(r) Ex[)lain why we add logarithms when we wish to multiply numbers. 

(fO Write down the value of sin 23° and cos 23°. What is the sum of the 
squares of these? Explain why you W'ould get the same answer whatever 
the angle. (20) 

2 . The two parts (ti) and [b) must both be answered to get full marks. 

(/*) Express the angle 0*3 radians in degrees ; find from the tables its sine, 
l{x is in radians and if 

sin jr = ^ — . — + ^ — I — + 

li U Li 


calculate the sine of this angle to four significant figures. After how 
many terms are more of them useless in this case when we only need 
four figures? 

[Note that means i x 2 X 3 X 4 X 5.] 

{b) It has been found that if P is the horse-power wasted in air friction when 
a disc r/feet diameter is revolving at n revolutions per minute, 

P =- 

If P is O' I when ^=4 and n = 500, find the constant c. 

What is the diameter of a disc which wastes 10 horse-power in air 
friction when revolving at 580 revolutions per minute? (zo) 


3 The four parts (rz), (^), (f), and (r/) must all be answered to get full marks. 

(n) A hollow circular cylinder of length /, inside radius r, outside radius R, 
write out a formula for its volume V. 

If V =: 182 cubic inches, / = 7*23 inches, r = 2'ii inches, find R. 

(^) The sum of the areas of two squares is 92' 14 square inches, the sum of 
their sides is 13 inches ; find these sides. 

(f) AllC is a triangle, C being a right angle. All is 9'82 inches, the angle A 
is 28°. Find the sides 13 C and AC, using the tables. 

{J) The area of cross-section * of a prism is 92'30 square inches ; what is the 
area of a section making an angle of 25° with the cross-section ? 

• The cross-section is the smallest section. (20) 


4 . Find accurately to three significant figures the value of x which satisfies the 
equation 

3.T- - 20 logio-r - 7'077 = o. 


Use squared paper. 


( 3 °) 


6. At corresponding high speeds of modern ships of the same class if v is the speed 
in knots, D the displacement in tons, P the indicate*^ horse-power, T the time 
spent in a particular passage, and C the coal consumed, 

vv. D* P oc D^, C ocD. 
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A cross-Atlantic steamer of 10,000 tons at 20 knots crosses in 6 days, its 
power being 20,000, using 2520 tons of coal j what must be the'displacement, 
the speed, the power, and the coal for a vessel which makes the passage in 
5 days? (20) 

0 . There is a district in which the surface of the ground may be regarded as a 
sloping plane; its actual area is 3'246 square miles ; it is shown on the map 
as an area of 2*875 square miles ; at what angle is it inclined to the horizontal ? 

Prove the truth of the rule which you use. (20) 

7 . At the following draughts h feet, a particular vessel has the following tonnage 
T in the salt-water : — 


h 

IS 

12 

9 ^ 

6-3 

T 

2100 

1510 

1020 

0 

U-i 


Try if there is an approximate connection of the form 
T = ch^ 


and if so find c and n. 

If a cubic foot of salt water w'cighs 64 lbs., find a formula connecting D, 
the displacement in cubic feet, and h, (30) 


8. If 

y — IX -V 

X 

state what value of will malcc^less than any other. An approximate answer, 
using squared paper, will gain as many marks as the correct answer. (20) 

0 . The following tests Avere made upon a condensing steam-turbinc-clectric-generator. 
There are probably some errors of observation, as the measurement of the 
steam is troublesome. 


Output in 

Kilowatts K. 

Weight W lb. oF steam 
consumed per hour. 

1190 

23,120 

995 

20,040 

745 

16,630 

498 

1 2, 560 

247 

8,320 

0 

4,065 


Find if there is a simple approximate law connecting K and W, and state 
what it is algebraically. 

W 

State in words what means. Call this w. Express w in terms of K. 

Calculate w for K = 1000 and K = 300. (30) 

10 . At the time t seconds a body has moved x feet along its path from some fixed 
point in it. These positions have been found from a skeleton drawing of 
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a mcchanisni. Find the average speed in each interval. Find also the 
acceleration in the path at each instant approximately. 


t 

0 

01 

02 

03 

04 

OS 

O'fi 

X 

0 

4 

8175 

12-558 

17-187 

22-094 

27-306 


( 20 ) 


11 . Assuming the earth to be a sphere, if its circumference is 360 x 60 nautical 

miles, what is the circumference of the parallel of latitude 50°? What is the 
length there of a degree of longitude? If a small map is to be drawn in this 
latitufle, with north and south and cast and west distances to the same scale, 
and if a degree of latitude (which is of course 60 miles) is shown as lO inches, 
what distance will represent a degree of longitude ? (20) 

12 . There is curve = 2 + o■I5ar^ 

Trove that for any value of x the slope of the curve or is 0'3^. (30) 


Stage 3. 

Answer Questions No. i, No. 2, and No. 3, and live others. 


1 . The three parts (o), ( 3 ), and (c) must all be answered to get full marks : — 

(rt) Compute by contracted methods to four significant figures only, and 
without using logarithms, 

0-03405 X 0-9123, and 34 05 0-09123. 

(b) Compute, using logarithms, 

(2'354 X 1-607)®'®^^; and (32- 15)“^'^"*. 

(^■) Write down the values of 

sin 107® ; cos 148® ; tan 250°. (30) 

2 . There are two forniul® used to calculate <p : 




which is only approximate ] 

0 = 1-0565 log. 5^ + 9 X 10-' (^- - 503^^ + 0 0902, 


which is correct. 

If ? = 0 + 273 when 0 = 53, find the two answers ; what is the percentage 
error in using the approximate formula? (30) 

8, The three parts {a), (b), and (f) must all be answered to get full marks : — 

(a) Prove that 

sin (A + B) = sin A cos B + cos A sir B. 

You may take the simplest case, w'here A + B is less than a right angle. 
Illustrate the truth ol this arilhmelicE'ly when A = 35° and B = 27®, 
using your tables. 
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Prove that in a triangle whose sides a, d contain between them the angle 
C the area is 


sin C. 


There is a quadrilateral ABCD ; A and C being opposite corners. If 
AB is 16 23 feet, AC 25'4 feet, AD 12 09 feet ; if the angle BAG is 
41°, and the angle CAD is 35°, find the area of the quadrilateral. 

(f) If P is the present value of an annuity A, the first payment being due i 
year from now, the last at the end of the «th year from now, the rate of 
interest on money being at r per cent, per annum ; then 


P=,oo'> {.-(. + 4 )"'] 


If the present value of an annuity of ^^65 15^^627 r is 3J per cent, 
per annum, what is the supposed number of years’ duration of the 
annuity ? (30) 


4 . 


Find accurately to three significant figures the value of x which satisfies the 
equation 


X- ---logiojr = 2-359. 


(30) 


5 . At corresponding \\v^ speeds of modern ships of tlie same class, if v is the speed 
in knots, D the displacement in tons, P the indicated horse power, T the 
lime spent in a particular passage, and C the coal consumed, 


vx. dJ, PocD2z/\ Coc PT, 

show how P, T, and C depend upon D alone. 

A cross- Allan tic steamer of lo,ooo tons at 20 knots crosses in 6 days, its 
power being 20,000, using 2520 tons of coal ; what must be the displacement, 
the speed, the power, and the coal for a vessel which makes the passage in 
5 days ? (30) 


0 . Three planes of reference mutually perpendicular meet in the lines OX, OY, 
OZ. The line OP is 6-2 inches long; it makes an angle of 62° with O.X and 
43° with OY. Call the ])rojeclions of OP upon OX, OY, and OZ by the 
names x, j', and z and calculate their amounts, taking the positive value in the 
case of z. What angle docs OP make with OZ ? 

The plane containing OZ and OP makes an angle tp with the plane contain- 
ing OZ and OX, what is this angle ? (30) 

7 . In a certain vessel it happens to be true, within certain limits, that 

V = 1200//^*^ 

where // is the vertical draught in feet and V is the displacement in cubic feet. 
If A is the area in square feet of a horizontal section on the water-level, express 
A in terms of A. 

If / and 6 arc the length and greatest breadth of the section and if A = n/d 
where « is a constant fraction, show that V = where m is a constant 

fraction. (40) 

8 . The following tests were made upon a condensing-steam-turbine-elcctric-generator. 

There are probably some errors of observation, as the measurement of the 
steam is troublesome : 


Output in Kilowatts K 

1190 

99 S 

745 

498 

1 

247 

0 

Weight W lb. of steam 
consumed per hour . 

23, 120 

20,040 

16,630 

12,560 

8320 

406s 
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Find if there is a simple approximate law connecting K and W. 

The electric power goes some distance to drive a factory, and it is found by 
trial that when V yards of stuff are being woven per hour 

K = 48 + o’45 Y. 


Express W in terms of Y. 

State the meaning of W/Y in words, and find its values when Y is 2000 and 
when Y is 500. What lesson ought to be drawn from this ? (30) 


9 . A quantity is a function of Xy what do we mean by ? Illustrate your 

ax 

meaning, using a curve. Illustrate your meaning by considering a body 
which has moved through the space s in the time /. What is ^ in the 
following cases : — 

y — a -\-hx cx^ + gx^y y — a log Xy y — y - a sin {hx + c). 

(40) 

10 . Find the area of the curve 

y = a-\- bjd* 

from the ordinate at x: = o to the ordinate at x — m. If n is 2 5, and a is o, 
and if the curve passes through the point (.r = 5, = 4), find b. What is the 

area of the curve from the ordinate at x- = o to the ordinate x: = 5 ? (40) 


11 . 


Divide a number a into two parts so that twice the square of one part 
times the square of the other shall he a minimum. 

I low do you know that you have found a minimum value ? 


plus three 

(30) 


12 . In the atmosphere, if / is jiressurc and h height above datum level, if 

w ™ ep'^h 

where c and 7 arc constants, and if 



find an equation connecting p and h. 

What is the above c if p = fioR ? Assume p and i = where h — o. 
R i.s a known constant for air. 

Find the equation connecting h and t. (50) 

13 . The following values of y and x being given, tabulate and v . Sx in each 

ox: 

interval, and A or the sum of such terms as y . dx. Of course A is the 
approximate area of the curve whose ordinate is^. 


0 

O'l 

0'2 

03 

0-4 

05 

06 

0-7 

0-8 

0-9 

0 

o'i736 

0-3420 

q 

0 

0 

0 

0-6428 

0-7660 

08660 

0-9397 

0-9848 

I '0000 


(40) 
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^905- 

Stage 2. 


Answer Questions No. i, No. 2, No. 3, nnd five others. 

1 . The four parts (a), (^), (r), and (d) must all be answered to jjet full marks. 

(r;) Compute by contracted methods to four significant figures only, and without 
using logarithms, 

0 01239 X 5 '024 and o‘5024 -Ho’oi239, 

(^) Compute, using logarithms, 

Vo'26o 7; 26‘07^ ; 26 o7“''^3 

{c) Explain why we subtract logarithms when we wish to divide numbers. 

{(i) Write down the values of the sine, cosine, and tangent of 37°. Explain, 
from the definitions, why sin 37° -i- cos 37° = tan 37°. Try by division 
if this is so. (20) 


2 . The four parts (d), [h), (^), and {d) must all be answered to get full marks. 

(rt) Using the tables, find the number of wdiich o’2 is the Napierian logarithm. 
If 


= I -I- ^ + |- + |- + etc., 


calculate when x = o‘2, to three decimal places. 

After how many terms are more of them useless in this case where we 
only need three decimal places? 

[Note that |5 means IX2X3X4X5.] 

{d) Express 


O’ 5a - d- >4'09 

— 3‘5.r — 10 26 


as the sum of two simpler iractions. 

(c) The sum of two numbers is I2'54, and the sum of their squares is Si 56 : 
find the numbers. 

{d) ABC is a triangle, C being a right angle. The side BC is 12 '4 feet, and 
the angle A is 65° : find the other sides and angle, using the Tables. 

(20) 


3 . X and / arc the distance in miles and the time in hours of a train from a railway 
station. Plot on squared paper. Describe clearly why it is that the s^o/e of 
the curve shows the speed. Where is the speed greatest, and where is it 
least ? 


X 

1 ° 

! . 

O’ 12 

o’5 

I’52 

2'50 

2'92 

3 os 

3 '05 

3^7 

350 

3-82 

t 

0 

o’o5 

O’lO 

0-15 

0’20 

0*25 

o’30 

0-35 

040 

0'4S 

0-50 


( 20 ) 


4 . Find x in degrees approximately if 

3 sin JT + 2 cos X = 3'4. 
For what value of x is 

3 sin A + 2 cos X 

a maximum ? You may use squared paper. 


(28) 
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6. The net yearly profit P of a railway may be repreicntccl l)y 

V = dx + cy 

where x is the gross yearly receipt from passengers, and y from goods ; b and t 
being constant numbers. 

When X = 520ocx> and>' — 220000, P was 330000. 

And at a later period 

when X = 902000 and y — 700000, P was 603000. 

What will probably be the value of P when x — loooooo and when_y = 
800000 ? (20) 

0 . In steamships, c -i- I, where D is the displacement in tons, v the speed in 

knots, 1 the indicatcfl horse-power. Now c is not the same for a ship at all 
speeds, but it is nearly the same for two similar ships at corresponding speeds. 
Corresponding speeds are as the sixth root of the displacements. Find c from 
each of the following actual measurements made on a ship of 9764 tons. 
Tabulate the corresponding speeds for a ship of 12000 tons, and calculate and 
tabulate the horse-power at each speed. 


Speed in knots 


lO'S 


H '33 


Indicated horse-power . 


1830 


4720 


(28) 


7 . Slate Simpson’s rule. An area is divided into ten ('qiial jiaits by eleven equi- 
distant parallel lines 0'2 inch apart, the first and last touching the bounding 
curve; the lengths of these lines or ordinates or breadths are, in inches : — 

o, 1-24, 2'37, 4*10, 5-28, 476, 4-60, 4-36, 2 45, I ’62, o. 

Find the area in square inches. (20) 


X = a{(fi — sin <l>) 
y = a{i — sin tp) 

Take a = lo. Calculate the values of x and r for the following values 
of ip : — 

TT TT TT 

6’ V 3 

Plot points whose co-ordinates are these values of x and 7, on squared 
paper, and draw a curve. (28) 

0 . When Q cubic feet of water flows per second through a sharp-edged rectangular 
notch L feet long, the height of nearly still water above the sill being IT feet, 

Q « (L - JIDH* 

Now, a bad formula is sometimes used which assumes 
Q ixLld. 

Show that for a given I.,, although a constant m.ay be used to give a correct 
answer for one value of H, it must give incorrect answers for other values 
ofll. (28) 

10 . A vessel is shaped like the frustum of a cone ; the circular base is 10 inches 
diameter ; the top is 5 inches diameter ; the vciLical height is 8 inches. What 
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is the height of the imaginary vertex ? U x is the height of the surface of a 
liquid from the bottom, plot a curve showing for any value of x the area of the 
horizontal section there. 

Find from this the whole volume of ihc vessel in cubic inches. 

[Candidates will notice that if ^ is the diameter of the circular area, it is only 
necessary to plot d^.] (2S) 

11 . There is a curve 

^ = I -5 + o' 05 ;r* 

Prove that for any value of x, the slope of the curve or is o'lx. (28) 


12 . Find accurately to three significant figures one value of x for which 
5 270 = o- 


(2S) 


13 . The total cost C of a ship per hour (including interest and depreciation on 
capital, wages, coal, etc.) is, in pounds. 


C=4+ — 

^ 1000 


where s is the speed in knots (or nautical miles per hour). 

The time in hours spent in a passage of, say, 3000 miles is 

3000 -T- j 

so that the total cost of the passage is this time multiplied by C. Express 
this algebraically in terms of j. 

Find what this amounts to for various speeds, For what speed is it a 
minimum ? (28) 


14 . The model of a ship, when being drawn at the following speeds v (in feet per 
minute), offered the following resistances R (in pounds) to motion : — 


233 

287 

347 

406 

466 

525 

588 

646 

108 

176 

2*93 

4*26 

633 

9-52 

1274 

1516 


It is to be remembered that there are small errors in .such measurements. 

If we assume a law like R = av**, find n for the smallest and highest speeds. 
F or what value of v does n seem at its greatest ? 

[Suggestion, plot log R and log v on squared paper.] (28) 


Stage 3. 

Answer Questions No. i, No. 2, No. 3, and five others. 

1 . The four parts (^z), (^), (r), and (d) must all be answered to get full marks ; — 
(a) Compute by contracted methods to four significant figures only, 

0 01239 X 0 5024 
and O' 1239 50-24 

(fi) Compute, using logarithms, 

(0-9415 X 2-304)'-7!' 
and (0-9415 X 2-304) 
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(c) Why du we multiply the logarithm of a by ^ to find the logarithm of ? 
{d) Write down the values of 

sin 254°, cos 124*^, tan 193°, sin“i (o'225o), cos~i ( — o'8i92), 
tan“i (— 4 ‘oio8). 

Only one value to be given in each of the last three cases. (30) 


2. The three parts, (a), (/^i and (it) must all be answered to get full marks ; — 
[a) A quantity is a function of x : what do we mean by 


dx 


Illustrate your meaning, using a curve. 

Illustrate your meaning by considering the speed of a body which has 
passed through the space s in the time t. 

{b) Show that if A is the area of a curve from some standard ordinate to the 
ordinate^ corresponding to the co-ordinate x, then 

dA 

y = 7ix' 


Hence to find A we merely find that function of x of which y is the 
differential coefficient. 

{c) If A is the area of the surface of water in a pond when the depth on a 
given vertical is x, and if v is the volume of water, then 


Prove this. 



(30) 


d. Define the scalar product and the vector product of two vectors. Give an 
illustration of each of these from any part of physical science. (30) 


4 . The cost C of a ship per hour (including interest and depreciation on capital, 
wages, coal, etc.) is in pounds 


0 = 4 +-- 

^ 1000 


where j is its speed in knots relatively to the water. 

Going up a river whose current runs at 5 knots, what is the speed which 
cau-ses least total cost of a passage ? (42) 


6. In the curve 

y = a bx^ 

Ify = 1 ’62 when x = i 
andy = 5 '32 when x = 4 

find a and b. 

Let this curve rotate about the axis of x. 

Find the volume enclosed by the surface of revolution between the tw'o 
sections at = i and x = 4. (42) 

By 

0 . The following values of y and x being given, tabulate ~ and y . 5x in each 

interval. If y . Sx be called 5A, tabulate the values of A if A is o where 
Jf = o. 


X 

0 

01 

0’2 

0’3 

o'4 

o ’5 

o’6 

07 

0-8 

0-9 

y 

1428 

1-561 

1-691 

1-820 

1-947 

2-071 

2-193 

2-314 

2-431 

2-547 


(42) 
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To facililale tabulation, it will be found convenient to change these rows 
into columns. 


7 . What is Simpson’s rule? A circle is drawn of 8 inches diameter. The diameter 
is divided into eight equal parts, and ordinates are drawn at right angles to 
the diameter. Calculate the lengths of these ordinates, using the tables, and 
tabulate them. Using Simpson’s rule, find the area of the circle. 

This answer is in error : what is the percentage error? (42) 


8 . Find x in degrees if 

3 sin X 2. cos ar = 3'4 

X is supposed to be an acute angle. How many answers are there? 

Fintl, using the Calculus, for what value of .r is 

3 sin jr + 2 cos x 

a maximum? (42) 


0 . The following values of / and B being given, find 


dp 

de 


when Q = 


115. 


0 

A 

100 

1470 

105 

1 7 53 

no 

20 80 


24 54 

120 

28-83 

125 

337* 

130 

39'25 


(42) 


10. Tf 

x = a sin pt ^ b cos pt 

for any value of t where a, and p are mere numbers, show that this is the 
same as 

X = A sin [pc + e) 

if A and e are properly evaluated. 

If 


RC + Lf 


and if 

C = 100 sin 600^ 

R being 2 and L being o'oo5, find V. 

What is the lag of C in degrees behind V ? (42) 


11 . A vessel is shaped like the frustum of a cone; the circular base is 10 inches 
diameter ; the top is 5 inches diameter ; the vertical height is 8 inches. If x 
is the height of the surface of a liquid from the bottom, express the diameter 
there in terms of x ; express A the horizontal area there in terms of x ; 
express V the volume of the liquid in cubic inches, in terms of x. (42) 


12 . Water leaves a circular ba^in very slowly by a hole at the bottom, every particle 
describing a spiral which is very nearly circular. Let v be the speed at a point 
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whose distfince from the axis is r, and height above some datum level h. 
Assume no "rotation” or "spin,” that is 



and show that this means 

c 

V — 

r 

where c is some constant. 

Now, at the atmospheric surface 


V 

2i- 

where C is a constant. 

Find from this the shape of the surface, that is the law connecting r and h. 

(42) 


13 . The model of a ship, when being drawn at the following speeds v (in feet pi.r 
minute), offered the following resistances R (in jiounds) to motion : — 


V 

179 

220 1 259 

301 

321 

3 U 

.... 

— - - 

1 

' 


— 

R 

178 

276 1 4-01 

1 

5(>9 

6’39 

819 


There are small errors in such measurements. 

Assume a law R oc zi", and describe how ;/ changes. What is its greatest 
value? Show that when v increases by a small percentage, R increase.s by n 
times this percentage. (42) 

14 . The indicated horse-powers of the engines of similar ships similarly loaded may 
be taken to be proportional to the ijlh power of the displacements at 
corresponding speeds. 

CoiTCsponding speeds arc as the sixth roots of the displaccMnents. The 
following measurements were made at different speeds of a vessel of 1000 tons 
(the United States s. Manning), Find the horse-power at the eorresporidiiig 
speeds of a vessel of 5000 tons : stale and tabulate these speeds. 


Speed in knots | 


Indicated horse-power . 


486 


16 

2181 
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Stage 2. 

You must not altcmi^t more than questions in all, and of these Nos. I, 2, 
and 3 must he tlircc ; that is to say, you arc allowed to take not more than live 
questions in addition to Nos. l, 2, and 3. 

1 . The four parts («), (^), (t), and (r/) must all be answered to get full marks : — 

{a) Without using logarithms, compute by contracted methods to four 
significant figures 

9'325 X o'02o 56 and 9‘325 -i- o'02056. 

{b) Using logarithms, compute 

(6-345 X o-io75)"-^ -^(0-00374 X 96 - 37 )"- 
(c) Extract the cube roots of 

20760, 207 -6, 0-02076, 0-002076. 

(i/) The side of a square is 3 yards i foot 9] inches ; find the area of the square 
in square feet. (22) 

2 . The four parts (< 0 i ( 0 i and {d) must all be answered to get full marks : — 

(fl) The difference of x and y is 3*14 ; the sum of and j/' is 140 ; find x 

and y. 

{b) The inside of a hollow copper sphere is filled with water whose w^eiglit is 
10 lbs. ; what is the inside radius? If the weight of the copper is 30 lbs., 
what is its thickness? A cubic inch of copper weighs 0-32 lb. 

(c) AllD is a right-angled triangle, 15 being the right angle. IlC is perpen- 

dicular to the side ACD. The angle A is 56°, IIC is 10 inches ; find 
the lengths of AC and CD. 

[d) What arc the factors of — S’qzjr + i 8’37 ? (22) 

3 . The three parts (a), ( 7 ^), and (r) must all be answered to get full marks : — 

{a) If y = d- bx -‘'^ ; if y = 6-3 when ar = l, and ify — 133 when .r = 2, 

find a and b. 

{b) 20 lbs. of bronze contains 87 per cent, of copper, 13 per cent, of tin. With 
how much copper must it be melted to obtain a bronze containing 10 per 
cent, of tin ? 

(c) If - = and if = 0-25, 0 = 3, find x/y. It is known that x —y — 1000, 
liiid x and y. (22) 

4. If i means V — i, write down the values of 7 ^, z"*, r’, Find n/i7 + 30/, 

I \U. Each of the answers is like a + bi where a and b are numbers. 

(28) 

5 . X is distance measured along a straight line All from the point A ; the values of 

y are offsets or distances in links measured at right angles to All to the border 
of a field. Find the average breadth from AB to the border of the field 
between the first and last offset. Notice that the intervals in x are not equal. 


X 

0 

.50 

3 00 

5 CO 

7-50 

y 

053 

0-47 

0-40 

0-42 

1 

0-46 


0 . There is a root of x^ — loa- + 40 -t — 35 = 0 which lies between l and 2 ; find 
it, correct to three significant figures. (26) 
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7. 'llic following numbers give x feet the distance of a sliding piece measured along 
its jjath from a certain point to the place where it is at the time ^ seconds : 
what (approximately) is its acceleration at all the tabulated times except the 
first and last ? Show in a curve how the acceleration depends upon t. 


- 

rooo 

2736 

4-420 

6 000 

7-428 

8-66o 

9-660 

10-397 

10-848 

1 1 '000 

Q 

O' I 

0-2 

o '3 

0-4 i 

1 

i o '5 

1 

0-6 

0-7 

o-S 

0-9 


(^9 

0. The following numbers give v the speed of a train in miles per hour at the time 
/ hours since leaving a railway station. In each interval of time, what is the 
distance jiasscd over by the train ? 


7 ' 

0 

24 

4'7 

7-2 

9-6 

120 

t 

0-00 

0-4 

0-8 

012 

o-i6 

0-20 


Continued, 


V 

16-9 

18*9 

20'7 

222 

23-4 

24-3 

t 

q 

0-32 

0-36 
1 

0*40 

0-44 

0-48 


At each of the times tabulated, what is x the distance from the station? 
Tabulate your answers. (26) 

9 . Find the area of the parabola — n l>x + tx' between the ordinate at a: = a 

and the onlinale at .v = ) 3 . If a — — // and = /^, what is the answer ? 

(22) 

10 . 'I’he parabola ^ = a -l~ fix -h ex' passes through three points whose co-ordinates 

are — ; o, ; //, >’3. Insert these values, and find a, fi, and c in terms of 

the quantities, j'l, r._,, and h. (22) 

11. The following quantities measured in a laboratory are thought to follow the law 

y = afi-^. Try if this is so, and, if so, find the most probable values of a and 
b. There are errors of observation. 


o-i 

0-2 

0-4 

0-6 

ro 

i-S 

20 

350 

316 

120 

63 

12-86 

2-57 

0-425 


(26) 

12, The equilibrium position for a certain governor is that a ball should be at a 
certain distance r from an axis about which it revolves, when the centrifugal 
force is equal to 

200 -f So// 

h 

where h = 

Now a certain mathematical investigation becomes too complex if this law 
is used, whereas it is known that, if the centrifugal lorce were equal to br — a 
wlicre a and b are mere numbers, the investigation would be easy. Find if 
there is approximately such a law within the limits r = o'5 and r = 07, and 
what is the maximum error in making such an assumption ? (26) 
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13 . One of the three premium systems used in workshops is this : — 

If II is the number of hours usually allowed for a job ; the man docs it in 
less time, say, h hours. The usual pay in the shop is p pence per hour ; the 
premium paid to the man is 

2 ’ 

and he is also paid hp. 

If r pence per hour is the cost of tools and share of total shop charges, the 
master would have paid II(^ + /*) for the job. He now pays P h{p + ; ). 

If II is 20 and / is 10 and /■ is 4, find the total payment to the man for the 
job and by the hour, and also the saving to tlie master on the job ; labiilaLe 
your answers for the following values of h : 20, 15, 10. (28) 


Stage 3. 

You must not attempt more than questions in all, and of these No. I must 

be one ; that is to say, you are allowed to take not more than seven questions in 
addition to No. i. 

1 . The four parts (rr), (^), (^■), and (rf) must all be answered to get full marks. 

(^7) Without using logarithms, compute by contracted methods so that four 
significant figures shall be correct^ 9 325 x 0’0205G and 9 '325 -=r 0 02056. 
(^) Using logarithms, compute 

(5-603 X o-o5723)-^ -*^’. 

(r) Write down the values of 

sin 207°, cos 123'^, tan 325^’. 

(d) Express 

(2.^+ i-38)/(v^+ I'SS-V- 24-6) 

as the sum of two simpler fractions. (33) 

2. Eind, with three significant figures accurate, a root of 

Sx-J -h .r logiu^r - 4-82 = o. (33) 

3 . The following tests were made on a steam elecLiic-gencraLor ; W is weight of 

steam in pounds used per hour ; K is the output in kilowatts : — 








■ 

K 

394 ^ 

3105 

1907 

910 

^V 

80,400 

68, 100 

50, 200 

35 > 'oo 


Find if there is a simple approximate law connecting W and K. 
the meaning of W/K in words ; call it t(\ Express tc; in terms of K. 


4 . ] 3 y tabulation give, approximately, a table of values of 


lix 


and . 


dx 


if the following values of jr and are given : — 


State 

( 33 ) 



0 

001 

0’02 

0’03 

o'04 

o'o5 

1 

006 

0-07 

o’oS 

1 0-09 

J' 

I -2679 

1 -3640 

I '4663 

1-5774 

I 7002 

1 Sjyi 

2-0000 

2-I91S 

2-4281 

2-7321 


(33) 


6. If r is the radius of a heavenly body E, I the distance of another heavenly body 
M, of mass fr jm E’s centre. Then vi / (/ + rY and ni I {I — J'Y ^re the 
accelerations towards M at points on E farthest from and nearest to M. The 
tide producing actions at these points are their differences from /////'" which is the 
acceleration at E’s centre ; prove that the tide producing effect of INI is inversely 
proportional to the cube of the distance when I is large compared with r. (33) 

2 E 
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7 . If 


8. 


9 . 


10 . 


11 . 


12 . 


M iPv , dM .. , d^ 

V = ./> dx 

Ia L 7u Ijc a constanl. Find S. Let S = W, a constant, when x - /. Find 
M and let M = o when .r = /. 
f is a given constant. Find 

dy 

.A’ 

and let its value be u when a = o. Find y and let its value be o when a = o. 

( 33 ) 

7{/i ~ 

.and if 7(/ cc p where is a constant. Find / in terms of Ii. If / c/: wl^ express 
t in terms of// introducing constant. (33) 

Tlie total cost C of a ship per hour (including interest, depreciation, w ages, coal, 
etc.) is in pounds 

C = 3-2 + 

^ 2200 

where s is the speed of the ship in knots. 

ExjJicss the total cost of a passage of 3000 
value of J will make this total cost a minimum ? 


liles in terms of s. VVhaL 
A t speeds 10 j^er cenl. less 
and greater than this, compare the total cost witlr its minimum value. (33) 
'rh(! curve = a ~\- l>c^' passes through the three points ;r = o, ^ = 26'62 ; .r = l, 
y = 3570 ; X = 2 ., y = 49 "8 1 ; find rr, by and c. What is the area of the cur\ e 
from the ordinate at a: — o to the ordinate at x ^2? (42) 

Descrilje a method of lliiding whether a given curve follows, approx imatel}', the 
law y ~ rr + /u" or y = b{.r «)" or y = a + la^garithmic paper must 

not Ije iiseil ; the w ork can be ilonc on ordinary drawing paper using Tee and 
set sfjuares. (42) 

If V = (I sin ^/and .v = b sin {(/f — r) wdiere i is time and rr, 7, b, c arc constants ; 
if <7 = 27 r/T where T is the periodic time. Find the average value of aj during 
ilie time T. (42) 

Q being the rate of flow of w-aler per second over a .sharp-edged notch of length 
/, the height of the surface of nearly still water (some distance back) above the 
.sill being h \ it has been proved that the empirical formula obtained liy Dr. 
Francis is also a rational formula ; it is 

Qcc(/- •//)//V^ 

Now an incorrect formula is sometimes used 


Q = 

Show that fora given /, although a constant c maybe found which will give 
a correct answer for one value of //, it must give incorrect answers for all other 
values ofV/^ (33) 

13 . If / is I, w'rite dowm the values of Find V17 + 30/, V/, 

1 V / each in the shape a + bi. 

If a T bi operating upon sin (jt (where t is the variable and q is a constant) 
gives a sin qi + b cos qtj find three answers, the effects of operating with 
V17 + 30 'i Vb tind I -h V/ upon sin (jt. (33) 

14 . (iet instructions from Ques. 13. 

The voltage applied at the sending end of a long telephone line being sin 
qiy the current entering the line is 



s H' ikq 
r + ilq 


sin qt 


where, per unit length of cable, r is resistance, I is inductance, s is leakance, 
and k is permittance, or capacity. 

If r = 6 ohms, / = 0-003 Henries, X’ = 5 X iO““ farads, j = 3 X io-“ Mho, 
and if ^ = 6000, find the current. (42) 

Note. — There is a quicker method of wor’ ing than what is indicated in 
Ques. 13, using Demoivre. You may use it if you please. 
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33 . 

loSio. 


34 . 

1135. 

35 . 

0*1370. 

36 . 

0 -/ 945 - 

37 . 

0-01176. 

38 . 

0-5338. 

39 . 

1079. 

40 . 

>3-75- 

41 . 

I- 035 - 


42 . 

0-8228. 

43 . 

0-2133. 

44 . 

0-9S33- 

45 . 

i6-88. 


40 . 

0-7025. 

47 . 

0-5504. 

48 . 

31780. 

49 . 

3220. 


50 . 

4-000. 

61 . 

837 '«- 

62 . 

3542. 

53 . 

37390 - 












Examples. 

— V. 

(Page 10.) 



1. 

2-65 ; 

3 ' 58 : - 

4 '^ i 

5-24; -14-65; 23- 

56. 

4. 

74-5°; >66' 

5 . 

7 -872 ft. 

0. 

81-7 ft. per sec. 

7 . 18-5. 

8. 

0-000072 ; ] 

9 . 

57-6 ft. 

. per sec. 


10. 

— 1170' 

’ ; -97-5° ‘“>‘1 -568*° V - 473 ’ 

11. 

308-5° 

; 235=^ ; 

232' 

5°; 227-5°. 
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Answers to the Examples 


Examples. — VI. (Pape ii.) 

3 . (3 606, 56-3®); (5-38, 21-8°); (316, 18-4°); (3-606, 1137®): ( 5 ' 83 i 

( 5 . I 43 ’i'’)- 

4 . (0-966, o’259) i (1732, 0 ; (0 877, r8o); (-0 684, i’88); (-i' 53 i -*’29); 

(I, -I- 732 )- 


Examples. — VIT. (Page 12.) 

2 . See tables, p. 438. 3 . 23°, 62-9®, SS'i®, 3 i ^»^ 2i*8®, 35°, 60 78-7°. 


Examples. —VIII. 

2. 0 643 j — 07G6 ; — 0 839. 

4 . — 0766 ; 0 643 ; —1-192. 

6. -0-8; -0 75. 7 . -0-8 ; 0-75. 


(Page 14.) 

3 . —0-643; —0-766 i 0-839. 
6. 0-8 ; 0-75 
0 . 0 8 ; —0-75. 


Examples. — IX. (Page 18.) 

1 . 8. The numerical values are given in the tables, p. 438; the signs may be 
verified from the figures. 

9. 04493; 0-8934; 0-5029. 10. 0*7278; —0-6858; — i-o6i2. 

11 . -0-6613; -0-7501; o-8Si6. 12 . -7524; 0-6587; -1-1423. 

13 . 0 8554; -0-5388; ’-0-9903. 14 . 12-4®: 59-7°; 67-3°; 52-4°. 

16 . -0-5774; 0-574; 0-282; -0-961 ; -i; 0-966. 

10. -0-4162 ; 0-1357. 17 . —0-1392. 

18 . — 0-9191. 10. 0*909; -0-416 ; -2*184; 0141; —0-990; —0*142. 


Exampt.ks. — X. (Page 23.) 


6. o 954 ; 0-314. 

0. 0-S454 ; 0-6318. 
12 . 0*6 ; 0 - 8 . 

15. ; JS. 


18 . 


24 ■ 

• J . a > 


7 

7 i j; ■ 


21 . 


sill 6 — 


V.v- !'■ 

V y- + y- + 3- 


7 . 0-968; 3 'S 7 ^- 
10. 0-8802 ; 1-855 
13 . 0-937 ; 0-374. 

10- ; J? ; 

t?; 4 ^- 


V A- + V* 


8. 0-894; 0-447. 

11. 0 9920; 0-1256; 7-897. 


14 . 


12 . .6 

1 a » 1 is- 

17 (;o . fj o 

^ - rt 1 1 11- 


20. - 


X 


Examples.— XI. (Page 26.) 


1 . /' 2 72 ; c ^ 3-21 ; II — 58°. 

3 . A - 41® ; rr = 1-77 ; /j — 2 04. 
5, a — 158 ; A = 70 8° ; 13 = 19-2^ 


2, 15 r:; 34° ; a = 5-635 ; ^ = 679. 

4. ^ = 4-34i A = 3S-4'^; 15 = 51 - 6 '’. 
6. ^ = 92-6 ; A = 19-05° ; 15 = 70-95°. 


Examples. — XII. (I’agc 30.) 

1 . fl = 3-161 ; # = 3-863 ; C = 117°. 2 , C = 49° ; a = 3 03 ; e = 2-;0°. 

3 . a = 7736 yds. ; e = 7073 yds. ; C = 62°. 4 . C = 53° ; <S = 3-123 ; c- = 3-727. 

6. C = 37-92°. 0 . A = 110-2;° i C = 30-75°. 

7 . 15 = 24-25° or 155-75° ; C = 132-75° or 1-25°. 

8. C = 126-^° or 1-06°; 15 = 27-06° or 152-94°. 
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0 . B = 56-15° or 123 85° ; C = 84-85° or 1715°. 

10 . B = i6'l° ; C = 142-9° ; c = 5-84. 

11 . A = 38-6° or 141-4° ; C = 110-4° or 7-6° ; c = 4 S2 or 0-672. 

12. b = 146-7 ft. ; c = 283-7 

13 . B = 44 95° or 135-05° ; C = 103 05° or 12 95° ; c = 5'5I4 or 127. 

14 . C = 56-7° or 123-3° ; B = 82-3° or 15-7° ; b = 3-869 or I -054. 

15 . B = 31° ; c =. 237-2 yds. ; a = 423-7 yds. 

16 . A = 38-2° ; C = 86-8° ; = 57-5. 17 . b = 3 70 ; A = 40-5° 

18 . B = 59-1° or 120-9° ; C = 88 9° or 27-1°. 10 . A = 54° ; B = 85° 


Examples. — X lir. (Page 32.) 


1. f = 3-65. 

3 . A = S°; f = S- 7 *- 
c = 4-18. 
a — 2-84. 

" = 583 

C — 105-2° ; A = 44 9' 
c = 6 y yds. 

A 8r8°; B = 54-2° 


0. 

0 . 

12 . 

14 . 

16 . 

18 . 


2 . j -= 3-421 ; A = 35 ‘ 95 °: ^ = 102-05°. 

4 . c = 2-903. 5 . r = 3 877. 

7 . ^ = 5 ' 307 - S . a = 300-9. 

10. £ = 5 ‘265. 11. a = 264 yds. 

13 . B = 49-4° ; A = 7 1 '6". 

" ; B = 29-9°. 15 . A = 33 6°. 

17 . A = 29° ; B = 46 6° ; C = I04’4°. 

; C = 44°. 10 . c = 38 75 ft. 


Examples. — XIV. (Page 34.) 

1. 7074000 sq. ft. 2. 5078000 sq. ft. 3 . 92-51 sq. ft. 

4. 91050 sq. yds. 6. 87340 sq. ft. 0. 1504 sq. yds. 

7. 17-4. 8. 4718. 

0 . B = 104-5 ; ^^rea = 2-783 sq. ft. 10 . C 113 6° ; area = 13-28. 

11 . C = 5i'3°; A = i8 '2° ; B = 110-5°; area = 1-170. 

12 . A = 44 4° ; area = 147. 


Examples. — XV. (Page 36.) 

1. 34-4 ft. 2 . 1390 ft. 3 . 335 ft. 4 . 30 ft. 6. 58 6 ft. 

6. 89-6 ft. 7. 381-7 ft. 8. 5863 ft. 0. 3962 yds. ; 4023 yds. 

10. 27-6°. 


Examples.— XVI. (Page 38.) 


1. 1680 yds, ; 1248 yds.; 175-8 ft. 
4 . 1944 ft. 

7 . 5599 ft. 

10. I 22'5 miles; 1 13 miles. 


2 . 349-9 ft- 
6. 3753 ft- 
8. 1321 ft. 
11. 141-4 yds. 


3 . 5473 ft* 

8. 5189 ft. 

0. 144 yds. ; 194-2 yds. 
12. 3-005 miles. 


Examples.— XVII. (Page 43.) 


0. 0-75. 

0- HS- 

12 - 

16 . 53 sin (2ir/;/ + 0-557). 


7 . o-gSx. 


10 . {II 

13 . 3-6 sin (2/ + 0-983). 

18 . - 0 330^ 


8- 

11. 0-673 ; 0-909. 

14 . 3-6 sin (2/ - 0-588). 

17 . 17° 10 . 025. 
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Answers to the Examples 


Examples. — XVIII. 

3 . -o'6;9. 4 , 0574. 

®- iWf = 0777- 7 . = 0-S33. 

10. 0994 ; o ill ; 8-944. 

12. 216 cos^ (2ir«/) + a cos 2ir«/ — b. 

15 . o'4. 


(Page 44.) 

B- ; /t : V- 

0. —0-446 ; 0-895. 
11. 0 960 ; - o 279. 
14 . 0-8. 

16 . 0-274 ; 0-962. 


n 

11. cos 

2 


( 2 // + ") 


Examples. — XX. (Page 47.) 

12. cos ^ - cos (47r;// + ^)]- 


ICXAMPLES. — XXI. (Page 51.) 


1. 81 lbs. 

4 . 1-225 tlync.s. 

7. 2-43 lbs. 


2. 7-3 ins, 

5 . 22050 ; 0-417. 

8. II.P. = o-oo9i. 


10 . 14 X io‘. 

13 . 0-9982. 

10. 1-946. 

10. -0097; 2-57. 

22. 3-47. 

25 . 45-7; 28-9^; 20-9. 

27 . 96-5; 937 ; 70 0 
20. 2-16 ; 2 ; 1-85 ; r66. 

31 . I99'2. 32 . 31-13. 

34. 8-3. 36 . 0-00000750. 

37. o; 0-104; 0199; 0-285. 

39 . 0-23.15. 40 . 00208. 


11. 356 cub. ft. 

14 . 6-756. 

17 . —0-274. 

20. 373-1 lbs. ; 5553 lbs. 
23 . 55-158. 

26 . 1972; 4-356 ; 1-55. 
38 5 ; 20 o. 20. 97 


3 . 3-34 ohms. 

0. 17. 

0 . I 04 ins. 

12. 2-5 ins. of water. 
15 . 1-712. 

18 . I -060. 

21. 2-54. 

24 . 3215; 2232; 1723. 


94-3; 72; 41-4; 22-5. 

30 . 96-4; 93*4; 68-7; 36 9; 18-6. 
33 . 8847-3. 

30 . 0-233. 

38 . 1614. 


1 - 14 ^- 

4 . I'l per cent. 


Exampi-es. — XXII. (Page 55.) 

2 . ;^I722. 3 . £21 8j. 


5 . 16-48 yrs. 

0 . A loss, ^’5294. 


7. 2 yrs. (1-96). 

10. per cent. 11. D 

n 

13. /Im- 14. j^aogo. 16. ^^ 931 . 


11 . n = — ”7 . 

1 200 + nr 


0. 1-6 per cent. 

,.A = p(..rS> 


12 . X = 

(1200 + «/)l 200 

10 . >^1096. 17 . ^^ 549 - 


1. 136 yds. 

4 . 5-37 sq. ft, 
7. 5-17 ins. 
10. 0-029 in. 
12. 4-936 lbs. 
16 . 1588 lbs. 
10. 4-35 ins. 


Examples.— XXIII. (Page 58.) 

2. 6484 sq. yds. 3 . 4-4 eq. ft. 

6. 20 cub. ins. 6. 194 cub. ft. 

8. 50266 sq. ft. 9 . 772 cu. ins. 

11 . Cross-seclion = 0 0353 sq. in. ; diameter = 0 2 12 in. 
13 . J in. 14 . 0-19 in. 

10 . 0-26 lb. 17 . 555 lbs. 

10. 1224. 20. 3010 lbs. 
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21. 2010. 22. 245 lbs. ; 3 ins, 

24 . i‘004in. ; 2'56 lbs. 25 . 198’ l lbs. 

27 . lOM ins.; 6-67 ins. 28 . 207 '3 sq. ins. 
30 3'67 ins. 31 . 62400 cub. ft. 


23 . i'59umi. 
20 . S'Sins, 
29 . 76 3 j. 


Examples. —XXIV. (Pnge6i.) 

3 . o’9998. 4 . o’994. 5 . i‘oo6. 6. o’qSS. 7 . o’999i. 

8. 09933. 9 . l oi. 10. 10099. 11. 15 937. 12. 27 019. 

13 . I4'967. 14 . 6 0092. 15 . S‘9959. 10 . 0 0102. 17 . o‘ooi9S. 

18 . o'99il. 19 . o'3 per cent, deficit. 20 , o’35 per cent. 

21 . 43 secs. 22 . 157 cub, ins. 23 . 2 per cent. 

24 . (fz) the ratio is diminished by 15 per cent. ; {b) it is diminished by 25 per cent. 

nearly. 

25 . 4 per cent. ; i per cent. ; — i per cent. 28 . 2 per cent, deficit. 


Examples. — XXV. (Page 64.) 

1 . I '356 X IO^ 2 . 445000 dynes. 3 . 5240. 4 . 9S1 cm. per sec. per sec. 


1. 

I ; 0-5. 

Examples. — XXVI. (Page 66.) 

2 , —3-12; —0-21. 3 . 1*566; —0*766. 

4 . 

1 

6. — 1*15 ; 0*65. 

0. 0*3 + 0*843/. 

7 . 

I + 6' 86/ 

6 

R - 13 ± 29 031 

46' • 

9. ^:s_± 4 :? 45 ' 

2*6 


10 . “ 0'55 X 10*; - 0*29 X Io\ 11 . — 0'4 X 10' equal. 12 . 


Examples. — XXVII. (Page 67.) 


1. 

-2; - I. 

2. -3; I- 

3. - I ; - I. 

4. 

-3; -2- 

5. 

2; - S- 

0 . 6; J. 

7. 2'5; - 3. 

8. 

2 ; 0*4. 

9. 

A i - f 

10. 2; 4 . 

11 . ± if/. 

12. 

+ w ; + i'm 


13 . The roots are real and unequal, equal or imaginary according as L is less than 

equal to or greater than JR^'K. 

14 . (rt) - ijio^ — SJio^ ; - (I d- Oio*; (0 - 2 X loV 

15. ± -i=. 10. 17. - 1-29 ± I5'7SI. 

V*«/< 


1 . I ; 2 ; - 4 - 
4. - - 

4 


Examples.— XX VII I. (Page 69.) 

2 . 3 ; S : - *• 3- 

5 . I ; - I ; 2; 3. 


— 1+ 2-65/. 


1. 2 255. 
5 . 47 ’ 5 - 


ExAMpr.ES. — XXIX. (Page 69.) 

2 . 1*77. 3 . o 750. 4 . 0-0702. 

0 . 2 5. 7 . i 8-2. 0. o; 0'527. 
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Examples.— XXX. 


1- 3‘6 i 3'®- 2. m = 1'2 ; e = 2'2. 

5. j: = 8 ; >/ = 5 ; 2 = II. 

6. jr = - 1-848, or 0-648 ; = - 3*544, or 3*944. 

7. JT = 2-396, or 0 046 ; y = 6" 188, or — 0*862. 


(Page 72.) 

3. - 19*5. 


4. > = 9 - 3^. 


8. r = -. 0. 2 ; 5. 

m 

12. — 21 ; 3 = 36 ; r — 1*2. 

14 . jp = 2-8 x-1‘^. 

10 . P = 125 + i-3V^ 

10 . « = 1-37 j C = 550. 

21 . i — 36 ; a = 3*102 X lO“'®. 

23 . ^ypi-y = c.y c^^-y. 

25 . </» = K ^ - R log^ ^ ^ log, 

20. fl =: 3 8 ; b — 015, 

28 . 0*308. 20. 

31 . A = 6*101 ; II = 1520 ; C = 123000. 
33 . 0*08265. 34 . a — 1*552; 


11. 82-4. 


C = 7550. 

20. — 1-483. 


10. 5-44. 

13 . y = 4'2jr^ *. 

16 . 42-66. 

17 . ft — 1-25 
19 . 0-55. 

22. 23-62. 

24 . 262*5. 

27 . a = 56 5 \ b — — 0-23. 
a = 0-0455 ■ b = — 0 01S56. 30 . 9 03 X lo*. 

32 . 0-0947. 

b = 0-0105 ; c — 0 03 19. 


Examples. -XXXI. 

12 io.v= — 22jr ^6 

■ X- - \ ■ (X- - 9)(.V - 2)’ 

{ 2 X + 9 )( 3 .r - lj(.i: + 7 ) 
a -^*H-l5 -y- 4t 
* (a- - 4.r + 9 ){^ - 2)' 

Q 1 3 -^° + 74-^ + ^32 
> H- 5 )‘‘’(-^ + 2 ) ' 

2 .r -^5 

(x + 2 ){Tx 


(Page 75.) 

2 X- +_ 2 ljr + 13 
'*• {X + i){x + 2 )(.i- - s)' 

s x'‘ + IJjr + 16 

(.»" + 2 X + 5)(jr - 3)’ 

7 '3:»- -l-A° 

■ {x — 2)-(.x — l)' 

Sx- + 22X + 19 
(ar +T)-(r+T) • 

(a- -^^T)(7+'2')(a: - 5). 


Examples. — XXXTI. (P^igc 77.) 


1. 

r 

X — 2 

I 

” A- + 2 

2. 

I 

A + 3 

I 

~ J+ 5 ■ 

=•. 4 - 


2 

+ 6 ■ 

4. 

I 

X + 3 

4 • 

^ :i + 2 

6. 

.5_. 

9(.v - 

4- __i _ . 

5) 9(^ + 4) 

e. -t 

X — 

-+_• i- 

I X +2 Jf + 3 

7. 

■^-3 

+ -i 

.:r + 2 2 ,r + 

I 


®- ^ + I + 

I 

(T'+ lE 

X — 

2 

0. 

4 

— 4 . 7 


2 

10 

^ .8 . 

I 


I5(^- 

- 2 ) 5(-»' + 3 ) 


+ 1 ) ■ 

9(-«- - 4) 

^45(2a 

+ 1) 

’ 5(^’+ 3) ' 


11 ^ 4. ^ . 

e{x - l) ^ 2 (a + i) 3(jr -1- 2) 

12 . I I ^ . 

7o(a' - 4) 3o(-^ + 0 3o(-^ - 2) 7' (-^ + 3) ’ 

13 ._ 2 _ L_ 5 _ 1- _ _ 1 _ . _! 

•Jix - 4) 6{x - 3) 42(x + 3)' 5(;r -H 4) x+3^ 5(x - i)' 
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15 . 


10 . 


17 


49 (^ - 3) 49 (-^ + 4) 49 ( 2 -^ + 0 


(X - I) (^,T - 1)2 T ^ + 3 

2^+3 j 3 


+ 3^ + 4 2x - r 
19 . - _ " 


64(x= + X + 2) 64(x - 2) ^ 8(x - 2)2’ 



3 ^ + » 

+ X + 3' 


20 . 




— -[- a 



Examples.— XXXIIT. (Page 81.) 


1. 0-4609 ; 0-4664 ; 27-47° i 27-2°. 

3. 0-5358; 0-5314; 57 75°; 57-2° 
5 . 0-00785 ; 0-0253 ; 0-04275. 

7 . 68 - 47 "; 137-5'’- 
9 . 1-030810. 


2. 0-9483; 09473; 71-8°; 71-48° 

4 . 0-6644; 0-6556; 33 ”°; 33 ’ 43 ° 

0. 0-5978 ; 0-6056; 34-38°. 

8. 1110162. 

10. -0-7146; 13578°. 


EjC^mples.— XXXIV. (Page 82.) 

1 . 6214-2; 6290-1. 2 . 0 0024713; 0-00246214. 3 . 5-076; 14-907. 

4. 0-9871 ; 0-8873. B. 82 9; 188-3. ®' I'842o : 2-0108. 

7 . 2-7386; 2-8723, 


Examples. — XXXV. 


1. /ii 8-87; ;ri8o-87. 

3 . 7400 lbs. steam per hour ; 540 T.H.P. 

5 . 32-8 ; 40. 

7 . 2880; 121-2°. 

9 . 186 ; 198. 

11. 49-77 ; 44-26 ; 42-58 ; 23-35, 

13 . 117 ; 161 ; 213. 

15 . 1450. 


(Page 85.) 

2. 135 yds. ; 275 yds. 

4 . 21364 ; 20895 ; 19871. 

6. 4-5 ins. ; 2450 lbs. 

8. 6-i7cub.ft.; 5-45 cub. ft.; 4-83 cub. ft. 

10. 4 - 3 ; 4 - 25. 

12. 665000 ; 870. 

14 . ;^ioi, about. 

10. 29J. \od. 


Exampi.es.— XXXVI. (Page 90.) 


9. y = ^x+^}. 

12. 3^ + +*• + I =0. 

15 . iij' + X - 39 = o. 


10 . ^ = 2X - 7. 

13 . — o 6x + 2-2. 

16 . y = — 3x + 8. 


11 . >'= -5^ + 3. 

14 . + 8 x + I = o. 

17 . y = o-ix — 2-3. 


Examples.— XXXIX. (Page 102.) 

5 . 2-6o; 3-45. 14 . £10^ 5J. 5^. ; J^I22 igs. 5J years. 

16 . 8 2 ft. per second. 18 . 071. 

19 . 86 amps ; 126 amps. 20. o’ 14. 

21. 20-1 ins. ; 12-2 ins. ; no lbs. 


Examples.— XLTII. (Page 118.) 

0 . / = sin (1-2043/) ; vjilues of / are taken as abscissae. 

7. j = sin (— 1-2043/). 

0. j = 6 sin (0-5236/ + 0-7854) ins. ; j = 6 sin (0-7854 — 0-5236/). 

9. >' = 9 (ro472x + 0-2269). 10, j = rS cos (240T/ - 0-733). 
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Ausivers to the Examples 


Examples. — XLV. (Page 121. 
14 . ^ = 3 sin + 07854) + 2 sin {^irl + 2'356). 


5 . -rj. 

9 . —0763, 
13 . 0-384. 
10. 4-49. 


Examples —XLVI. (Page 126.) 


2. 0-31 ; 0-52. 

0 . 3; -2; -I. 

10. 2-506. 

14 . 0-13. 

17 . 363-7. 


3 . 2. 4 . I ; 2 ; 3. 

7. 1-2 ; 4-1. 8. 0-649. 

11. 21. 12. 1-31. 

15 . 0-31 ; o 86 ; 1-429. 


Examples. -XLV 1 1 . (Page 12S.) 


1 . y = 2a' — 3. 2 . ^ — I -4.1' -P 7-6, 3 . y = — o'oSx + 115. 

4 . L -- 606-5 — 0-6956. 5 . II — 606-5 + 6. V — 100 + 0-367/. 

7 . / - 10 H- 0-005 34W. ^ " 100 + 0-0186. 9 . j — I -0 (j664 — 0-0005570 

10 . S = 0-033266 — 0-0000092/. 11 . S = 73 + 0-73/. 

12 . S = 54-2 + 0-5/. 13 . A = 295 + ii-8«. £377 6. 

15 . ;C 95 ; P = 3 ’ 32 ^^+ 2-23. 


14 


lO'O.i . 

p 2-7511 + 10-04 ; C = + 275 - 


16 . V = o'844/L 17 . W = 60 + 23-75!. 18 . W = 43 + * 61 . 

19 . \V — 62 + 13I. 20 . 133 amps. ; A = 0 0423P + 45-5. 

21 . Torque = 7-3 X current. 

\V 

22 . P = o'i2\V + 2-4 ; elliciency = 

3 * 3 'V + 05 


Examples.— XLVIll. (Page 135.) 


1. y = 21 + o-2jr*. 

4 . xy = I -5.r — 2-2y. 

1. y — xy — 1-5. 

10. y = 6-32 o 326^-. 

13 . V =-. 

H - 

16 . P = 5-iS= + 2-2. 

10. V = 4 VS + 

22 . D = - ; 1-26. 

144 - r 


2. ^ = 103 + 5ar^. 

5 . 4/ = 47 — 0-07Jr^ 

8. xy = l2-6a- — 15 ’9/. 
11. 9' = 31 + 0 0065^/. 

14 . R = 6 + 0-009V*. 


17 . X = 0-7 + 
20 , V = 42 + 


420 
“P ' 

J 

A’ 


33 


23 .^= .°-°'-S 7 

I + 0-0350 


3 . y -20- 3xy. 

0 . 4/ rr 5-6 + O'^xy. 

9 . xy - o (37x -h i -33/. 
12 . ll.P. = i-26V=>+I25 

15 . P = 2-8S= + 3-1. 


18 . V = 4 S + ^. 

21 . D = — 

m + r 

24 . E = 2-86/ + 0 001/®. 


Examples.— XLIX. (Page 141.) 

1. ^ = 5 + o-6.r — o-ijc^ 2. 0 = 132 4- 4* 0-01125:1-®. 

3 . E =21483 - o 295/ - 0-02415/®. 4 . 7 = ro-"(i82,ooo 4 - 0-175/ + o‘035/®). 

Examples.— L. (Page 143.) 

1 . 4/ = 2 j: 4 - 0-05. 2 . > = 3 - 2 jr 4 - 9 - 3 . y = 2X 18-3. 

4 . .y = 4-30- 4- 12-7. 
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l.y = 

4 . = 2 -^x^. 

7 . JJ/ = 300:1f“®. 

10. n — 113. 
13 . « = 1-37. 


16 . F 


6-4 


19 . V = 1400//' 
22. P .. o- 57 -='--^ 

25. C = 7SoA'-'-. 


(Page 148.) 


Examples. — LI. 

2. y = a: 1-62 

5 . y = 1 - Jjr*. 

8. j 

11. « = o'9. 

14 . « = 1-41. 

17 . D =o-9SH^ 

20 . I = 417m®’. 
23 . E = o‘02lP ®. 

20. /ji = o‘oooi4V® 


3 . y = 0'0447j^^'*’’. 

Q. y = X 10“''. 

9 . y = i o5jc:“°®^^. 

12. /I = 13. 

15 . / = 237/«-^. 

18 . D = I 4 SN'^ 

21 . W = 2350(^3 
24 . C = 42oA“’^^. 

27 . - o i5 L"°'^®. 



Examples. — TJI. 

(Page 156.) 

1 . y = 

2 . y = 0*341:'® ^ 

3 . y = 2 ’jOf~^. 

4 . 

5.7- 325^“^- 

6. j = 2750t~-’'. 

7 . y = 

8 . _j/ = iO£-“ 

9 . y ~ 0‘j.jj:^ 

10. fi = 0*185. 

11. jLi — 0*172. 

12. M = 535oo‘^' 


xvr. « *Ljj. r- . 

13 . V = A = 30 ; K — — o’oooojS. 


16 fl = i 9 - 3 tf" 00 o 53 t, 16 . 0 = 2 o' 65 i’“° 

17 . log d = 2*07548 - o 0006135/ + 0*000001745/=. 

18 . j = ; log S 178 + o'' 7 "^ - ° 

10. = o ozS^-" "'a'. 20. M = o-o43^-»'»'“. 


Examples. — LIII, (Page 166.) 


1. 

2 ' 33 - 

2. 

24*9. 

3 . 

27*65. 

4 . 

1005 lbs. 

5 . 

1041 lb.s. 

6. 

9-3 ft. per sec. 

7 . 

152 ft. 

8. 

3*14 ins. 

9 . 

o'333- 

10. 

0*637. 

11. 

0*5. 

12. 

20*1 I. 

13 . 

22*5 ft. -lbs. 

14 . 

11*8. 

16 . 

3475- 

16 . 

8150. 

17 . 

10*8 -SO. ins. 

18 . 

i8-8. 

19 . 

674 sq. ft. 

23 . 

1601. 

20. 

1820, 2305, 2740, 3 

1501 3310- 

21. 

10*7. 


Examples. — LIV. (Page 171.) 

^ 2. 13 ft. per sec. 3 . 32*2 ft. per see. per sec. 4 . —Go. 

6 -12*5- 0. i'iS7. o'222. 8' 00000049. 

0'. 0-1795. 10. 0*010. 11. 0-925. 12. -0-799. 


Examples.— LV. (Page 181.) 

I 2 0-0435. 5. 2005 ft. per .sec. 7.3*2. 8.0*15. 

9; lift, per sec. per see. j 1367 lbs. 10 . 59 ft- sec. per sec. 

21. 1-00383; 1-00283. 25 . About i: 29 o. 


Examples. — LVI. (Page 190.) 


4 . - 0 * 75 . 
0. -0-13. 


1 - 3- 
0 . 4. 


2. 0-5. 
7 . -3. 


3 . -2. 

8 . - 0 * 6 . 


5 . 3 - 

10, 0*253. 
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11. fl. 

10. 2. 


12 . -3. 
17. 00036 GV 0 . 


13. 0 5 . 

18 . 1 . 


14. - 1 - 2 . 

20. 2-6; o. 21 . 


16. -3. 


AE’ 


22 . 2'8 i. 


Examples.— LVT I. (Page 194.) 


2 . 

7 “-’' 5 . 


11. o-3J-»'. 12. 


1. 2X. 


6. i'32jic^^. 


3. 




0. I’25«0 2fl_ 

13. 

f 


4. - -V 

JC- 

9. -L^. 

2/x/ 

14. 2^7/. 


8. if 

10. 8 ' 33 /o« 


Examples. — I.YIIT. (Page 195.) 

1. 6jc — 2. 2, — 5 — i2jr. 

3 . 24J1:’ — 15J1:' H- 2 Rjr* — 3 jc^ + 4 jr — I. 4 . 21^:'’ - Si.v’ + 30.;^^ — i. 

5 . () x - — 4- ^ x *, 6. 5 + 12A 

7. i + 2rf. 8 . 

9 _ 4.6j,vn + iq. ^ 375^:-!. 

^ sfx 

11 . 3-9Jif®‘''* — 25‘2jr”-“^ + 

12. 2 ' 5 .r^'® — l'36y’3® 4- S'yjr^ 3 — o 'Oi 3 jr~" 

14 . I -5/7 ® •’5 + 

18. 

18 


13 . i-3^'’+i;‘l+7''+i. 

15 . * . - \+ I. 

2\/// “ 


4*6 1 
° _3 .u C-I B 


17. 


I _ 5 :r« 


2V-a^ 4 Jf^ 


I I 

19. 6 j: — 3 — 4 4“ n- 

3 .r.'i 5 TT 

21. 4=/* - t - 


/=• 

2 , TO 

23. I - 


^2/^' 


r 4 + I _ 9 . 2 

jT® jr’' .T* X*' 

20. 5j* — gs‘ 4 " 

22. - 2 - 364 r/- 3 =’«^ - * 5 ^-. 


26. - 


510 


20 . - 


24 . o-2x~®® 4 - i’ 6 x~^^ — 4'6x^® — 22■5T-a^ 
- ^ . 27 . - 3o8 -5/i-^'33i». 28 . 3x=, 6x, 6, o, o. 

M V jP 

42 . 55 ft. per sec. ; 12 ft. per sec. per sec, 43 . — f.s. ; f.s.s, 

44 . 32'2 f.s. ; 64'4 f.s. ; g 6'6 f.s. ; 128 '8 f.s. ; 32’2 f.s.s. 

46 . Velocity = 32'2/ — 200 ft. per sec. ; acceleration = 32'2 ft. per sec. per see, 

48 . Velocity = 2r/ 4 - ^ ; acceleration = 2r. 

47 . Momentum = 500 4 - i68of ; kinetic energy = 625 4 - 4200^ 4 - 7056/®, 

C 


40. - 


60. j = I 4- 410 “' e 4- 9 ’ro“' 


61. j = o '0947 4- o'ooo 9940 — o'oooooo 360 ®. 

KQ ^rF 1 --I w., , (Py W 
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53 . - /x^ + Jo:’) 




^4 3 A 2 Ei (,4 y 


Examples. — LI X. (Page 200.) 


3. 33-8^''*. 

7. 1-3^13-. 

10 , — bae-^'* + 

13 . 1-571 X 4'8i*. 
10 . 0 839 X 2-5*. 
20. o. 


4. -13 •02^-31* 6 . 0. - 4 t- 2 «. 

8. i-3<f*'3«+5 0 - — io'4t”’-L 

11. 1-3 ^®'* — io' 92 j'’’ - — \o'2e 
14 . r666 X 2-3-^. 16 , 1-047 x 2 S5'. 

17 . tf* ; 9^3^^; 10, o. 

21. C = o, + a, ; D -- a^tto. 24. Vj. 


Examples.— LX. (Page 204.) 

1 . 3 cos 3x. 2.-2 sin 2 x. 3 . ^ cos ^x. 

4 . — 1 sin^. 6. 3 sin (— ^x). 6. — cos (— ^j-). 

7 . 9'4 sin (- 2-35^:). 8 . 4 cos (2jr - 4). 9 . 9 sin (2 + 3 a). 

10. 15-5 cos (2-5 + 11- - 6 sin (1 - 3a). 12. - 30 cos (2 - ca). 

13 . o-oi sin ( J - lx). 14 . 0-3517 cos (0-351^ -|- 0-273). 

16 . 3-89 sin (3-71 — I -52:1:). 10. a/I cos {/// 4- e). 

17 . A/ cos (/>/ + a). 18 . — A/> sin (// + a). 

10 . Ac cos (c^ 4 - o) + cos (c/ — a). 20 . A cos (0 4 - <?)• 

21. 3 09 cos (ro3^ +2-51). 22. 27 r/ cos (ztt// + j^r). 

28 . cos X, — sin X, — cos x, sin x, cos x, and so on ; 

— sin X, — cos X, sin x, cos jt, — sin ^ . 

20 . — <717^ sin ((// + ^). 30 . — 12 sin (zx 4 - 4). 

31 . — 2ri cos (2-6jr — 41). 33 . o. 34 . o. 

35. = ap cos pt — bp sin pt = — p/J 4 " sin [pt — a), where tan a = 

c/i 0 

30 . Velocity = 27 rwa cos (2ir«/ + .i?") ; acceleration = — 47r“«‘fl sin {zunt 4 - g), 

38 . Kinetic energy = cos'* qt ’f momentum = May cos qt \ 

force = — sin qt. 

30 . io~"AHy cos qt volts. 

42 . a cos / 4- 2^ cos zt 4 - 3c cos 3/ ; — sin ^ — 4^ sin zt — ^c sin 3/. 

?'V 

43 . Velocity = rq cos qt — - j sin zqt ; 


... ' 1/ 

acceleration = ^ rq- sin qt ^-cos 2 ^ 7 / ; 


'T + 'J 


44. Velocity = Zir/a cos {zir/t + ^) + cos {^w/t + /i) ; 

acceleration = - ^it^a sin {zitft + g) — ^ir^pb sin ( 3 Tr /7 4 - h). 


Examples. — LXI. (Page 207.) 


7. °; 43 i 3 _ 


8 . 



430 


Answers to the Examples 


0 . % 10 

JT 

17. ^ + 5-75. 10-' 


2 

. t — 3150 . IO“*. 


11 . 


10 . 


797 

■ 


Examples. — LXIL (Page 208.) 

1. 5A-* - + cos X. 2. I + 2 sin 2.r. 

3. - - ^e-V + 3 cos (3^: + 2). 4. -2-35<r-2 35-^H-3 5^-2 2 sin (2jr- i). 

5. ^ ^ — 15 cos (3.V + 4) — 12 sin (2.r — l). 

0. -2-3^-2a' - + 5^" - *2 sin (i - 3/). 

7. 2 - 6 x^'^ + 2 lx-^^ + 6<f=* + + 2 cos { 2 x + 1). 

0. ii 6«v7+ 7;o2_^2-53^i-K 

11'* * 

0. 21 + 6 3 cos (i — 37/) — 2i'5 sin (2 — 4’3«) — . 

10. 3^* — I — — I -3/^ + 2-6/“3 ®. 

11. — 6r'' + — 6ir““ — -f 3‘6£'' 

12. — 6 C0.S (2/+ I) — 12 sin (3/ — 2) — 4 cos (i — 4/) - 2 sin (i — 0- 


Examples — I.XIII. (Page 210.) 


1. — ^“2-= (.sin X + 2 COS j:). 

3 . {2 co.s (3 -2 a -) + 5 sin (3 -2 a -)}. 


2. {cos (.r — i) — 3 sin (.r — l)}. 

4. 4- 2 cos 2jr logs (at + 1). 


X + l 

0. 28 cos ^x cos 6x — 42 sin 4 x sin 6.r. 
8. — 75 cos 6 x sin 5.1- — 50 sin 6 x cos 5^-. 


5 , 3 cos 3.T co.s 5^: — 5 sin 30- sin ^x. 

7 . 70 .sin 3A7 cos jx + 30 cos ^x sin Jx. 

9.-3 sin (2 a; + i) sin (3^: + 2) + 2 cos (2x + i) cos (3^; + 2). 

10. - 3 sin (3 a + i) cos (4r - 5) - 4 cos (3 a; + i) sin (4Af - 5). 

11. 2 sin (2a; + l) cos ( 2 Ar + 3 ) + 2 cos (2Ar + l) sin ( 2 .r + 3). 

12 . sin {ax + b) cos {ax + fb) + a cos {ax + b) sin {ax + d). 

13 . — b cos {ax + b) sin {bx c) ^ a sin (<7Ar + bf) cos {bx + c). 

14. - c sin {ax + b) sin {cx + d) a cos {ax + b) cos {cx + ^)' 

15. cos X + 3A- sin x. 10. 2 x^'^^ cos {2x + l) + (2^ "I" *)■ 

17. (2Ar + 3). 18. x^~^ {bx n). 19. o. 20, o. 21. o. 


Examples. — EXIV. (Page 212.) 


_ 2 cos 3.r 3 sin t^x 

1 ^^3 - , — ■ 


2 . - 


8 . - 
5 


^a* ^-ax 
2X^X nj X 

cos X sin X 


log X X (log x)^ 


7. 


0 . - 


sin (1-3-^) 3 ( i - 3^) 


_ 2 Jc^'^ 

T" ' ^ 

Q _ sin X + cos X ^ 


0 . - r-V ■ 

Sin- X 


10 . - 


jr (log x)^ 


, , I ^ 2 2 cos (2x - 3) - 3 sin (2x - 3) 

cosh* X ■ 
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15 3 C0 5 {2X 4 - 3) cos ( 3 jc - i) + 2 sin {zx + 3 ) sin {^x ~ i) _ 
cos* ( 2 X + 3 ) 


6^3* 




ie + + . 17 _ __ 

cos*(2jr + 3) '■lo^c(jr-l) _ i) {log, (x - l)}^ 


18. 


10 . 


(•3^ + 5)“ - 3) ~ 3) {log {x - 3)}' 


21 . 


cos* { 2 X — l) 

CO S (3i;ir + 7) + 3 ' “ 4) sjn (31^: + 7) -Jog (^' - 4) , 

(j: - 4) cos* ( 3 i.r + 7 ) 




Examples. — LXV. (Page 

215.) 

1. 

-4(2 - A-)\ 

^ (I - at)*- 

3. - -~ 3 _ . 

(2 + 3^)' 

4. 

3 

6. - 3 _. 

e. ^ 


(2 - 3.V)*- 

2V4 ” 3 -^ 

y/zx + I 

7 . 

I 

8. . 

0. . 


(5 - 2^)' 

s/2x' + 4 a: — 1 

4- A-^ 

10 . 

2.r — 3 

^ ^ 2ax + If 

12 . - . 


2 s/x- - 3 '■ + 5 

2fJ ax"^ bx c 

2a + 1 

13. 

-4 

14. — . 

15. -J--- ~ ^ . 


3 -- 4 ^" 

l — X 

.V- - 2 - 1 .’ -f 5 

10. 

I-*'." 3 

2ax~\-b_ 

10. 3 sin* X cos x. 


2a’* - 3-v + 4 ' 

ax^ + bx + c 


20 . 

3.V* cos A*. 

21 , 

X 

22. ^(log, x)\ 

X 

23. 


24 . a-,-'* 

25 . 5 sin* X co.s x. 

26. 

— tan X. 

27 . 2 cos ZA-. 

28. — ^ sin (i^). 

20. 

I. 

30 . —6 cos* (2A- — i) .sin (2a — l). 

31. 

3 co.s (3.V + 2) 

32. . * 



sin (3:r + 2) 

sin X cos X 


33. 

2 sin X cos* X — 

3 cos* X sin* X. 

31. 3 




cos* X 

36. 

m sin*"”’ X cos"'*’' x — n sin"'"*'' x cos"“' jr. 

38. -. 

X 


30. 40. 41. ,--T -rr-r 

+ fl* ^ + 2)(2Jr + 3) 

42. 

(a- - 4)(2x - 


Examples.— LXVI. (Page 218.) 


1. I5'7i cub. ins. 


_ ^ <5^- sin A ^ * c — d cos A 

3. Sfl = 5A, Sa = 


2. o‘ooi75 cos 0 ; o'ooi75 ; o‘oooo3o6. 


4 . 31 - 56 . 

8 - 5 43 ; 3'49: 5'43- 


6, 150^^ ; A - 1 800 >4 . sq. ft. 
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Examples. — LXIX. (Page 228.) 


1. 

I. 

2. 

3 - 

3 . 

07071. 

4 . 3 58 

; 6-42. 5 . o‘466. 

0. 

2; 5 - 

7 . 

- I ; 3 - 

8. 

0716. 

9 . 0 =‘ 

T 

2 


10. 

Width = 

= 2 ft. 

; depth = 

= 1 ft. 

11 . Heicht = 3171? 1 

cms. ; 

volume = 67’! cc, 

12. 

I ; 2. 



13 . 

3‘4 ins. 


15 . 

8'66 knots. 

10. 

Breadth 

= 0 -S 77 ft- 

17 . 

Breadth = 

■ 6 ins. 



18 . 

16 in series ; current — 

6 93 amperes. 


19 . 

1*5 ohms. 

20. 

S'SS a™ 

peres. 


23 . 

3 *“- 


24 . 

3 ^. 4 ^. 




Examples 

.— LXX. 

(Page 233.) 



1. 

3 minimum, J 

maximum. 

2 . 4 

, minimum, ■ 

— I maximum. 

3 . 

2 maximum, 7 

, 0 minima. 

4 . I 

maximum, 

- I, ^ 

|. minima. 




Examples. 

— LXXI. 

(Page 234.) 



1. 

j^. 


2. 


3 . -. 


4 . 

Jiri'+l 




3 


5 



«+ I 

5 . 



0. 


7. y 

X 

8. 

h 

0. 

sin X. 



10. sin 

( 3 -*^+ !)• 


11. 

J sin (3Jf -f I). 

12. 

J sin (34:+ 1). 


13 . J-sin + f). 


14 . 

cos X. 

15 . 

— COS X. 



10. - 

cos (2JC - 3). 

17 . 

cos (2JC - 3). 

18 . 

- .5 cos 

[ 2 X — 

3 )- 

19 . 

i 

1 - COS + 

3 

c). 

20. 

I 

^■ + 5 ’ 

21. 

log, {x + 5). 


22. log 

, ar. 


23 . 

A log, {x + d). 




Examples.- 

-LXXII. 

(Page 236.) 



1. 


2. 

Jr” 

3 . - 

1 

4 . 


K -3 f 

0. yJT . 


4 


11 


X 




0. 

j.2-6 

2'6' 

7 . 

lOO-O 

8. - 

1 

” o'i 3 .^“’i^’ 

9 . 3 -^. 


10. or. 

11. 

cx. 

12. 


13 . - 

_. 3 _ 

14 . log, K. 


15 . - 




7 




3 « 

10. 


17 . 

I 




18 . 2/4/ u. 


18 . - ' . 

2 

0 0b4tt'' 




20. 

2 

~ S 

21. 

5 JoBo 



22. 

^ + I 


23 . 

24 . 

3 

2^' 

25 . 




20. - 113 



27 . 


f 

28 . 

~ cos [x 

- 3 ). 

29 . sin {x - 

-2). 


30 . 

— 2 sin 

{l-X 

). 31 . 

— 2 COS i 

V. 

32 . 3 sin 



33 . 

J sin (3^ + 2). 

34 . 

- a COS 

(2jr - l). 

35 . — 0 482 cos 

(2-7/ - i'S7o8). 

30 . 

- 0-52 ( 

cos (2'i 

5® + 6)- 



37. -O-f 

’ sin ( 

I - 39). 

38 . 

^cos [2itft + e ). 

2ir/ 



30 , — sin 

n 

(rft + e). 
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43 . 


63 . -r 4jc. 


- _ f // X * , 

45 . + — . 

4 3 


40. — — ; 2 irax^. 41. — 42. - ^ - cos (^/ + cx). 

3 2 ^ + 5 ^ 

Pi^iy 44 

■ 3 2' 

40. -- - ^ . 47. - ; pv log, 7/ ; ^pv. 

(I - 7) ^ I - 7 037 

40. j-r. 49. + A- - A- + C. 60. - cos IX + 4 x + C. 

61. + 5a + C. 62 . log, (i + x ) + o ^a* - ^ cos (3A + i) + 2 6 x + C. 

54. r ^ + i^- t, 

50. o-33A^ + 1 - 5 .^" “ 174^2 3 - 2a. 

■i _ z 


55 . + 2/2 - 5/, 

13 


68. o-435j'‘'3 -‘ 1 - + ^- . + cs. 

3 3 


J* , I 

57 _ _ _ _ i o 3 j 2 + - — 5 j. 

4 i ’3 

60. ^ cos {c + du) h ^ sin (rt -f- cu) +'2'3ir^^“ — 

1- — „-2 661 _ L3f _ 4 c \ ;S, 61 


6 

2rt 

C 


00. -*cos (b — yt ) + Lc ^ 


I, = 3»’ - 6« + 6«»“, 




02 

03 . f ^^ ix ^ + ye + Ci y = + 5 + Ca- + D. 

W jH 

04 , /z« = C. 05 . .»' = (i ) • 

00 . y = j (6/’** - 4/.*-’ + x '). 07 . - -- + C where C is any 


cons Ian I . 


Exami’LES LXXIII. (Page 240.) 

Note. — T he accuracy attained in graphic integration varies with the character of 
the data and the scale u.sed. 

1 . 17*45. 2 . 2418, 860. 3 . 8, 80, 360, 1050, 2550. 4 . 337. 

6. 142*9. 0 . 1528. 7 . 660 4. 8. 426. 


Examples LXXIV. (Page 244.) 


1. 129,500 ft. -lbs. 

4. 23s- 

7 . 280 ft. ; 100 ft. 

9 . 194*5 i 265 lbs. 


2. 221. 

6, 337 ft.-lbs. 

8. 24*2 ft. per sec ; 
10. 20*0406. 


3. 195. 

0. 12 3 ft. per sec. 
i 8’25 ft. per sec. 

11. 27 0238. 


1. 48-4. 

6. 0*7854. 

9 . 0*3927. 
13 . o'848> 


Examples LXXV. 


2. 2*303. 
0. 3-1416. 

10. 0 0737. 
14 . 20,720. 


(Page 251.) 
3 . I. 

7 . 303- 
11 . 1 * 571 . 
15 . 12,300. 


4 . 5*16. 
8. 9 

12. 0667. 
16 . o. 


3 . 24. 


Examples LXXVI. (Page 255.) 


Examples. — LXXVIF. (Page 260.) 
1. 6*09 ; 4*40. 7 . 100 ft. 

0 . (a) 9*7 ft. per sec. ; ( 3 ) 20 ft. per sec. ; {c) 21*4 ft. per sec. 


2 F 
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10. 13-9 ft. ; 78 ft. ; 140 ft. 10. 79-5 lbs. 18 . 79 5 lbs. 

10. 3000 lbs. 20. 20,000 in. -lbs. 21. i '45 x 10“’ in. 


Exami’I.es. — LXXVIII. (Page 268.) 


1. 

2 I- 33 - 

2. 156. 

3 . -7 S- 

4 . 

3 - 

5 . 

- 3 - 

0. 

5 .V 

7 . 7-ys. 

8. 6 583. 

0. 

0-48. 

10. 

1 

(j- 

11. 

13-22. 

12. 396. 

13 , 405. 

14 . 

0-81. 

15 . 

1-718. 

10. 

4-671. 

17 . 0 468. 

18 . 0-4295. 

19 . 

3-1945- 

20. 

5 'iS 4 - 

21. 

1-656. 

22. 12-778. 

23 . 1-298. 

24 . 

0-4323- 

25 . 

-3 - *945 

26 . 

-0-4323- 

27 . 1-62. 

28 . 0-6847. 

29 . 

2 -I 75 - 

30 . 

1-7071. 

31 . 

-0-134- 

32 . 0-6628. 

33 . — 1-S192. 

34 . 

OS- 

35 . 

0-2929. 

30 . 

1 

a- 

37 . 0-5858. 

38 . 0-402. 

39 . 

0. 

40 . 

0-5402. 

41 . 

1-382. 

42 . 0. 

43 . I. 

44 . 

00784. 

45 . 

0-3817. 

40 . 

0. 

47 . 0. 

48 . 20-794. 

49 . 

51-0. 

50 . 

60-825. 

51 . 

0-6931. 

52 . 01256. 

53 . 

54 . 

—0-223. 

55 . 

0-0835. 

50 . 

0-5110. 

57 . 0-599. 

58 . 452-5. 





60 . 

7812-5 ; mean value — 1562-5. 

61 . 

i- 

62 . 

4 ‘ 5 - 

03 . 

-i- 

64 . 9-6. 

65 . I. 

67 . 

268*2. 

68. 

0-5. 

09 . 

o' 37 S- 

70 . 1612 ft. -lbs. 

71 . 

7730 ft.-lbs. 


72 . 

1 1880 ft. -lbs. 73 . 2-67 ft. 

74 . Velocity = 

o-l (t+r- - />) ; 

0-0625 ; O-I. 

70 . 

llending moment = ioooat -f- iooa-. 





77 . 

dy 

..-(f + S.:- 

5ooo\ 





78 . 

y = 0'2S . 

^ 1 

+ 

T 

0 

5000^- 70000 \ 

~ 6 12 / 

1-45 ■ 

I0”‘. 



70 . 797 log. ‘j 

— (^1 “ ^3) i (^3 

-1- 797) loff. 

- + 797 ). 






Examples. 

— LXXIX. (Page 274.) 



1 . 

i' 33 - 

2. 

IIS- 

3 . 0-5. 

4 . 

0-945. 

5 . 

0-632. 

0 . 

1-175. 

7. 1175. 

8 . 

1-718. 

9 . 

2A 

IT 

10. 

i6-i ft. 

per sec. ; 96 6 ft. per see. 

11 . 

2 

IT 

12. 

0. 

13 . 

2 

14 . 0. 

15 . 

0. 


16 . 54'9> 17 > 85 lbs. per sq. inch. 18 . 884 lbs. per sq. foot. 


19 . 

1-27 lbs. 

20. 

24 . 

1-41. 

26 . 3-53. 

28 . 

0-707. 

29 . ^ 



31 . 


32 . 


21. o, o, 2-545. 22. 100,70-71,0. 

20 . 2-12. 27 . 0-707. 

30 . 707. 

/a^Tb* , 

V 2 


2 


33 . 
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Examples. — LX XX. (Page 278.) 


1. 

5-2, iS° 

E. of 

N. 

2 . 

3-4, 26° N. of W. 

3 . 

5-6, 31'" b. of W. 

4. 

2-3, lO*" 

E. of 

S. 

6. 

3‘4, 39° S. of E. 







Examples 

1 LXXXL (Page 279.) 



1. 

5 ' I2io(|0. 


2 . 

S-09;6-ii'>. 

3. i3'9fi"- 


4 . io-Siio“. 

5. 

0 - 2337 ^ 


0 . 

0. 

7 . 10-2551(1'’. 


4'^75i-o^- 

0. 

5 i 70 ". 


10. 

7'945i 35 6 '’ N. of E. 11. 32 721924 °- 


12. 4 ’ 5779 °- 

13. 

517'^ with AB 

; 85 

\'g units. 







Examples.- 

LXXXIII. (Page 284.) 



1. 

0 - 2337 «. 



2. 1 3 -go". 

3 . io-5(-,o‘-. 4 . 

i‘i 

9Si31'7°p 2-S2323 B^ 

5. 

4'o8ii-5°, 

6 '891 04 5 °. 

6. 2 Sgj 49 °. 

7 . 21-3.55°. 



8. 

125-2 ft. 

per see. at an angle of 46'’ with BA. 







Examples.' 

-LXXXV. (Page 2S7.) 



1. 

(0*376, : 

;i 8 - 5 °: 

). 


2. (i2'5, 40®). 







Exampi.es.- 

-LXXXVl. (Page 290.) 



1. 

4-33- 


2 . 

-4'33' 

3 ' -4'33 


4. 4’33- 

5. 

2'5- 


6. 

2 ‘ 5 - 

7 . - 2 - 5 . 


8. -2 5. 

9. 

14 - 09 . 


10. 

0 . 

11. 5-29. 


12. - 8-1 1. 

13. 

-9-36. 


14 . 

- 71 . 

15, 0. 


16 . 12-47. 

17. 

29 ■343- 


18. 

14S, - I.|8, 

— 148, 14S 19 . — io6-i ; - 

46 6 

; 0 ; — I iS-6. 

20. 

33506 ft. 

-ILs. 

21. 

0 824 IT.P. 

22 . 7-23 11. P. 

; 0- 


23 . 

3 I 7 - 


24 . 

12-96. 







Examples. — 

LXXXVII. (Page 292.) 



1 . 

19 35 J 8 

-2. 


2 . 

8-2; 19-35. 

3 . 

2262. 

4 . 

0; 19. 



5 . 

-13 -1 ; 61 6. 

0. 

-61-6; lyi- 

7 . 

-19-65 ; 

- 13 ' 

77 - 

8. 

12-06; - 34-79. 

9 . 

3479; -12 66 . 

10. 

— 26-3; 

1225. 


11 . 

2-9222-3°. 

12 . 

3 '05298 ”20°- 

13 . 

4 ’ 55 i 39 - 8 ‘’. 



14 . 

5 '69214-2®. 

16 . 

6-8831011°. 


Examples.— LXXXVIIT. (Page 293.) 


1. 27-9 lbs., 21 -06 lbs. 

3 - -33'45 lbs., -io'-3 lbs. 

6. 42 ■434-450 lbs. 

8. io'6 miles an hour. 

10. 1739 see. ; 466 ft. per sec. 


2. -31-7 lbs., 14-8 lbs. 
4 . 23-85 lbs., -25-6 lbs. 
6. 2 I 0 - 942 - 3 ° lbs. 

0. o‘5 ft. per see, 

11. 523 lbs. 


7 . 448 lbs. 
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Examples. — LXXXIX. (Page 295.) 

1, a + 6 = 6’46 ; c{a + 6 ) = 247. 


Examples. — XC. (Page 296.) 

11 . 5 ' 75 io 9 " 12 . 87359-4”. 13 . 5 oojo 9 “. 

14 , Length, 390 links ; angle 80° ; distance from F = 380. 16 . 560 links; 90®. 


Examples. — XCII. (Page 302.) 

1. (a) 7970 ; (/^) 5657 ; { c ) 697-6. 2. (rt) 17,540 ; {/>) 15-740 ; ( c ) 12,280 ; { d ) 628-2. 

3 . 10 S 45 . 4 . 63-77. 19272. 0 . I : 0 77. 


Examples. — XCIII. (Page 305.) 

1 . 6-237. 2 . 34'25. 3 - 4 . 32 2. 6 0 . 7 22. 

0 . 0*0652 volt. 10. 2003 dynes. 


(Page 312.) 


1. 2 36 ; 2 28 ; 2-29. 

4. 1705; I ‘53; 3 -28 

7. 0-719 ; i-o6; 1-53. 

10. 0-533 ; o '682 ; — 0-500. 

12. — 1-40 ; 2 25 ; 1-41. 


Examples. — XCV. 

2. ri3 ; 1-40 ; 2 40. 
5 . 2 42 ; 0-695 ; 1*97 
8. I 06 ; 106 ; 2-60. 


3 . — 106 ; 1-84 ; 2'I2. 
6. 0-530 ; 0-883 ; *7*- 
0 , 0-758 ; 0-970 ; 1-5S. 
11. O ; — 1 ; o. 


Examples.— XCVI. (Page 313.) 


1. 10-247 ; 6o-8° ; 26-5°. 
4 . 9-64 ; 58-8° ; 14-1°. 

7. 374; 74'S : - 33 7° 

10- 8 - 77 S ; 70° ; - 


2. ir88; 7o'3°; 26 - s°. 

6. 1077 ; 42° ; 33 7° 

8. 7-81: 67- i <>; 33 7°. 
11. 13 ; 108° ; — 14°. 


3 . 4 9 ; 114°; 26- s ". 
6. I 73: 54 7°; 45° 
0 - 25 47 5 : 54° : *9° 


Examples. — XCVII. (Page 316.) 

1 . /= o’9I2, m = 0-342, « = 0-228 ; a = 24-2®, P = 70“, y = 76-8“. 

2 . S4'2° with Oyz ; 18-9® with Ozx ; 29® with Ojry ; 3-61. 

3 . 0-384; 0-512; 0-768. 4 . 8-60 ins. i 69-5°; 62-3°; 35 5®. 

6. /= 0-652; m = 0-528 ; n =0 545. 0. a = 40-7®; P = 77 5°; 7 = 52° 

7 . a = 74-6®; P = 63 8®; 7= 31®. 8. 3-83. 0 . 1-85; 1-99; 1-27. 

10 . 1-812; i‘375 ; 2-685. 11. 66-2®. 12. 36-3®. 

13 . 48-3". 14 . 40-3°. 16 . 38-7°. 
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Examples.— XCVIII. (Page 317.) 

1. 4-12; 0-485; 0728; 0-485. 2. 5-38; 0-744; 0-372; 0-5S8. 

3 . 2 45 ; 0-817 ; 0-408 ; — 0-40S. 4 . 4‘36 ; o‘688 ; 0-229 ; 0-688. 

6. 3 ; 0-667 ; o’333 ; 0 667. 0 . 73° ; 2'97 ; i'i7 ; 2-41. 

7. 3’97; 2-*7i 3*41- S- n’S*: 5 57 ; 7-47- 


Examples.— XCIX. (Page 319.) 

1. 61°; 43-25°: 61°; 41-9°; 68-15°; 57-45°; 35-2°; 65-9°; 65-9°; 46-5; 
76-75°; 46 - 5 °- 

2 . 3-605; 4 54; 2-237; 3-161. 3 . 3-742; 53°. 4 . 4-123. 6. 5. 

0. 3-742. 7 . 46-7° ; 29 0°. 0 . 29-0 ° : 3 605. 

9 - 3-54 on 0 _yz ; 4-55 on Ozx ; 4-10 on Ox ^, 


Examples.— C. (Page 321.) 

1 . 21°. 2 . 35° 3 . 36° ; o 620. 4 . 25°. 6. 32-3°. 

0 . 627°. 7 . 33-3°; 2-08; 98-3°; 16-25°; 76-1°. 0 . 72. 0 . 21-7°. 

Examples. —Cl. (Page 325.) 

3. r 537 : 3 i°; 5 °°; 59 “: 4 o“ 4 . 2-45; 722“; 607'’; 35-2°; 54'8'’; 607“ 

Examples.— CII. (Page 326.) 

2 . In Oxy X = 1-36, J / = 2-19 ; in ;/ = 6, z = - 3 ; in Ozx t = l‘ji ; x = 2-14. 


Examples.— cm. (Page 327.) 
1. 12-3°. 2. 21°. 


Examples.— CIV. (Page 329.) 

23,570 cub. ft. 2 . 1656 lbs. 3 . 28,250,000 ; 17,200,000. 

4 . 2-12 X 10" ft. lbs. 6. 4,900,000 gallons, 

0. 38,500 cub. ft. ; 430 tons. 7. 38,100 cub. ft. 


Examples. — CV. (Page 334.) 

1 . 37-7 cub. ins. 2 . 88 cub. ins. 3 . 109" i. 4, 100-5. 

6. 498 ; 67. 1 0. 245-1 cub. ins. 0. 151. 0, 

10. I - 1). 11.6-28. 
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Examples. — CVI. (Page 336.) 

1 . 470 cuVj. ins. 2 . 6230 cub. ins. 3 . 13 3 cub. ina. 

* 5 ' 4 ' 5 . 16-3 cub. ft. 6. 31 10 lbs. 


Examples. — CVI I. (Page 341.) 

1 . i,V in. from base. 2 . x = 0 6 ; ji = 0 'Z 7 S' 3 - ^ 

4. A = * ; r = 5 .x=lSiS;y = 0-565. 6. a 

y - _ -f 2/1,) + /^i) . h' + 4 - 

3 (/'i + ^h) + 

0 . 0-628. 0 . I *875. 

10 . On the middle radius at distance 4 from the centre. 

TT 

11. X = 1 S75 i j = I 25. 

Examples. — CVI II. (Page 343.) 

1. .r = 3-23. 2.3-425. 3.32-15. 4.4-039. 

5 . 2-95 ; 2-88. 6. 1-7 ins. from bouiuliiig radii. 7 . ;c — o ; y — . 

0 . On the line joining mid points of BC and AD, and distant 0-192 ft. from AD. 


Examti.es. — CIX. (Page 345.) 

1 . 2 62; 5-13. 2 . 40-9'; 2S-9. 3 . 44-3; 28-9. 

4 . On the middle radius at distance 2-55 ins. from the cenlie. 5 . o'li in. 


= 2-657 ;j= 1 ' 6 o 7 . 
= 15'4.3 ; > = o'4- 


Examples. — CX. (Page 349.) 

1. 4'S from vertex. 2 . 4-821 from vertex. 4 . 5-64 in. 6. 3-44 in. 

6 . X = 2 249. 7 . X = io 3 . 0 . X = 6 S2. 

Examples.— CXI. (Page 351.) 

1 , J=5-28. 2 . X = 4 56 ; 1 ‘875 in. from centre. 4 . 133 fL 

5 . 91 ft. from water level. 

Examples. — CXII. (Page 353.) 

1 . 3175 lbs. 2 , 200 cub. ins. 4 . 359 sq. ins. ; 116-5 cub. ins. 

5 . 107-8 lbs. 0 . 3'43 lbs. 


Examples. — CXIII. (Page 356.) 



1. 85-2 ft. -lbs. ; 4'59 ins. 

8. 0’326, taking engineering unit of mass ; 1 7 ‘88 ft. -lbs. 


4 . 0-994. 
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Examples. — CXIV. (Page 358.) 


2’ 12 ins. 2. In-. 
6150 ft. -lbs. 


3 - S' 55 - 2 42. 6. 48 33. 6 . 6130 ft. -lbs. ; 

7 . 0 0203. 


1 . 702. 


Examples.— CXV. (Page 361.) 

2. 330. 


Examples. — CXVI. (Page 364.) 

3 . ab cos [bx -f cy) ; ac cos [bx cy) ; — ab sin [bx + ly) - ac sin [bx 4- cy). 

4 . ^ = 6x - 2 y ; f - == - 2jr. 

dx ^ dr 

^ Az/tt /r/Trx\ / mrci , \ AwTrr . ///ir.r\ . 

® -r“% rj‘=°*(Y +“)= — r / +7 


7 . - 


R'r . R . R . p 
i i i 1 r- 

I/' V p 


8 


Exampi.E-S.— CXVII. (Page 367.) 

1. 38 0S Ihs. per sq. ft. 2 . -4*41°. 3 . - 00705 cub. ft. 

4 . 5 a' = r cos 0 cos (|j 50 - r sir 0 sin (f)5<p. 


Examples. — CXVIII. (Page 369.) 

1 . 5.v‘ — gxy- — 6xy ; — 6 .i 7 ' — 3.v" + 4/^ ; 2 oa^ — iSaj'- — Cy ; —6a’ -f 123'’ ; 

— 1 Hx’y — Cx. 

2 . 6 cos (2a: + 39') - 29't^y ; 9 co’. (2 a- -f 3jp) — 2A-e^^ ; - 12 .sin ( 2a- + 3;') - 2 y \'^ ; 

— 27 sin (2A- + 39 ') — 2aV^ ; — 18 sin (2 v -\- 39') — 2 A 9 't^^. 


Examples. — CXIX. (Page 371.) 


X sin 2jr 

2 


4. J log ?■!+ .lr_y 

2^2g 2X -1* 3 -f ^29 


2. 39 09. 
6. tan-’ 


3 . - tan' 

v'3 


V 3 ’ 


1 ( ' - 

2 


6. ' loi 


“ 4 


Exa^siples.— CXX. (Page 374.) 


1 . 

— log cos X. 


2 . 

log sin a:. 

3 . 

log tan + -J 





3 log (a- -f -r -1- 5) + 

4 

2 A- -b I 

4 . 

log {x- X + 

5). 

6 . 

V19 

taii“* — - — ■ 

V19 




n 

2 jr -f I 


I 

0. 

1 log {x^ + X 

+ 5) 

- — - - lan~‘ - , ^=-. 

V19 

7 . 

3 cos’ Jf 

8. 

^ sin® X. 


0. 

J tan* X. 

10. 

TTil’ 

4 
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Examples.— CXXI. (Page 375.) 

1 . 0-507. 2 . 3 . log, (x + 0(x + 6)*. 

4 . log (x - i) + log (x + 2) - 2 log (x + 3). 

6. log (x - 3)(x + 2) - 2 log (2x + i). 

0. log (x + i) + 2 log (x — 2) - — 

7. 2 log (x - l) + log (x - 4) + 4 log (x + 3) - - 
0. I'S log (2x - i) + log (x^ + 3x + 4).' 

I 2X + I 

9 . 3 log (x - 2) + I log (x= + X + 3) - tan » 


LES.- CXXII. (Page 377.) 

2 . + x). 3 . ^ log X - 

_ x“ log XX* a / n . \ J 

5 . — — . 0 . (x* — 2x + 2)^. 

5 25 

8. X = I. 

l!:xAMrLES.— CXXTII. (Page 381.) 

1 . y =- o'25t''’*. 2 , y — f*'. 3 . o' 69 sees. 

4 . /'II2-49; /ii2-6t6; j^ii2'678 ; ^^11275. 5 . 0 = 

_ 

0 . T = 25^^o» '. 7 . q — where ^0 is the inillal charge ; in 15 . 10" * secs. 

0 , i =r where /, is the current when f — o. 


Examp 


1 . X sin X + cos X. 
4 . 0 675. 

7 


Examples.— CXXIV. (Page 382.) 

2 .y = Ag*- 3 . 3 . jp=Ar’*-3. 4 . ^ = 

5. + ij. e. / j ; 14 amps. 

EL (7 

7 p _ L. 

+ LV'- 

Examples. — CXXV. (Page 387.) 

1. 8-6 secs. 


Examples, — CXXVI. (Page 393.) 


1 . y = Aitf“' H- 2, y = Aie‘ 

4 . = (A + Px)t’“=* 6. j — Af~ 

7 . X = a sin - ; 0-39 sec. 

V mh 

k 

9 . 


+ A,f^L 
'' sin (x + P). 


3 . jp = A,^-=»' + A,^*'. 
0 . _p = A sin (4x + B). 


0 . X = Af-^ sin (15-75^ + 9 )- 
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Examples. — CXXVII. (Page 394 ) 

1 . ^ = A<r"® sin (o S^ - 1 - B) -J- 4. 

2. ^ = o 0005 + 7 25 . 10 — 57*25 . 10 coulombs, 

q = o'oouj — 0 000707^“^®^' sill (loV + B) coulombs. 


Examination Papers. 


1901. 

1 . 7-44i 0*01255 ; 5*68; 1546. 

3 . See |j. 127. 

5 , 10,360 cub. ins. ; 6 cub. ft. 

0 . = 1-35 i .y = 370 ; - = 3 'o 8 ; a 

11 . See p. 174 ; 57*5 lbs. 

Trf?r{b- — 

2 b 

10 . T = 40/z* **® ; V = 1400/1*'^*. 

18 . n = 260 ; R =- 0*882. 


(Page 396.) 

2. 1*69; —0*299; — 

4 . « = 0*87. 

8. 329*8 sq. ins. ; 01 per cent. 
::.74-4^; 3 - 47*2°; 7 := 52“. 

13 . C log. z/. 

15 . h = Y-\f’ 

17 . A = 2044//<>-^6; 5 V = i7o*3/i»« 


1902. (Page 39S.) 

1 . 3*123; 1704; 1*722; 0*0198. 3 . — 1*2 + 0 ' 4 -*^- 3675 i z8io ; 2870 

6. U ^ 019C - 0*22 ; ^ = 5 265 + 0 0833^.. 0 . P = 31 ^'^ '^ 

7. 3J per cent. 8. 8*15 ins. ; 4*65 ins. ; 3*68 per cent. ; 44*5 cub. ins. 

9 . 7’477 ; 5-98; 5 0; 4 319- 

11. 7* = 3-904; 0 = 39-8°; ^ = 36*8°; a = 59*1°; )9 = G7*4'^; 7= 39-8°. 

12 . See p. 232. 13 . V = 3 sin (600/) + 2*4 cos (Goo/) ; + 10 ; + 3 S4. 

14 . See p. 142. 


1903. (Page 400.) 

1. 284*65; 2817; 4-5710; 1-5710; 257*0; 3339; 1-930; 176S000; 1103. 
2 - ('')3595 ; (^) -9'8oS; (c) 32. 3 . 1-24; 0 604; 2*348; 3-579. 

4 . 33600 cub. ins. ; 305 sq. ins. 5 . 1*221. 0 . Yes; 14*8 X lo". 

7. 4*35 ins. per annum ; loj. 8. Anything up to /16. 

9 “3 = 480 ; 22^. 10. 3 94 cub. ft. ; 1687 sq. ins. 

11 . OP = 3-09, OQ = 2 * 47 , PQ = 1-15 ; angle POQ = 201°. 

12 . See Chapter XXVI, ^ 14 . 106*2, 


I 


2 F 2 
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Examination Papers 


1904. 

(Stage 2.) (Page 404.) 

1. 0 3106; 37 32; 1558; 1694; 0-5900. 

2 . 17-2 ; 0-2960; 1-7465 X lo-*‘; 8-41. 

3 - 3 ' 53 * ; 8-454 ; 4'546; 8 67 ; 4-61 ; lorS. 4 . 2-13. 

6. D = 29S60 ; C = 7526 ; V = 24 ; P = 716S0. 0 . 27-6®. 

7 . T = 4oA^‘^® ; D = i4oo/j* ^‘*. 8. 8-625. 

9 . W = 16K + 4300 ; w = + 16 ; 20 3 ; 30-3. 

11. 13880; 38-568; 6-428. 


(Stage 3.) (Page 406.) 

1. 003106; 373 2; 1-521; 0-5900; 0-9563; -0 8480; 2-7475. 


2. 0-1774 ; 0-1777 ; 0 2 per cent. 

0. 2-91 ; 4-535 ; 3 067 ; 60-3'"; 57-3°. 
8. W — 5070 -h 7-2Y. 

10. j ; 0-0718; 5 72. 


12 . / r 




4 - /u 






-J ^ = 


LrJ' 

yR 


3 . 223-3 ; 12 yra. 
7 . A = lSoo/ 40 « 

11. ; fa. 

h + 


13 . A = 0-32850 when x -- l. 


• 1905 - 

(Stage 2 .) (Page 409 .) 

1 . (rt) 0 06225 ; 40 - 55 . (/4 0-5105 ; 39 - 83 ; 0 02511 . 

2-3 I - 8 

2 . (a) I -221 ; I -221 ; 4 terms. {0) - “ x Vi^- 

(r ) 5 0 G ; 7 - 4 S. (rf) 25 '’ ; 13 69 ft. ; 5 - 7 S ft. 

3 . At 1 ami 3 05 miles respectively. 4 . 36 - 8 °; 757 '’; 56 - 3 °. 

6 . 670 , 000 . 0 . 2-696 ; 1-387 ; iriS ; 14-83 ; 2173 ; 5604 . 

7 . 6 - 24 S sq. ins. 10 . 16 ins, ; 366*5 cub. ins. 

12 . 2 35 . 13 . . 12-6 knots. 

14 . 2-3 ; 2-8 ; 500 ft. per minute. 


(Stage 3.) (Page 41 1.) 


1. (a) 0 006225; 0 002466; (< 5 ) 3 857; 0 8753; — o‘96i3; —0-5592; 0 2308; 

; 145^ ; 104". 

4 . 15-7 knots relative to the water. 6. 1-0914 ; 0 5286 ; 112-3. 

7 . 50-26 sq. in.s. 0 . o Soi (sec p. 181). 

10. 360 6 sin (600/ + 0-9S3) ; 56-3°. 

11. <1"= 10 - |.v ; ir( 2 S - ’’ “ ft-*’ + 


12 . /» = C - 

2,4'T^ 

14 . 654 ; 31S0 ; 14270 ; 7 85 ; 14-4; 20-9. 


13 . 2‘2 for hrsl four observations ; 4 3 i 
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(Stage 2.) (Page 415.) 

1. (rt) 0-1917; 453'5 ; (^) 0-8212 ; (r) 27-49; 5-923; 0 2749; 0-1276: (c/) 116-5. 

2. (rt) 9-78 ; 6-54 ; { b ) 4 04 inches ; 0-41 inches ; { c ) 6 74 inches ; 14-84 inches ; 
(rO {Jc - 5‘69)(-^ - 3‘23)- 

3. ( a ) -33-6 ; 39 9 ; (< 5 ) 6 lbs. ; (f) 2 25 ; 1800; 800. 

4 . V. Question 13, Stage 3. 5 . 0-45. 0 . I'lS. 






11. 2 6 ; 30‘2. 


2 //^ ' ■ 

12 . F = 26or — 20 ; Krror 0'5. 


13 . 5(20 + /;) ; j ,8o - 9A. 


(Stage 3.) (Page 417.) 


1. (1‘) 49-85; (<^) -0-4540; -0-5446; -07002; (o') 


2 . 0 ' 977 . 


208,000 

3 . W = 153K + 208,000 ] w = IS 3 + — • 


/fy __ 7 iKr ' 
dx 6c 


/7 ulr \ 

0 . S = 7UX + W — 7C’/ ; M = 7u-^ + (W —ivl)x — W/j. 

U -3 W- 7£^/ j WP Vr WX^ I — 7t// , , 

2C I 2 ^ ^4^ V 2 J2C 




L-_f^+A 


8 . 

11 . - COS c. 


where k and A arc constant ; t — 


0. a — 10 24 ; b — 16-38 ; c = 1*554 ; area = 30-7. 


13 . (v p. 224) - I ; + I ; f ; 5'07 + 2 - 95 ^' i 0707 + 0*707/ ; 0 707 - 0 707/; 

5 87 .sin (^/ + 0-528) ; (7/. Ex. i, p. 42) sin (^/ 4- 0 7854) ; sin {qt — 0 7854). 

14 . 0-001297/^ sin (7/+ O'lloS). 




MATHEMATICAL TABLES 


{A copy of these Tables is supplied to each candidate at the Examinations of tht 
Board of Education in Practical Mathematics^ Applied Mechaiiics^ and Steam). 


USEFUT. CONSTANTS. 


I inch = 25 ’4 millimetres. 

I gallon = O' 1 604 cubic foot := 10 lbs. of water at 62° F. 

I knot = 6080 feet per hour. 

Weight of I lb. in T.ondon = 445,000 dynes. 

One pound avoirdupois = 7000 grains = 45 3 '6 grammes. 

I cubic foot of water weighs 62 '3 lbs. 

I cubic foot of air at 0° C. and i atmosphere, weighs o‘o8o7 lb. 

I cubic foot of hydrogen at o'* C. and i atmosphere, weighs o’oo559 lb. 

I foot-pound = I '3562 X 10^ ergs. 

I horse-power-hour = 33,000 X 60 foot-pounds. 

I electrical unit = 1000 watt-hours. 

Joule’s equivalent to suit Rcenault’s H. is 

I horse-power = 33,000 foot-pounds per minute = 746 watts. 

Volts X amperes = watts. 

1 atmosphere = I4'7 lbs. per sq. inch = 2 n6 lbs. per sq. foot == 760 mms. of 
mercury = I o'* dynes per sq. cm. nearly. 

A column of water 2'3 feet high corresponds to a jnessure of i lb. per sq. inch. 
Absolute temp., ^ = 0 ° C. + 273'7°. 

Regnault’s H = 606-5 -|- 0 305 0®C. = 1082 + 0-305 0® F. 

, . ^ C 

log,„/ = 6-1007 - - - 

where logio = 3‘i8i2, logj, C = 5-0882. 

p is in pounds per sq. inch, t is absolute temperature Centigrade. 
u is the volume in cubic feet per pound of steam. 

IT = 3-1416. 

I radian = 57 ' 3 °. 

To convert common into Napierian logarithms, multiply by 2-302G. 

The base of the Napierian logarithms is r = 2-7183, 

The value of g- at London — 32-182 feet per sec. per sec. 
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